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ABSTRACT

In this paperwe proposea nonlinearmodelfor time-varying
randomresonanceswheretheinstantaneousphase(andfrequency)
of a sinusoidaloscillation is allowed to vary proportionallyto a
randomprocessthat belongsto the classof ®-stableself-similar
stochasticprocesses.This is a generalmodelthat includesphase
modulationsby fractional Brownian motion or fractional stable
Levy motion asspecialcases.We explore theoreticallythis ran-
dommodulationmodelandderive analyticallyits autocorrelation
and power spectrum. We also proposean algorithm to �t this
modelto arbitraryresonanceswith randomphasemodulation.Fur-
ther, we apply the above ideasto somespeechdataanddemon-
stratethatthemodelis suitablefor fricativesounds.

1. INTRODUCTION

Oscillationsandresonancesarephenomenaof greatimportancein
physicalsystems.Theirmodelinganddetectionin signalsemanat-
ing from suchsystemsaresigni�cant problemsin signalprocess-
ing andcommunications.Despitethemathematicaltractabilityof
thelinearmodels,themajorityof signi�cant problemsin engineer-
ing andsciencesinvolvesnonstationarysignals.Thus,real-world
oscillationsmay usuallyhave a time-varying frequency, andthis
time variationmaybeof a randomnature.Examplesincludefre-
quency �uctuations in quartzcrystals,atomic clocks, heartbeat
variationandresonancesin speechsounds.In all thesephenom-
ena,it is the frequencyandphase�uctuations thathave beenob-
served to have long rangecorrelationsand1/f spectra(evidence
of self-similarity). A relatedmodelis describedin [4] wherethe
authorspresentanamplitudemodulatedself-similarprocess.For
relatively recentexpositionson1/f self-similarprocessesfor appli-
cationsin signalprocessingandcommunicationssee[1, 3, 15, 20]
andthereferencestherein.

In this paperwe advancetwo main ideas,which we explore
boththeoreticallyandexperimentally:First,weproposearandom
phasemodulationmodel for arbitraryoscillationswhere�uctua-
tions in their instantaneousfrequency andphaseare represented
by self-similarsignals.Second,weapplythismodelto explorethe
structureof resonancesin turbulentspeechsounds.

Our contributionsin theoryconsistof usingthe classof self-
similar ®-stableprocessesasstochasticrepresentationsof theran-
dominstantaneousphasein ourmodelandin deriving analytically
theautocorrelationandpowerspectrumof themodulatedprocess.
This theoreticalframework is quitegeneral.For instance,popular
modelssuchasthefractionalstableLevymotion(FSLM)[18] and
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the fractional Brownianmotion (FBM) [10] arespecialcasesof
stableself-similarprocesses.Fromthealgorithmicandexperimen-
tal side, our contributions consistof developingan algorithm to
estimatethemodelparameters,applyingit to realspeechsounds,
andtestingits validity. A summaryof our resultshasalsobeen
presentedin [13] in thecontext of nonlinearspeechmodeling.

The thematicorganizationof the paperis asfollows: In sec-
tion 2 webrie�y summarizethemainconceptsandmodelsneeded
for theanalysisin thispaper. Therandomphasemodulationmodel
is discussedin Section3 wheretheautocorrelationandits power
spectrumareanalyticallyderived.Parameterestimationandappli-
cationto turbulentspeechsoundsarediscussedin Section4

2. PRELIMIN ARIES

Webegin with somede�nitions andbasicpropertiesof self-similar
realprocessesfollowing mainly [5].

A stochasticprocessX (t), t ¸ 0, is called(strict-sense)self-
similar if thereexistsa parameterH > 0, calledsimilarity expo-

nent,suchthat,for any scaler > 0, X (r t) d= r H X (t), where d=
denotesequalityof all �nite-dimensionaldistributions. For short,
this structureis denotedby H -ss. The above strict sensecanbe-
comeawide-senseself-similarityif we restrictit only to themean
andcorrelation. Self-similarity often implies a 1/f spectrum[7];
i.e., an H -ss processhasa (generalized)power spectrumof the
form Sx (! ) / 1=j! j° for somespectralexponent° = 2H + 1
for awide rangeof frequencies.

A processX (t) is saidto have stationaryincrementsYs (t) =
X (t + s) ¡ X (t) if all �nite-dimensionaldistributionsof Ys (t) are
independentof t . Throughoutthis paperwe will be interestedin
stochasticprocesseswhich areself-similarwith exponentH and
havestationaryincrements, denotedasH -sssiprocesses.

MandelbrotandvanNess[10] proposedthemostpopularmodel
for self-similarprocesses,calledfractionalBrownianMotion (FBM).
FBM is theonly GaussianH -sssiprocessandcanbeobtainedvia
a stochasticfractional integrationof the standardBrownian mo-
tion. Themaindisadvantageof FBM is thatdueto its Gaussianity
it fails to modelimpulsiveness.By impulsiveness,wearereferring
to non-negligible probabilityof observingvaluesextremelydistant
from themean.Thisfeaturecanbecapturedby using®-stabledis-
tributionsthat exhibit “heavy tails” that decaymuchslower than
Gaussiandistributions.Speci�cally, symmetrica-stable(S®S)dis-
tributionsarede�nedby theircharacteristicfunctionwhichhasthe
form

©(µ) = exp(¡j sµj® ); 0 < ® · 2: (1)

wheres is a scaleparameter. InverseFourier transformyieldsthe
correspondingprobabilitydensityfunctions.For ® = 2 wegetthe
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Gaussian,whereas® = 1 yields theCauchy density. Thereexist
noclosed-formexpressionsfor thedensityfunctionfor ® different
than1 and2. A real-valuedstochasticprocessX (t) is saidto be
S®S if any linear combination

P
k ak X (tk ) hasa S®S distribu-

tion.
A popularmodel for H-sssiS®S processesis the fractional

stableLevy motion(FSLM) [18], de�ned via stochasticfractional
integrationof theLevy process.Notethattheclassof H -sssiS®S
processesis very general.It includesFBM, FLSM, anda number
of other processesusedto model impulsivenessand long range
dependenceas specialcases. Applicationsof signal processing
with ®-stabledistributionscanbefoundin [1, 3, 14,15].

3. A MODEL FOR RANDOM RESONANCES

Weassumethegeneralphasemodulationmodel1

X (t) = A(t) cos[Á(t)]; Á(t) = ! c t + P(t) + Á0

where! c is thecenterfrequency of theresonance.For thesubse-
quentanalysiswe ignoretheinstantaneousamplitudeandassume
it constant.Further, we modelthenonlinearinstantphaseP(t) as
an H -sssiS®S process.This processPH (t) hasa similarity ex-
ponentH > 0, stationaryincrementsandansymmetric®-stable
distribution for eacht. Thusweshallwork with therandomphase
modulationprocess

X (t) = A cos(! c t + ¸P H (t) + Á0) (2)

where the centerfrequency ! c > 0 is assumeda known con-
stant,¸ > 0 is the modulationindex, Á0 is the phaseoffset at
t = 0, andPH (t) is an H -sssiprocess.The power spectrumof
PH (t) is proportionalto 1=j! j° , where° = 2H + 1. Thus,we
are modelingthe modulatingsignal P (t) as an H -sssistochas-
tic process.The incrementsprocessandhencethe instantaneous
frequency ! i (t) = ! c + ¸P 0

H (t) is astationaryprocesswith a1/f
spectrumwhosespectralexponentis 2H ¡ 1. In thissectionwean-
alytically derive theautocorrelationfunctionandpower spectrum
of this phasemodulatedprocessanddemonstratea mathematical
relationlinking theseprocesseswith a-stableprocesses.Theprob-
lemsof testingthevalidity of theproposedmodelaswell as�tting
it to realdataarisein thefollowing sections.

3.1. Phase-ModulatedH -sssiS®SProcess

Lemma 1 If X (t), t ¸ 0, is self-similarprocesswith similarity
exponentH > 0, thenfor a givent ther.v. X (t) hasa character-
istic function©X ( t ) (µ; t) with theproperty:

©X ( t ) (µ; t) = ©X (1) (tH µ; 1) (3)

Proof: X (r t) d= r H X (t), whichimpliesX (t) d= tH X (1): There-
forethecharacteristicfunctionof ther.v. X (t) is©X ( t ) = E[ej µX ( t ) ] =

E[ej ( t H µ) X (1) ] whichyieldstheresult.
We cannow presentthe basictheoremwhich determinesthe

autocorrelationfunctionof thephasemodulatedprocess.2

1Thismodelwasmotivatedby theexperimentalevidencein [11] for the
AM-FM structureof fricativesoundswith randomnoise-likeinstantaneous
modulatingsignalsrepresentingthefrequency �uctuations.

2Someelementaryassumptionsandimplicationsof thetheoremarein-
spiredfrom a randomfrequency modulationmodelanalyzedby Papoulis
[16] wherethenonlinearinstantphaseP (t) wasequalto

Rt
0 F (¿)d¿ and

theinstantfrequency F (t ) wasastrict-sensestationaryprocess.

Theorem1 Considerthe randomprocessX (t) of (2) where A,
! c and ¸ are real constants,Á0 is a randomvariable uniformly
distributed3 over [0; 2¼) andindependentof PH (t), andPH (t) is
an®-stableH -sssiprocesswith characteristicfunctionat each t

©PH ( t ) (µ; t) = exp(¡j s(t)µj® ); 0 < ® · 2: (4)

wheres(t) is a positivescaleparameter. Then:
(a) X (t) is a widesensestationaryprocesswith zero mean.
(b) Its autocorrelationfunctionis givenby

Rxx (¿) =
1
2

cos(! c¿) exp(¡j s(1)¸ j® j¿j®H ) : (5)

Proof: Wede�ne thecomplex processes

W (t) = exp[j ¸P H (t)]; Z (t) = W (t) exp[j (! c t + Á0)] (6)

Then,sinceX (t) = [Z (t) + Z ¤ (t)]=2, to checkwhetherX (t) is
WSSit suf�ces to checktheconstancy of themeanof Z andthe
stationarityof theautocorrelationof Z andof thecross-correlation
betweenZ andits conjugateZ ¤ . First, for the mean,E[Z (t)] =
ej ! c t E[W (t)]E[ej Á0 ] = 0. Second,for thecorrelations,

Rzz ¤ (t + ¿; t) = E[w(t + ¿)w(t)]E[e2j Á0 ] = 0 (7)

Rzz (t + ¿; t) = ej ! c ¿E[ej ¸ ( PH ( t + ¿) ¡ PH ( t )) ] (8)

Sincethe incrementsof PH (t) arestationary, the autocorrelation
of Z (t) and W (t) can be written Rw w (¿) = E[ej ¸P H ( ¿) ] =
E[W (¿)] andRzz (¿) = ej ! c ¿Rw w (¿) = ej ! c ¿E[W (¿)]. Hence,
X (t) is a zero-meanWSS process. Now note that E[W (t)] =
E[ej ¸P H ( t ) ] = ©PH ( t ) (¸; t) where©PH ( t ) (¸; t) is the time de-
pendentcharacteristicfunction (4) of the r.v. PH (t). Then,from
the above results,it follows that the autocorrelationof X (t) is
Rxx (¿) = 1

2 Re[Rzz (¿)] = 1
2 cos(! c¿)©PH ( t ) (¸; ¿) Further,

due to the self-similarity of PH (t), we uselemma(3) to obtain
©PH ( t ) (¸; t) = exp(¡j s(1)¸ j® jt j®H ). Combiningthe last two
equationsyieldsthedesiredformula(5).

Thepower spectrumcanbefoundastheFouriertransformof
Rxx (¿). This spectrumhasa closedformulaonly for thespecial
caseswhen®H = 1 or ®H = 2, which correspondrespectively
to Cauchy or Gaussianresonancescenteredaround§ ! c . Next we
analyzethesespecialcaseswhenthephaseis FBM.

3.2. Phaseis FBM

For thespecialcasewhenthenonlinearinstantphasePH (t) is an
FBM with 0 < H < 1, ateacht PH (t) isaGaussianr.v. with vari-
anceVar[PH (t)] = ¾2

H jt j2H ; ¾2
H = E[PH (1)2 ] andcharacter-

istic function ©PH ( t ) (µ; t) = exp(¡ 1
2 ¾2

H µ2 jt j2H ) Therefore,if
in theprevious theoremwe set®=2 ands(1) = ¾H =

p
2, we de-

terminetheautocorrelationfunctionof X (t). Thepowerspectrum
SH (! ) of X (t) canbefoundastheFouriertransformof Rxx (¿).
However, thereis no closedformula for arbitraryH . Thereare
only two specialcaseswherethe Fourier transformcan be ana-
lytically derived. Speci�cally for H = 0:5 we obtain the fol-

lowing power spectrum:SH =0 :5(! ) = ¾2
Hp
2¼

[ 1
¸ 4 ¾4

H +4( ! ¡ ! c ) 2 +
1

¸ 4 ¾4
H +4( ! + ! c ) 2 ] which is a sumof two Cauchy resonancescen-

teredat ! c and¡ ! c . For H = 1 (which is only a limit casefor

3A moregeneralassumptionfor Á0 (for which thetheoremis valid) is
E[ej Á0 ] = E[ej 2Á0 ] = 0.
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FBM) weobtain:SH =1 (! ) = 1
2
p

¸ 2 ¾2
H

[exp(¡ ( ! ¡ ! c ) 2

2¸ 2 ¾2
H

)

+ exp(¡ ( ! + ! c ) 2

2¸ 2 ¾2
H

)] which is a sumof two Gaussianresonances

centeredat ! c and¡ ! c . In this case,theresonancespectrumhas
thesameform asthefrequency responseof aGabor�lter .

3.3. Relation with a-StableDistrib utions

The characteristicfunction (1) of an ®-stableprocessis of the
samepower form4 asthe autocorrelationfunction (5) we derived
for the phase-modulatedprocessby replacingthe ® exponentof
theformerwith ®H . This analogyleadsto thefollowing interest-
ing conclusion:Thepowerspectrumof aphase-modulatedH -sssi
®-stableprocesshasan analytic form that is equivalentwith the
probabilitydensityfunctionof an®H -stabledistributioncentered
atthecarrierfrequency ! c . Thisresultseemsto establishanunder-
lying relationbetweenphase-modulatedself-similarprocessesand
®-stabledistributionswhich is interestingfor furtherexploration.
A relatedresultconnectingpowerlaw shotnoisewith ®-stabledis-
tributionscanbefoundin [17].

It is well known that ®-stabledistributions are invariant to
convolution andconstitutean attractorunderconsecutive convo-
lutions of otherdensityfunctions. Drawing an analogywith our
results,the power spectrumof the processeswe proposeis also
invariantandattractingwith respectto convolutionof powerspec-
tra, which is multiplicationof theautocorrelationfunctionsin the
time domain. This important result implies that the modulated
self-similarprocesseswe proposedconstituteattractingprocesses
with respectto multiplicationof autocorrelationsfor independent
stochasticprocesses.This seemsto be a mathematicallink be-
tweenthe multiplicative modelsfor turbulencedevelopedby the
Russianschool[8]andour proposedmodulationmodelandis in-
terestingfor furtherexploration.

4. PARAMETER ESTIMATION AND APPLICATION TO
SPEECHSOUNDS

Motivatedby experimentalevidencein [19, 11, 12] for the exis-
tenceof importantnonlinearaerodynamicphenomenain speech
soundsaswell asby thetheoreticalbackgroundrelatingself-similar
stochasticprocesseswith turbulence,we advancethe conjecture
madein [11] that turbulent speechsoundsaccepta modulation
modelwith a randomnoise-like signalrepresentingphase�uctu-
ations. To �t and estimatethe proposedmodel we needto iso-
latespeechresonancesandestimatetheir instantphasemodulation
which canbe ef�ciently achieved by usingthe energy separation
algorithm(ESA) [11]. Therefore,theproposedalgorithmconsists
of following � vesteps:
(1) Isolatetheresonanceby bandpass�ltering thespeechsignal.
(2) UsetheESA demodulationalgorithmto estimatetheAM and
FM signals,A(t) andF (t).
(3) Determinethe instantphasemodulationsignalP (t) by inte-
gratingtheinstantfrequency: P̂ (t) = 2¼

Rt
0 (F (¿)¡ Fc)d¿; where

Fc is theshort-timeaverageof F (t).
(4) Estimatethe ® exponentthat bestmodelsthe instantphase
modulationsignalasa realizationof aS®Sprocess.
(5) Estimatethe° (or equivalently, H ) exponentthatbestmodels
thephasemodulationsignal ^P(t) asa1/f self-similarsignal.

4Themultiplicationwith thecosinefunctionin (5) merelycausesashift
centeringtheresonanceat ! c and¡ ! c .

Thelasttwo stepsareunquestionablythemostperplexed.To esti-
matethe® exponentwe exploit thefactthattheincrementsof the
instantphase(namelyinstantfrequency) arestationaryS®S ran-
domvariableswith thesame®. Therefore,we usedtheKoutrou-
velis [15, 9] regressionon the samplecharacteristicfunction to
estimatethe® parameterfor the instantfrequency process(other
methodscanalsobeusedhowever). For fricativespeechphonemes
theestimated® valueswereroughlyin the[1:6; 2] interval.

Theproblemof estimatingthe° exponenthasbeenapproached
from a numberof different anglesutilizing time, frequency and
wavelet-domainapproaches.See[3] for anexcellentreview. Af-
ter extensively testingseveral techniques,the methodwhich per-
formedbestin ourexperimentswastheGPHlocalspectralestima-
tor [6]. Theestimated° exponentsvariedin the[2:6; 3] interval.

Theestimationalgorithmwastestedby creatingvariousarti�-
cial resonances.Thereconstructedphasemodulationsignal ^P(t)
wasa goodapproximationof theoriginal arti�cial P (t), thevari-
ancesof the estimatedexponentshowever, wheresigni�cant and
morework is requiredto reachexactconclusions.

Ourexperimentsindicatethatthemeasuredexponentsarecor-
relatedwith thenatureof eachphoneme.Namely, voicedfricatives
usuallygeneratedlarger ° exponentsthanunvoiced. This is a ra-
tional thingto expectsinceunvoicedfricatives(like/f/ or /s/)seem
to be lesssmoothandphase�uctuations with larger ° exponents
indicatesmootherpaths.The® exponentmeasurestheimpulsive-
nessof theinstantphase.Weobservedthattheunvoicedfricatives
hadsmallerexponentswhich indicatelongertrails andthusmore
impulsive behavior. Note that themodelis suitablefor modeling
broad resonancesthat arewell isolatedin the spectrum.Exper-
imentson formantsof smoothvowels (like /a/) indicatethat the
phasemodulationsignalshaveexponentiallydecayingspectrathus
exhibiting no long rangecorrelationsor self-similarity.

Figure(1) demonstratestheapplicationof thedescribedalgo-
rithm to a /z/ phoneme(from TIMIT database).Fig(1b)illustrates
thespectrumof thesoundandtheGabor�lter usedto isolatethe
resonance.Fig(1c)illustratestheinstantfrequency asestimatedby
ESA algorithmwhile Fig(1d) is the instantphasemodulationsig-
nalwhichismodeledasaself-similarprocess.Fig(1e)is thepower
spectrumof thephasemodulationandtheestimatedslope.Fig(1f)
illustratesthevarianceof the thewaveletdetail coef�cients. Fol-
lowing [20], if the wavelet detail coef�cients have variancesthat
behave like Var(xm

n ) / 2¡ ° m asa functionof scalem, thenthe
processis “nearly 1/f”. Thepower spectrum(1e)andthewavelet
variance(1f) approximatestraightlinesfor abroadrangeof scales
andthat constitutesevidencethat the proposedmodel is suitable
for fricativesounds.Wehavealsoperformednumerousothersim-
ilar experimentson real speechsignals[13]. In all theseexperi-
mentswehavefoundevidencethatthephasemodulationof speech
resonancesfor fricativephonemesexhibits self-similarity.

5. CONCLUSIONS AND DISCUSSION

In thispaperwehaveproposedarandomphasemodulationmodel
for resonanceswheretheinstantphasemodulationsignalis an®-
stableself-similarprocess.We analyticallyderivedthesecondor-
derstaticsandprovedthat thepower spectrumhasthesameform
asan®-stabledensity. We furtherproposedanalgorithmto esti-
mateits parameters,andsomeexperimentalevidenceof validity
for fricativespeech.

The work hereinis a continuationof previous work [11, 12,
13] on modelingresonanceswith AM-FM signalsandon model-
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Fig. 1. Experimentwith /z/. a) Speechsignals(t). b) Power Spectrumof s(t) andGabor�lter . c) InstantFrequency. d) Phasemodulation
P̂ (t). e)PowerSpectrumof P̂ (t) andestimatedslope.f) Varianceof thewaveletcoef�cients.

ing turbulencein fricative andotherspeechsoundswith random
fractal signals. Our on-goingwork in this areaincludesbetter
estimationalgorithmsas well as a statisticalstudy relating esti-
matedexponentswith typesof sounds.Suchrelationscanbeused
in speechrecognitionapplications.Relatingour modelwith tur-
bulenceandmultifractalsis anotherpromisingresearchdirection.
Finally, webelievethatourmodelcanbeusedin thestudyof other
time-varyingoscillatingphysicalsystemssinceself-similar�uctu-
ationsin periodicphenomenaseemto beubiquitousin nature.

6. REFERENCES

[1] P. Abry, R. Baraniuk,P. Flandrin,R. Riedi, andD. Veitch,
“Multiscale Nature of Network Traf�c”, IEEE Sig. Proc.
Mag.,vol.19,pp.28-46,May 2002.

[2] A. C. Bovik, P. Maragos,andT.F. Quatieri,“AM-FM Energy
DetectionandSeparationin NoiseUsingMultibandEnergy
Operators”,IEEETrans.Sig. Proc., Dec.1993.

[3] O. Cappe,E. Moulines, J. Pesquet,A. Petropulu,and X.
Yang,“Long-RangeDependenceandHeavy-Trail Modeling
for Teletraf�c Data”, IEEESig. Proc.Mag., May 2002.

[4] A. Coron,P. FlandrinandM. Gache,“ModulatedFractional
GaussianNoise: A processwith non-Gaussianwavelet de-
tails”, Proc. IEEE-SPInt. Symp. on Time freq. and Time
ScaleAn. Oct1998.

[5] P. EmbrechtsandM. Maejima,SelfsimilarProcesses, Prince-
tonUniversityPress,2002.

[6] J.GewekeandS.Porter-Hudak,“Estimationandapplication
of longmemorytimeseriesmodels”,J. TimeSer. An., 1983.

[7] P. Flandrin, “On the spectrumof fractional Brownian mo-
tions”, IEEETran.Info. Theory, Jan.1989.

[8] U. Frisch, Turbulence: The Legacy of A.N. Kolmogorov,
CambridgeUniv. Pr. 1995.

[9] I. A. Koutrouvelis“RegressiontypeEstimationof theParam-
etersof StableLaws”, J.Amer. Stat.Assoc.,Vol. 75(Dec.).

[10] B. MandelbrotandJ. Van Ness,“FractionalBrownian mo-
tion, fractionalnoisesandapplications”,SIAMRev., 1968.

[11] P. Maragos,J.F. Kaiser, andT. F. Quatieri,“Energy Separa-
tion in SignalModulationswith Applicationto SpeechAnal-
ysis”, IEEETrans.Sig. Proc., Oct.1993.

[12] P. Maragos and A. Potamianos,“Fractal Dimensionsof
SpeechSounds:ComputationandApplicationto Automatic
SpeechRecognition”,J. Acoust.Soc.Amer., March1999.

[13] P. Maragos,A. DimakisandI. Kokkinos,“Someadvancesin
nonlinearspeechmodelingusingModulations,Fractalsand
Chaos”.Proc. Int. Conf. DSP-02, Greece,July2002.

[14] C.L. NikiasandA.P. Petropulu,Higher-OrderSpectra Anal-
ysis: A Nonlinear Signal ProcessingFramework, Prentice
Hall, 1993.

[15] C. L. Nikias and M.Shao, Signal Processingwith Alpha-
StableDistributions, Wiley, 1995.

[16] A. Papoulis,“RandomModulation:A Review”, IEEETrans.
Acoust.,Speech & Sig. Proc., pp.96-105,Feb. 1983.

[17] A.P. Petropulu,J.C. Pesquet,X. Yang and J. Yin “Power-
law shotnoiseandits relationshipto long-memory®-stable
processes”,IEEETrans.Sig. Proc., July2000.

[18] G. Samorodnitsky and M.S. Taqqu, StableNon-Gaussian
RandomProcesses, ChapmanandHall, 1994.

[19] H. M. Teagerand S. M. Teager, “Evidence for Nonlinear
SoundProductionMechanismsin theVocalTract”, in Speech
Productionand Speech Modelling, NATO Adv. Study Inst.
SeriesD, vol. 55,France,July1989.

[20] G. Wornell, Signal Processingwith Fractals: A Wavelet-
BasedApproach, PrenticeHall, 1995.

Proc. Int'l Conf. Acoustics, Speech, and Signal Processing,(ICASSP-2004), Montreal, Quebec, Canada 2004. pp.877-880 880


