MODELING RESONANCESWITH PHASE MODULATED SELF-SIMILAR PROCESSES

Alexandins G. Dimakis

Dept.of EECS
University of California,Berkeley®
adim@eecs.besdtey.edu

ABSTRACT

In this paperwe proposea nonlinearmodelfor time-varying
randomresonancewheretheinstantaneoughasgandfrequeng)
of a sinusoidaloscillationis allowed to vary proportionallyto a
randomprocesghat belongsto the classof ®-stableself-similar
stochastigrocessesThis is a generalimodelthatincludesphase
modulationsby fractional Brownian motion or fractional stable
Levy motion as specialcases.We explore theoreticallythis ran-
dom modulationmodelandderive analyticallyits autocorrelation
and power spectrum. We also proposean algorithmto t this
modelto arbitraryresonancewith randomphasemodulation.Fur-
ther, we apply the above ideasto somespeechdataand demon-
stratethatthe modelis suitablefor fricative sounds.

1. INTRODUCTION

Oscillationsandresonancearephenomenaf greatimportancen
physicalsystemsTheirmodelinganddetectiorin signalsemanat-
ing from suchsystemsare signi cant problemsin signalprocess-
ing andcommunicationsDespitethe mathematicatractability of
thelinearmodelsthemajority of signi cant problemsn engineer
ing andsciencesnvolvesnonstationansignals. Thus,real-world
oscillationsmay usually have a time-varying frequeng, andthis
time variationmay be of arandomnature.Examplesncludefre-
queng uctuations in quartzcrystals,atomic clocks, heartbeat
variationandresonancem speechsounds.In all thesephenom-
ena,it is the frequencyand phase uctuations that have beenob-
sened to have long rangecorrelationsand 1/f spectra(evidence
of self-similarity). A relatedmodelis describedn [4] wherethe
authorspresentan amplitudemodulatedself-similarprocess.For
relatively recentexpositionson 1/f self-similarprocessefor appli-
cationsin signalprocessingandcommunicationsee[1, 3, 15, 20]
andthereferencesherein.

In this paperwe adwvancetwo main ideas,which we explore
boththeoreticallyandexperimentally:First, we proposearandom
phasemodulationmodelfor arbitrary oscillationswhere uctua-
tionsin their instantaneoufrequengy and phaseare represented
by self-similarsignals.Secondwe applythis modelto explorethe
structureof resonancem turbulentspeectsounds.

Our contritutionsin theory consistof usingthe classof self-
similar ®-stableprocesseasstochasticgepresentationsf theran-
dominstantaneouphasdn our modelandin deriving analytically
theautocorrelatiorandpower spectrunof the modulatedorocess.
This theoreticafframework is quite general.For instance popular
modelssuchasthefractional stableLevy motion(FSLM)[18] and
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the fractional Brownian motion (FBM) [10] are specialcasesof
stableself-similarprocessed-romthealgorithmicandexperimen-
tal side, our contritutions consistof developing an algorithmto
estimatethe modelparametersapplyingit to real speectsounds,
andtestingits validity. A summaryof our resultshasalsobeen
presentedn [13] in the context of nonlinearspeechmodeling.
The thematicorganizationof the paperis asfollows: In sec-
tion 2webrie y summarizéhemainconceptaindmodelsneeded
for theanalysisn this paper Therandomphasemodulationmodel
is discussedn Section3 wherethe autocorrelatiorandits power
spectrumareanalyticallyderived. Parameteestimatiorandappli-
cationto turbulentspeechsoundsarediscussedn Section4

2. PRELIMIN ARIES

We begin with somede nitions andbasicpropertiesf self-similar
realprocessefollowing mainly [5].

A stochastigrocessX (t),t , O, is called(strict-sense}elf-
similar if thereexistsa parameteH > 0, calledsimilarity expo-

nent,suchthat, for arny scaler > 0, X (rt) 4 Hx 1), where<
denotesequalityof all nite-dimensionaldistributions. For short,
this structureis denotedby H -ss. The above strict sensecanbe-
comeawide-senseelf-similarityif we restrictit only to themean
and correlation. Self-similarity often implies a 1/f spectrum[7];
i.e., an H-ss processhasa (generalizedpower spectrumof the
form Sx(1) / 15! | for somespectralexponent® = 2H + 1
for awide rangeof frequencies.

A processX (t) is saidto have stationaryincrementsys(t) =
X (t+s)j X(t)if all nite-dimensionaldistributionsof Ys(t) are
independenbf t. Throughoutthis paperwe will be interestedn
stochastigrocessesvhich are self-similar with exponentH and
have stationaryincrementsdenotedasH -sssiprocesses.

MandelbroandvanNesq10] proposedhemostpopularmodel
for self-similarprocessegalledfractionalBrownianMotion (FBM).
FBM is the only GaussiarH -sssiprocessandcanbe obtainedvia
a stochastidractional integration of the standardBrownian mo-
tion. Themaindisadwantageof FBM is thatdueto its Gaussianity
it failsto modelimpulsivenessBy impulsivenessye arereferring
to non-ngjligible probabilityof observingvaluesextremelydistant
from themean.Thisfeaturecanbe capturedyy using®-stabledis-
tributionsthat exhibit “heavy tails” that decaymuch slower than
Gaussiaristributions. Speci cally, symmetria-stable(S®S)dis-
tributionsarede ned by their characteristifunctionwhich hasthe
form

©() = exp(ij si®); 0< ®- 2 @

wheres is a scaleparameterinverseFouriertransformyieldsthe
correspondingrobabilitydensityfunctions.For ® = 2 we getthe
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Gaussianywhereas® = 1 yieldsthe Caucly density Thereexist
no closed-formexpressiongor thedensityfunctionfor ® different
thanl and2. A real-aluedstoghastiqrocessx (t) is saidto be
SRS if ary linearcombination |, ax X (tx) hasa S®S distribu-
tion.

A popularmodelfor H-sssiS®S processess the fractional
stableLevy motion(FSLM)[18], de ned via stochastidractional
integrationof the Levy processNotethatthe classof H -sssiS®S
processess very general.lt includesFBM, FLSM, anda number
of other processesisedto modelimpulsivenessand long range
dependences specialcases. Applicationsof signal processing
with ®-stabledistributionscanbefoundin [1, 3, 14,15].

3. AMODEL FOR RANDOM RESONANCES

We assumehegeneraphasenodulationmodet
X(t) = A(t) cosA(t)];  A(t) = ! ct+ P(t) + Ao

where! . is the centerfrequeng of theresonanceFor the subse-
guentanalysiswe ignoretheinstantaneouamplitudeandassume
it constantFurther we modelthe nonlinearinstantphaseP (t) as
an H -sssiS®S process.This processPy (t) hasa similarity ex-
ponentH > O, stationaryincrementsaandan symmetric®-stable
distributionfor eacht. Thuswe shallwork with therandomphase
modulationprocess

X (t) = Acos ct+ Py (t)+ A) 2

wherethe centerfrequeny ! . > 0 is assumeda known con-
stant,, > 0 is the modulationindex, A, is the phaseoffset at
t = 0, andPy (1) is an H -sssiprocess.The power spectrumof
Py (t) is proportionalto 15j! j°, where® = 2H + 1. Thus,we
are modelingthe modulatingsignal P (t) asan H -sssistochas-
tic process.The incrementgrocessand hencethe instantaneous
frequeng ! i (t) = ! ¢ + P § (t) is astationaryprocesswith a 1/f
spectrunwhosespectrakxponentis 2H j 1. In thissectionwean-
alytically derive the autocorrelatiorfunction and power spectrum
of this phasemodulatedprocessanddemonstrate mathematical
relationlinking theseprocessewith a-stableprocessesTheprob-
lemsof testingthevalidity of theproposednodelaswell as tting

it to realdataarisein thefollowing sections.

3.1. Phase-ModulatedH -sssiS®S Process

Lemmal If X (t),t , O, is self-similarprocesswith similarity
exponentH > 0, thenfor a givent ther.v. X (t) hasa character
istic function®©x (1) (; t) with theproperty:

Ox (i (K1) = Ox oy (1" K 1) (3)

Proof: X (rt) £ r" X (t), whichimpliesX (t) 2 t" X (1): There-

forethecharacteristiéunctionof ther.v. X (t) is©x () = E[¢** (] =

E[é " WX @ | whichyieldstheresult. W
We cannow presenthe basictheoremwhich determineghe
autocorrelatiorfunctionof the phasemodulatedorocess.

1Thismodelwasmotivatedby theexperimentakvidencein [11] for the
AM-FM structureof fricative soundswith randomnoise-like instantaneous
modulatingsignalsrepresentinghefrequeng uctuations.

2Someelementanassumptionsindimplicationsof thetheoremarein-
spiredfrom a randomfrequeng modulationmodelanalyﬁeday Papoulis
[16] wherethe nonlinearinstantphaseP (t) wasequalto g F(¢)d¢ and
theinstantfrequeny F (t) wasa strict-sensestationaryprocess.

Theorem1 Considerthe randomprocessX (t) of (2) whee A,

I . and, arereal constantsAg is a randomvariable uniformly

distributed® over [0; 2¥) andindependenof Py (t), andPy (t) is

an ®-stableH -sssiprocesswith characteristicfunctionat ead t
©p, (1) = exp(ij s(K®); 0<®- 22 (4)

whee s(t) is a positivescaleparameter Then:

(a) X (t) is awidesensestationaryprocesswith zeilo mean.

(b) Its autocorelationfunctionis givenby

Roc (¢) = 30080 cc) explii (. 1™ : (9)
Proof: We de ne thecomple processes
W (t) = expli.Pu ()]; Z(t) = W(t)expfji(! ct + Ao)] (6)

Then,sinceX (t) = [Z(t) + Z°(t)]=2, to checkwhetherX (t) is
WSSit sufces to checkthe constang of the meanof Z andthe
stationarityof theautocorrelatiorof Z andof thecross-correlation
betweenZ andits conjucateZ ®. First, for the mean,E[Z (t)] =
g' <'E[W (1)]E[€ *°] = 0. Secondfor thecorrelations,

Raze (t+ 1) = EW(t + ¢w(D)]E[”*] = 0 7
Raz(t+ ¢t) = o' c&E[é,(PH (t+¢)i Py (l))] (8)

Sincetheincrementf Py (t) arestationary the autocorrelation
of Z(t) and W (t) canbe written Ryw(¢) = E[€-FH (] =
E[W (¢)] andR,(¢) = €' c¢Ryw () = €' c¢E[W (¢)]. Hence,
X (1) is a zero-meanWsSS process. Now note that E[W (t)] =
Elg-" ] = ©p, 1(,; t) where©p,, (1)(,; t) is the time de-
pendentcharacteristidunction (4) of ther.v. Py (t). Then,from
the above results, it follows that the autocorrelatiorof X (t) is
Roc(¢) = ReRez(é)] = Lc0S0 ce)Op, (s ¢) Further
dueto the self-similarity of Py (t), we uselemma(3) to obtain
©p, (1) = exp(ij s(1), ®jtj®""). Combiningthe lasttwo
equationg/ieldsthedesiredformula(5). B

The power spectruncanbe found asthe Fouriertransformof
Rxx (¢). This spectrumhasa closedformulaonly for the special
casesvhen®H = 1or®H = 2, which correspondespectrely
to Caucly or Gaussiamesonancesenterecaround§ ! . Next we
analyzethesespecialcasesvhenthe phases FBM.

3.2. Phaseis FBM

For the specialcasewhenthe nonlinearinstantphasePy (t) is an
FBMwith0 < H < 1, ateacht Py (t) isaGaussiam.v. with vari-
anceVar[Py ()] = % jtj*™; % = E[Pu (1)?] andcharacter
istic function ©p,, (1 (1 t) = exp(i 3% Wjtj*") Taerefore,if
in the previous theoremwe set®=2 ands(1) = ¥% = 2, wede-
terminetheautocorrelatioriunctionof X (t). The power spectrum
Sh (1) of X (t) canbefoundasthe Fouriertransformof Ry (¢).
However, thereis no closedformula for arbitraryH . Thereare
only two specialcaseswherethe Fourier transformcan be ana-
Iytically derived. Specically for H = 0:5 we obtain the fol-
lowing power spectrum:Sy = :5(! ) = %[W +
W] which is a sumof two Caucly resonancesen-

teredat! ¢ andj ! c. ForH = 1 (whichis only alimit casefor

?A moregeneralassumptiorfor Ao (for which thetheoremis valid) is
E[el Ao] = E[el2A0] = 0.
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. . 2
FBM) weobtain:Su =1 (1) = PL—lexp(i 'z
+ exp(j %)} which is a sumof two Gaussiarresonances
centeredat! ¢ andj ! ¢. In this casetheresonancepectrumhas
thesameform asthefrequeng responsef a Gabor Iter .

3.3. Relation with a-StableDistrib utions

The characteristidunction (1) of an ®-stableprocessis of the

samepower form* asthe autocorrelatiorfunction (5) we derived

for the phase-modulatedrocessby replacingthe ® exponentof

theformerwith ®H . This analogyleadsto thefollowing interest-
ing conclusion:Thepower spectrunof a phase-modulated -sssi
®-stableprocesshasan analyticform thatis equivalentwith the

probability densityfunctionof an®H -stabledistribution centered
atthecarrierfrequeny ! .. Thisresultseemdo establisranunder

lying relationbetweerphase-modulatesklf-similarprocesseand

®-stabledistributionswhich is interestingfor further exploration.

A relatedresultconnectingpowerlaw shotnoisewith ®-stabledis-

tributionscanbefoundin [17].

It is well known that ®-stabledistributions are invariant to
corvolution and constitutean attractorunderconsecutie convo-
lutions of otherdensityfunctions. Drawing an analogywith our
results,the power spectrumof the processesve proposeis also
invariantandattractingwith respecto corvolution of power spec-
tra, which is multiplication of the autocorrelatiorfunctionsin the
time domain. This importantresultimplies that the modulated
self-similarprocessesve proposectonstituteattractingprocesses
with respecto multiplication of autocorrelationgor independent
stochastigprocesses.This seemsto be a mathematicalink be-
tweenthe multiplicative modelsfor turbulencedevelopedby the
Russianschool[8]and our proposedmodulationmodelandis in-
terestingfor furtherexploration.

4. PARAMETER ESTIMATION AND APPLICATION TO
SPEECH SOUNDS

Motivatedby experimentalevidencein [19, 11, 12] for the exis-
tenceof importantnonlinearaerodynamigohenomenan speech
soundsaswell asby thetheoreticabackgroundelatingself-similar
stochastigprocessesvith turbulence,we adwancethe conjecture
madein [11] that turbulent speechsoundsaccepta modulation
modelwith a randomnoise-like signalrepresentingphase uctu-
ations. To t and estimatethe proposedmodel we needto iso-
latespeechresonanceandestimateheirinstantphasemodulation
which canbe efciently achieved by usingthe enegy separation
algorithm(ESA) [11]. Thereforethe proposedilgorithmconsists
of following vesteps:

(1) Isolatetheresonancéy bandpasdtering the speectsignal.
(2) Usethe ESA demodulatioralgorithmto estimatethe AM and
FM signalsA(t) andF (t).

(3) Determinethe instantphasemodulaﬂonsignal P (t) by inte-
gratingtheinstantrequeng: P (t) = 2% Ot(F(c',)i Fc)d¢; where
F. is theshort-timeaverageof F (t).

(4) Estimatethe ® exponentthat bestmodelsthe instantphase
modulationsignalasa realizationof a S®S process.

(5) Estimatethe® (or equivalently H) exponentthatbestmodels
the phasenodulationsignalP'(‘t) asa 1/f self-similarsignal.

4Themultiplicationwith thecosinefunctionin (5) merelycausesshift
centeringheresonancat! ¢ andj ! ¢.

Thelasttwo stepsareunquestionablyhe mostperplexed. To esti-
matethe ® exponentwe exploit thefactthattheincrementf the
instantphase(hamelyinstantfrequeng) are stationaryS®S ran-
domvariableswith the same®. Therefore we usedthe Koutrou-
velis [15, 9] regressionon the samplecharacteristidunction to
estimatethe ® parametefor the instantfrequeny procesgother
methodsanalsobeusedhowever). For fricative speectphonemes
the estimated® valueswereroughlyin the[1:6; 2] interval.
Theproblemof estimatinghe® exponenthasbeerapproached
from a numberof differentanglesutilizing time, frequeng and
wavelet-domainapproachesSee[3] for anexcellentreview. Af-
ter extensvely testingseveral techniquesthe methodwhich per
formedbestin ourexperimentavasthe GPHIocal spectrakstima-
tor [6]. Theestimated exponentsvariedin the[2:6; 3] interval.
Theestimatioralgorithmwastestedby creatingvariousarti -
cial resonancesThereconstructeghhasemodulationsignal P'(\t)
wasa goodapproximatiorof the original arti cial P (t), thevari-
ancesof the estimatedexponentshowever, wheresigni cant and
morework is requiredto reachexactconclusions.
Ourexperimentdndicatethatthemeasure@xponentsarecor
relatedwith thenatureof eachphonemeNamely voicedfricatives
usuallygeneratedarger® exponentshanurvoiced. Thisis ara-
tionalthing to expectsinceunvoicedfricatives(like/f/ or /s/)seem
to be lesssmoothand phase uctuations with larger° exponents
indicatesmoothempaths.The® exponentmeasuresheimpulsive-
nessof theinstantphase We obsenedthatthe urvoicedfricatives
hadsmallerexponentswyhich indicatelongertrails andthusmore
impulsive behaior. Notethatthe modelis suitablefor modeling
broad resonanceshat are well isolatedin the spectrum. Exper
imentson formantsof smoothvowels (like /a/) indicatethat the
phasemodulatiorsignalshave exponentiallydecayingspectrahus
exhibiting no long rangecorrelationor self-similarity
Figure(1) demonstratethe applicationof the describedalgo-
rithm to a/z/ phonemgfrom TIMIT database)Fig(1b)illustrates
the spectrunmof the soundandthe Gabor Iter usedto isolatethe
resonancefig(1c)illustratestheinstantfrequeng asestimatedy
ESA algorithmwhile Fig(1d)is theinstantphasemodulationsig-
nalwhichis modeledasaself-similarprocessFig(1le)is thepower
spectrunof thephasemodulationandthe estimatedslope.Fig(1f)
illustratesthe varianceof the the wavelet detail coefcients. Fol-
lowing [20], if the waveletdetail coefcients have varianceghat
behaelike Var(x™) / 21 ™ asafunctionof scalem, thenthe
processs “nearly 1/f”. The power spectrum(le)andthe wavelet
variance(1f) approximatestraightlinesfor abroadrangeof scales
andthat constitutesevidencethat the proposedmodelis suitable
for fricative sounds We have alsoperformednumerousthersim-
ilar experimentson real speectsignals[13]. In all theseexperi-
mentswe have foundevidencethatthephasemodulationof speech
resonancefor fricative phonemesgxhibits self-similarity.

5. CONCLUSIONS AND DISCUSSION

In this paperwe have proposeda randomphasemodulationmodel
for resonancewherethe instantphasemodulationsignalis an®-
stableself-similarprocessWe analyticallyderived the secondor-
derstaticsandprovedthatthe power spectrumhasthe sameform
asan®-stabledensity We further proposedan algorithmto esti-
mateits parametersand someexperimentalevidenceof validity
for fricative speech.

The work hereinis a continuationof previouswork [11, 12,
13] on modelingresonancewith AM-FM signalsandon model-
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Fig. 1. Experimentwith /z/. a) Speectsignals(t). b) Paver Spectrunof s(t) andGabor Iter . ¢) InstantFrequeng. d) Phasemodulation
P (t). e) Paver Spectrunof P (t) andestimatedslope.f) Varianceof thewaveletcoefcients.

ing turbulencein fricative and other speechsoundswith random
fractal signals. Our on-goingwork in this areaincludesbetter
estimationalgorithmsas well as a statisticalstudy relating esti-
matedexponentawith typesof sounds Suchrelationscanbeused
in speechrecognitionapplications. Relatingour modelwith tur-

bulenceandmultifractalsis anothempromisingresearctdirection.
Finally, we believe thatour modelcanbeusedin thestudyof other
time-varyingoscillatingphysicalsystemsinceself-similar uctu-

ationsin periodicphenomenaeemto be ubiquitousin nature.
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