6  Arti®cial Intelligence

Program ®le for this chapter: student

Can a computer be intelligent? What would it mean for a computer to be intelligent?
John McCarthy, one of the founders of arti®cial intelligence research,once de®nedthe
®eld as®getting a computer to do things which, when done by people, are saidto involve
intelligence.® The point of the de®nition wasthat he felt perfectly comfortable about
carrying on his researchwithout ®rsthaving to defend any particular philosophical view
of what the word @intelligence® means.

There have alwaysbeen two points of view among Al researchersabout what their
purpose is. One point of view s that Al programs contribute to our understanding of
humanpsychology;when researcherstake this viewthey tr yto make their programsre ect
the actual mechanismsof intelligent human behavior. For example, Allen Newell and
Herbert A. Simon begin their classicAl book Human ProblenSolvingwith the sentence,
aThe aim of this book is to advanceour understanding of how humans think.° In one
of their research projects they studied cryptarithmetic problems, in which digits are
replaced with letters in a multi-digit addition or multiplicatio n. First they did a careful
observation and analysisof how a human subject attacked such a problem, then they
pointed out speci®cproblem-sohing techniques that the person used, and used those
techniques asthe basisfor designing a computer simulation. The other point of view
is that Al programs provide a more abstract model for intelligence in general; just as
one can learn about the properties of computers by studying ®nite-statemachines, even
though no real computer operatespreciselyasafor mal ®nite-statemachine does,wecan
learn about the properties of any possibleintelligent being by simulating intelligence in a
computer program, whether or not the mechanismsof that program are similar to those
used by people.

In the early daysof Al researchthese two points of view were not sharply divided.
Sometimesthe same person would switch from one to the other, sometimestrying to
model human thought processesand sometimestrying to solve a given problem by
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whatevermethods could be made to work. More recently, researcherswho hold one or
the other point of view consistently have begun to de®ne two separate ®elds. One is
cognitivesciencan which computer scientistsjoin with psychologists,linguists, biologists,
and others to study human cognitive psychology using computer programs asa concrete
embodiment of theories about the human mind. The other is called exper systemer
knowledgengineeringin which programming techniques developed by Al researchers
are put to practical usein programs that solvereal-world businessproblems such asthe
diagnosisand repair of malfunctioning equipment.

Microworlds: Student

In this chapter I'm going to concentrate on one particular areaof Al research:teaching a
computer to understand English. Besidests inherent interest, this areahasthe advantage
that it doesnit require specialequipment, asdo some other parts of Al such asmachine
vision and the control of robot manipulators.

In the 1950s many people were very optimistic about the use of computers to
translate from one languageto another. IBM undertook agovemment-sponsaed project
to translate scienti®c jour nals from Russianto English. At ®rstthey thought that this
translation could be done very straightfor wardly, with a Russian-Englishdictionar y and a
fewlittle kludgesto rearrange the order of wordsin asentenceto account for differences
in the grammatical structure of the two languages. This simple approach was not
successful. One problem is that the sameword can have different meanings, and even
different parts of speech,in different contexts. (According to one famous anecdote, the
program translated the Russianequivalent of @The spirit is willing but the “esh is weak®
into @The vodkais strong but the meat is rotten.°)

A decadelater, severalAl researchershad the idea that ambiguities in the meanings
of words could be resolvedby trying to understand English only in somelimited context.
If you know in advancethat the sentenceyou're trying to understand is about baseball
statistics,or about relationships in a family tree, or about telling arobot arm to move
blocks on a table (these are actual examples of work done in that period) then only
certain narrowly de®nedtypesof sentencesare meaningful atall. You needn't think about
metaphors or about the many assumptionsabout commonsenseknowledge that people
make in talking with one another. Suchalimited context for alanguage understanding
program is called a microworld.

This chapter includes a Logo version of Student, a program written by Daniel G.
Bobrow for his 1964 Ph.D. thesis, Natural Languagelnput for a ComputeProblenSolving
Systengt MIT. Student is a program that solvesalgebraword problems:
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? stude nt [The price of a radio is $69.70. |If this price is 15 percent
less than the marked price , find the marked price. ]

The marke d price is 82 dollar s

(In this illustration I've left out some of Student's display of inter mediate results.)
The program has two parts: one that translates the word problem into the form of
equations and another that solvesthe equations. The latter part is complex (about 40
Logo procedures) but straightfor ward; it doesrt seem surprising to most people that
a computer can manipulate mathematical equations. It is Student's understanding of
English sentencesthat furthered the causeof arti®cial intelligence.

The aim of the researchreported here wasto discover how one could build
a computer program which could communicate with people in a natural
language within some restricted problem domain. In the course of this
investigation, | wrote a setof computer programs, the Student system,which
acceptsasinput a comfortable but restricted subsetof English which can be
usedto expressawide variety of algebra story problems...

In the following discussion,| shall use phrasessuch as®he computer under-
stands English.® In all such cases,the 2English® is just the restricted subset
of English which is allowable asinput for the computer program under dis-
cussion. In addition, for purposesof this report | have adopted the following
operational de®nition of understanding. A computer understands subsetof
English if it acceptsinput sentenceswhich are members of this subset,and
answersquestionsbasedon infor mation contained in the input. The Student
systemunderstands English in this sense.[Bobrow, 1964.]

How doesthe algebra microworld simplify the understanding problem? For one
thing, Student need not know anything about the meanings of noun phrases. In the
sample problem above,the phrase The price of a radio isusedasa variable name.
The problem could just aswell have been

The weight of a giant size deterg ent box is 69.70 ounces. If this weight
is 15 perce nt less than the weight of an enormous size box, find the
weigh t of an enormous size box.

For Student, either problem boils down to
variablel= 69.70 units
variablel= 0.85 * variable2

Find variable2
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Student understands particular words only to the extent that they have a mathematical
meaning. For example, the program knows that 15 percent less than meansthe
sameas0.85 times .

How Student TranslatesEnglish to Algebra

Student translates a word problem into equations in severalsteps. In the following
paragraphs,|'ll mention in parenthesesthe namesof the Logo proceduresthat carry out
eachstepl describe,but don't read the proceduresyet. Firstread through the description
of the processwithout worrying about the programmin g details of each step. Later you
can reread this section while examining the complete listing at the end of the chapter.

In translating Student to Logo, I've tried not to change the capabilities of the
program in any way The overall structure of my version is similar to that of Bobrow's
original implementation, but I've changed somedetails. I've usediteration and mapping
tools to make the program easierto read; I've changed someaspectsof the ®ne structure
of the program to ®t more closelywith the usual Logo programming style;in afew cases
I've tried to make exceptionally slow parts of the program run faster by ®nding a more
ef®cientalgorithm to achievethe samegoal.

The top-level procedure student takes one input, a list containing the word
problem. (The disk®lethat accompaniesthis project includes severalvariablescontaining
sampleproblems. For example,

? stude nt :radio

will carry out the stepsl'm about to describe.) Student begins by printing the original
problem:

? stude nt :radio
The probl emto be solved s

The price of a radio is $69.70. If this price is 15 percent less than the
marke d price, find the marked price

The ®rst step is to separate punctuation characters from the attached words. For
example, the word 2price, °in the original problem becomesthe two words@price , °
with the commaon its own. Then (studentl ) certain mandatoy substitutios are applied
(idioms ). For example, the phrase percent less than is translated into the single
word perless . The result is printed:

With mandat ory subst it utio ns the proble mis
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The price numof a radio is 69.70 dollar s . If this price is 15 perless
the marked price , find the marked price

(The word of in an algebraword problem can havetwo different meanings. Sometimes
it meansatimes? asin the phrase ®one half of the population.° Other times, asin this
problem, 2of° is just part of a noun phrase like 2the price of aradio.° The specialword
numof isa ag to alater part of the program and will then be further translated either
into times or backinto of . The original implementation of Student used, instead of a
specialword like numof, a 3tagged® word represented asa list like [of / op] . Other
examplesof tagging are[Bill / person] and[has / verb] .)

The next stepisto separatethe problem into simple sentences(bracket ):
The simpl e sentenc es are
The price numof a radio is 69.70 dollar s .
This price is 15 perle ss the marked price

Find the marked price

Usually this transformation of the problem is straightfor ward, but the specialcaseof 2age
problems? is recognized at this time, and special transformations are applied sothat a
sentencelike

Mary is 24 years old.
is translated into
Mary s age is 24 .

An ageproblem is one that contains any of the phrasesas old as, age, or years old .

The next step is to translate each simple sentenceinto an equation or a variable
whosevalueis desired aspart of the solution (senform ).

The equat io ns to be solved are

Equal [pric e of radio] [produ ct 69.7 [dollar S]]

Equal [pric e of radio] [produ ct 0.85 [marked price ]]

The third simple sentenceis translated, not into an equation, but into arequestto solve

theseequations for the variable marked price

The translation of simple sentencesinto equations is the most 2intelligent® part
of the program; that is, it's where the program's knowledge of English grammar and
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vocabulary come into play and many special casesmust be considered. In this example,
the secondsimple sentencestartswith the phrasethis price . The program recognizes
the word this (procedure nmtest ) and replacesthe entire phrase with the left hand
side of the previous equation (procedure this ).

Pattern Matching

Studentanalyzesa sentenceby comparing it to severalpattens(senforml ). For example,
one sentenceform that Student understandsis exempli®ed by these sentences:

Joe weigh s 163 pounds .
The Unite d States Army has 8742 offic ers .

The general pattern is

somethingverb number unit .

Student treats such sentencesasif they were rearranged to match

The number of unit somethingverbis number.

and soit generatesthe equations

Equal [number of pounds Joe weigh s] 163

Equal [number of offic ers United States Army has] 8742

The original versionof Student waswritten in apattern matching languagecalled Meteor,
which Bobrow wrote in Lisp. In Meteor, the instruction that handles this sentencetype
looks like this:

(* ($ ($1/ verb) (fn nmtest ) $1 $ ($1 / dim)) O
(/ (*s shelf (*k equal (fn opfor m(*k the number of 4 1 2))
(fn opfor m(*k 3 5 6)))) ) return )

The top line contains the pattern to be matched. In the pattern, adollar signrepresents
zero or more words; the notation $1 representsa single word. The zero at the end of
the line meansthat the text that matchesthe pattern should be deleted and nothing
should replaceit. The restof the instruction pushesa new equation onto a stacknamed
shelf ; that equation is formed out of the piecesof the matched pattern according to
the numbers in the instruction. That is, the number 4 representsthe fourth component
of the pattern, which is $1.
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Here is the corresponding instruction in the Logo version:

if match [*one Iverb 1:verb !facto r: numberp #stuf f1 !dim] sent
[outpu t (list (list "equal
opform (senten ce [the number of]
stuff 1 :one :verbl )
opform (list facto r) ))]

The pattern matcher | used for Student is the sameasthe one in Advancedlechniques,
the secondvolume of this series.* Student often relies on the fact that Meteor's pattern
matcher ®ndsthe ®rstsubstringof the text that matchesthe pattern, rather than requiring
the entire text to match. Many patternsin the Logo versiontherefore take the form

[*beg interestingart #end]
where the @interesting part® is all that appearedin the Meteor pattern.

Here is a very brief summary of the Logo pattern matcher included in this program.
For a fuller description with examples, pleaserefer to Volume 2. Match is a predicate
with two inputs, both lists. The ®rstinput is the patten and the secondinput is the
sentenceMatch outputs true if the sentencematcheshe pattern. A word in the pattern
that doesnot begin with one of the specialquanti®ercharacterslisted below matchesthe
identical word in the sentence. A word in the pattern that doesbegin with a quanti®er
matcheszero or more wordsin the sentence,asfollows:

# zeroor more words I exactlyone word
& one or more words @ zeroor more words (test asgroup)
? zeroor one word A zeroor more words (as few aspossible)

All quanti®ers match as many consecutive words as possible while still allowing the
remaining portion of the pattern to be matched, except for ~. A quanti®er may be used
alone, or it can be followed by a variable name, a predicate name, or both:

#

#var

#:pre d
#var: pred

* The versionin this project is modi®ed slightly; the match procedure ®rstdoesa fasttestto try
to reject an irrelevant pattern in O(n) time before calling the actual patter n matcher, which could
take asmuch asO(2") time to reject a pattern, and which hasbeen renamed rmatch (for 2real
match®) in this project.
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If a variable name is used, the word or words that match the quanti®er will be stored
in that variable if the match is successful. (The value of the variable if the match is not
successfulis not guaranteed.) If a predicate is used, it must take one word asinput; in
order for aword in the sentenceto be acceptedas(part of) a match for the quanti®er,
the predicate must output true when given that word asinput. For example, the word

Ifact or :n umber p

in the pattern aboverequires exactly one matching word in the sentence;that word must
be a number, and it is remembered in the variable factor . If the quanti®er is @then
the predicate must take a list asinput, and it must output true for all the candidate
matching words taken together asa list. For example, if you de®nea procedure

to threep :list
outpu t equalp count :list 3
end

then the pattern word
@:thr eep

will match exactly three wordsin the sentence. (Student doesnot usethis lastfeature of
the pattern matcher. In fact, predicatesare applied only to the single-word quanti®ers ?
and!.)

Pattern matching is also heavily usedin converting words and phraseswith mathe-
matical meaning into the corresponding arithmetic operations (opform ). An equation
is a list of three members; the ®rst member is the word equal and the other two are
expressionsformed by applying operations to variablesand numbers. Each operation
that is required is represented as a list whose ®rst member is the name of the Logo
procedure that carries out the operation and whoseremaining members are expressions
representing the operands. For example, the equation

y=3x%>+6x- 1
would be represented by the list
[equa | [y] [sum [produ ct 3 [squar e [X]]] [prod uct 6 [x]] [minus 1]]]

The variables are represented by lists like [x] rather than just the words becausein
Student a variable can be a multi-word phrase like price of radio . The difference
betweentwo expressionsis represented by a sum of one expressionand minus the other,
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rather than asthe difference of the expressions becausethis representation tur ns out
to make the processof simplifying and solving the equations easier

In word problems, asin arithmetic expressions,there is a precedence of operations.
Operations like squared apply to the variablesright next to them; oneslike times are
inter mediate, and oneslike plus apply to the largest possible subexpressions. Student
looks ®rst for the lowest-priority ones like plus ; if one is found, the entire rest of the
clausebefore and after the operation word provide the operands. Those operands are
recursively processedby opform ; when all the low-priority operations have been found,
the next level of priority will be found by matching the pattern

[Mef t lop:opl  #righ {]

Solving the Equations

Student usesthe substitution technique to solvethe equations. That is, one equation is
rearranged so that the left hand side contains only a single variable and the right hand
side does not contain that variable. Then, in some other equation, every instance of
that variable is replaced by the right hand side of the ®rstequation. The result is a new
equation from which one variable hasbeen eliminated. Repeating this processenough
times should eventually yield an equation with only a single variable, which can be solved
to ®nd the value of that variable.

When a problem givesrise to severallinear equations in several variables, the
traditional technique for computer solution is to use matrix inversion; this technique is
messyfor human beings becausethere isalot of arithmetic involved, but straightfor ward
for computers becausethe algorithm canbe speci®edin asimple waythat doesnt depend
on the particular equations in each problem. Bobrow chose to use the substitution
method becausesome problems give rise to equations that are linear in the variable for
which a solution is desired but nonlinear in other variables. Consider this problem:

? stude nt :tom
The probl emto be solved s

If the number of custo mas Tom gets is twice the square of 20 per cent of
the number of advert is enments he runs, and the number of adver ti sements he
runs is 45, what is the number of custo mers Tom gets?

With mandat ory subst it utio ns the proble mis
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If the number numof custom ers Tom gets is 2 times the squar e 20 percen t
numof the number numof advert is ements he runs , and the number numof
adver ti sements he runs is 45 , what is the number numof custo mes

Tom gets ?

The simpl e sentenc es are

The number numof custo mas Tom gets is 2 times the square 20 percen t
numof the number numof advert is ements he runs

The number numof adver ti sements he runs is 45 .

What is the number numof custom ers Tom gets ?

The equat io ns to be solved are

Equal [number of custo mas Tom gets]
[prod uct 2 [squa re [produ ct 0.2 [number of advert is ements
he runs]] 1]

Equal [number of adver ti sements he runs] 45

The number of custom ers Tom gets is 162

The probl emis solve d.

The ®rst equation that Student generatesfor this problem is linear in the number of
customers Tom gets, but nonlinear in the number of advertisementshe runs. (That
is, the equation refers to the squareof the latter variable. An equation is linearin a
givenvariable if that variableisn't multiplied by anything other than a constant number.)
Using the substitution method, Student can solvethe problem by substituting the value
45, found in the secondequation, for the number of advertisementsvariable in the ®rst
equation.

(Notice, in passing, that one of the special numof words in this problem was
translated into a multiplicatio n rather than backinto the original word of .)

The actual sequenceof stepsrequired to solve a setof equations is quite intricate.
| recommend taking that part of Student on faith the ®rsttime you read the program,
concentrating instead on the pattern matching techniques usedto translate the English
sentencesinto equations. But here is a rough guide to the solution process. Both
studentl and student2 call trysolve  with four inputs: a list of the equations to
solve,a list of the variablesfor which valuesare wanted, and two lists of units. A unit is a
word or phraselike dollars  or feet that maybe part of asolution. Student treatsunits
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like variableswhile constructing the equations, so the combination of a number and a
unit is represented asa product, like

[prod uct 69.7 [dolla rs]]

for $69.70 in the ®rst sample problem. While constructing the equations, Student
generatestwo lists of units. The ®rst,stored in the variable units , contains any word or
phrasethat appearsalong with a number in the problem statement, like the word feet
in the phrase 3 feet (nmtest ). The second, in the variable aunits , contains units
mentioned explicitly in the find or how many sentencesthat tell Student whatvariables
should be part of the solution (senforml1 ). If the problem includes a sentencelike

How many inches is a yard?

then the variable [inches] , and onlythat variable, is allowed to be part of the answer If
there are no aunits -typevariablesin the problem, then any of the units variablesmay
appearin the solution (trysolve ).

Trysolve ®rstcalls solve to solvethe equations and then usespranswers to
print the results. Solve callssolver to do most of the work and then passests output
through solve.reduce for some ®nal cleaning up. Solver works by picking one
of the variablesfrom the list :.wanted and asking solvel to ®nd a solution for that
variable in terms of all the other variablesbthe other wanted variables as well as the
units allowed in the ultimate answer If solvel succeedsthen solver invokes itself,
adding the newly-found expressionfor one variable to an associatioffist (in the variable
alis ) sothat, from then on, any occurrence of that variable will be replaced with the
equivalent expression. In effect, the problem is simpli®ed by eliminating one variable
and eliminating one equation, the one that wassolvedto ®nd the equivalent expression.

Solvel ®rstlooks for an equation containing the variable for which it is trying
to ®nd a solution. When it ®nds such an equation, the next taskis to eliminate from
that equation any variables that aren't part of the wanted-plus-unitslist that solver
gavesolvel asaninput. To eliminate these extra variables,solvel invokes solver
with the extras asthe list of wanted variables. This mutual recursion between solver
and solvel makesthe structure of the solution processdif®cult to follow. If solver
managesto eliminate the extra variablesby expressingthem in terms of the originally
wanted ones, then solvel can go on to substitute those expressionsinto its originally
chosen equation and then use solveq to solvethat one equation for the one selected
variable in terms of all the other allowed variables. Solveq manipulates the equation
more or lessthe waystudentsin algebra classeslo, adding the sameterm to both sides,
multiplying both sidesby the denominator of a polynomial fraction, and soon.
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Here is how solve solvesthe radio problem. The equations, again, are

Equal [pric e of radio] [produ ct 69.7 [dollar S]]

Equal [pric e of radio] [produ ct 0.85 [marked price ]]

Trysolve evaluatesthe expression

(1) solve [[mark ed price ]]
[[equa | [price of radio ] [produc t 69.7 [dolla rs]] ]
[equal [price of radio ] [produc t 0.85 [marke d price] ]| ]
[[doll ars]]

(I'm numbering theseexpressionssothat | canrefer to them later in the text.) The ®rst
input to solve is the list of variableswanted in the solution; in this casethere is only
one suchvariable. The secondinput is the list of two equations. The third is the list of
unit variablesthat are allowed to appearin the solution; in this caseonly [dollars] is
allowed. Solve evaluates

(2) solve r [[marke d price] ] [[dol lars]] [I 1

(There is a ®fth input, the word insufficient , but this isusedonly asan error "ag if
the problem can't be solved. To simplify this discussionI'm going to ignore that input
for both solver and solvel .) Solver picks the ®rst(in this case,the only) wanted
variable asthe major input to solvel :

(3) solve 1 [marked price ]
[[dolla  rs ]
I
[[equal [pric e of radio] [produ ct 69.7 [dollar s]]]
[equal [pric e of radio] [produ ct 0.85 [marked price ]] ] 1]
I

Notice that the ®rstinput to solvel isa single variable, not alist of variables. Solvel
examines the ®rst equation in the list of equations making up its fourth input. The
desired variable does not appear in this equation, so solvel rejectsthat equation and
invokesitself recursively:

(4) solve 1 [marked price ]
[[dolla rs 1]
I

— =

[equal [pric e of radio] [produ ct 0.85 [marked price ]] ]]
[equal [pric e of radio] [produ ct 69.7 [dollar s]]] ]
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This time, the ®rst(and now only) equation on the list of candidates does contain the
desired variable. Solvel removesthat equation, not from its own list of equations
(:eqns ), but from solve 'soverall list (:eqt ). The equation, unfortunately, can't be
solveddirectly to express[marked price] in termsof [dollars] , becauseit contains
the extra, unwanted variable [price  of radio] . We must eliminate this variable by
solvingthe remaining equations for it:

(5) solve r [[price of radio]] [[mar ked price] [dolla rs] 1 01 0O

Asbefore, solver picks the ®rst(again, in this case,the only) wanted variable and asks
solvel to solveit:

(6) solve 1 [price of radio ]

[marke d price] [dolla rs ]

—

equal [pric e of radio] [produ ct 69.7 [dollar s]]] ]

e e s |

Solvel does®nd the desired variable in the ®rst (and only) equation, and this time
there are no extra variables. Solvel cantherefore asksolveq to solvethe equation:

(7) solve q [price of radio ]
[equal [price of radio ] [produc t 69.7 [dolla rs]] ]

It isn't part of solveq 'sjob to worry about which variablesmay or maynot be part of the
solution; solvel doesrit call solveq until it'ssatis®edhat the equation is okay.

In this case,solveq has little work to do becausethe equation is already in the
desired form, with the chosen variable alone on the left side and an expression not
containing that variable on the right.

solve g (7) outputs[[pric e of radio] [produ ct 69.7 [dollar S]]
to solvel (6)

Solvel appendsthis result to the previously empty associationlist.

solve 1 (6) outputs[[[prii ce of radio ] [produc t 69.7 |[dolla rs]] ]
to solver (5)

Solver only had one variablein its :wanted list, soits job is also®nished.

solve r (5) outputs[[[pri ce of radio ] [produc t 69.7 [dolla rs]] ]
to solvel (4,3)
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This outer invocation of solvel wastrying to solvefor [marked price] an equation
that alsoinvolved [price  of radio] . It is now able to usethe new associationlist to
substitute for this unwanted variable an expressionin terms of wanted variablesonly; this
modi®ed equation is then passedon to solveq

(8) solve q [marked price ]
[equal [produ ct 69.7 |[doll ars]] [prod uct 0.85 [marke d price]] ]

This time solveq hasto work a little harder, exchanging the two sidesof the equation
and dividing by 0.85.

solve g (8) outputs[[mark ed price] [produ ct 82 [dolla rs] ]]
to solvel (4,3)

Solvel appendsthis result to the associationlist:

solve 1 (4,3) outputs [[[pric e of radio ] [prod uct 69.7 [dolla rs]] ]
[[marke d price] [produ ct 82 [dollar s]]] 1]
to solver (2)

Since solver has no other wanted variables, it outputs the samelist to solve , and
solve outputs the samelist to trysolve . (In this example, solve.reduce has no
effect becauseall of the expressionsin the associationlist are in terms of allowed units
only. If the equations had been different, the expressionfor [price  of radio] might
haveincluded [marked price] andthen solve.reduce  would havehad to substitute
and simplify (subord ).)

It'l probably take tracing a few more examples and beating your head againstthe
wall a bit before you really understand the structure of solve and its subprocedures.
Again, don't get distracted by this part of the program until you've come to understand
the language processingpart, which is our main interest in this chapter.

Age Problems

The main reason why Student treats age problems specially is that the English form of
such problems is often expressedasif the variables were people, like 2Bill,° whereas
the real variable is 2Bill' s age.® The pattern matching transformations look for proper

names(personp ) and insert the wordss age after them (ageify ). The ®rstsuchage
variablein the problem isremembered speciallysothat it can be substituted for pronouns

(agepron ). A special caseis the phrase their ages, which is replaced (ageprob )

with alist of all the agevariablesin the problem.
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? stude nt :uncle
The probl emto be solved s

Billl' s father' s uncle is twice as old as Bill s father. 2 years from now
Billl' s father will be 3 times as old as Bill The sum of their ages is
92 . Find Bill's age.

With mandat ory subst it utio ns the proble mis

Bill s father s uncle is 2 times as old as Bil s father . 2 years
from now Bill s father will be 3 times as old as Bill . sum their
ages is 92 . Find Bill s age .

The simpl e sentenc es are

Billl s father s uncle s age is 2 times Bill s father s age .

Bill s father s age pluss 2 is 3 times Bill s age pluss 2 .

Sum Bill s age and Bill s father s age and Bill s father s uncle s age
is 92 .

Find Bill s age .

The equat io ns to be solved are
Equal [Bill s father s uncle s age] [produ ct 2 [Bill s father s age]]
Equal [sum [Bill s fathe r s age] 2] [produ ct 3 [sum [Bill s age] 2]
Equal [sum [Bill s age]

[sum [Bill s father s age] [BIll s father s uncle s age]]] 92
Bil s age is 8

The probl emis solve d.

(Note that in the original problem statementthere isaspacebetweenthe number 92 and
the following period. | had to enter the problem in that form becauseof an in exibility
in Logo's input parser, which assumeghat a period right after a number is part of the
number, sothat 292. ° is reformatted into 92 without the dot.)

Student representsthe possessivavord Bill's asthe two words Bill s because
this representation allowsthe pattern matcher to manipulate the possessivenarker asa
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separateelement to be matched. A phrase like as old as is just deleted (ageprob )
becausethe transformation from people to agesmakesit redundant.

The phrase 2 years from now in the original problem is ®rsttranslated to in 2
years . This phraseis further processedaccording to where it appearsin a sentence.
When it isattachedto aparticular variable,in aphraselike Bill s age in 2 years ,the
entire phraseis translated into the arithmetic operation Bill s age pluss 2 years
(agewhen). (The specialword pluss isan addition operator, just like plus , except for
its precedence;opform treatsit asatightly binding operation like squared instead of a
looselybinding one like the ordinary plus .) When aphraselike in 2 years appearsat
the beginning of a sentence,it isremembered (agesen ) asan implicit modi®er for evey
agevariable in that sentencethat isn't explicitly modi®ed. In this example,in 2 years
modi®es both Bill s father s age and Bill s age. The special precedence of
pluss isneededin this example sothat the equation will be basedon the grouping

3 times [ Bill s age pluss 2 ]
rather than

[ 3 times Bil s age ] plus 2

asit would be with the ordinary plus operator. You can alsoseehow the substitution for
their ages worksin this example.

Here is a second sample age problem that illustrates a different kind of special
handling:

? stude nt :ann
The probl emto be solved s

Mary is twice as old as Ann was when Mary was as old as Ann is now. If
Mary is 24 years old, how old is Ann?

With mandat ory subst it utio ns the proble mis

Mary is 2 times as old as Ann was when Mary was as old as Ann is now . If
Mary is 24 years old , what is Ann ?

The simpl e sentenc es are
Mary s age is 2 times Ann s age minuss gl .

Mary s age minuss gl is Ann s age .
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Mary s age is 24 .

What is Ann s age ?

The equat io ns to be solved are
Equal [Mary s age] [prod uct 2 [sum [Ann s age] [minu s [gl]] 1]
Equal [sum [Mary s age] [minus [g1]]] [Ann s age]

Equal [Mary s age] 24

Ann s age is 18

The probl emis solve d.

What is new in this example is Student's handling of the phrase was when in the
sentence

Mary is 2 times as old as Ann was when Mary was as old as Ann is now .

Sentencedike this one often causetrouble for human algebra studentsbecausethey
make implicit reference to a quantity that is not explicitly present as a variable. The
sentence saysthat Mary's age now is twice Ann's age somenumberof yearsago, but that
number is not explicit in the problem. Student makesthis variable explicit by using a
generatedymbolike the word g1 in this illustration. Student replacesthe phrase was
when with the words

was gl years ago . gl years ago

This substitution (in ageprob ) happens beforehe division of the problem statement
into simple sentences(bracket ). Asaresult, this one sentencein the original problem
becomesthe two sentences

Mary s age is 2 times Ann s age gl years ago .

Gl years ago Mary s age was Ann s age now .

The phrase gl years ago in each of these sentencesis further processedby agesen
and agewhen asdiscussedearlier; the ®nalresult is

Mary s age is 2 times Ann s age minuss gl .

Mary s age minuss gl is Ann s age .
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A new generated symbolis created each time this situation arises,sothere is no con’ict
from trying to usethe samevariable name for two different purposes. The phrase will
be when is handled similarly, except that the translated versionis

in g2 years . in g2 years

Al and Education

These decoupling heuristics are useful not only for the Student program but
for people trying to solveageproblems. The classicage problem about Mary
and Ann, given above,took an MIT graduate student over 5 minutes to solve
becausehe did not know this heuristic. With the heuristic he wasable to
setup the appropriate equations much more rapidly. As a crude measure of
Student'srelative speed,note that Student took lessthan one minute to solve
this problem.

This excerpt from Bobrow's thesisillustrates the idea that insights from arti®cial intel-

ligence research can make a valuable contribution to the education of human beings.
An intellectual problem is solved, at leastin many cases,by dividing it into piecesand

developing a technique for each subproblem. The subproblems are the samewhether

it is a computer or a person trying to solvethe problem. If a certain technique proves
valuable for the computer, it may be helpful for a human problem solverto be awareof

the computer's methods. Bobrow's suggestionto teach people one speci®cheuristic for

algebraword problems is a relatively modest example of this general theme. (A heuristic
is arule that givesthe right answermost of the time, asopposed to an algorithm,a rule

that alwaysworks.) Someresearchersin cognitive scienceand education have proposed

the idea of intelligentCAIl (computer assistedinstruction), in which a computer would

be programmed as a 2tutor® that would observe the efforts of a student in solving a
problem. The tutor would know about some of the mistaken ideaspeople can haveabout

a particular classof problem and would notice a student falling into one of those traps.

It could then offer advicetailored to the needsof that individual student.

The development of the Logo programmin g language (and so also, indirectly, this
seriesof books) is another example of the relationship between Al and education. Part
of the idea behind Logo is that the processof programming a computer resembles,in
somewaysthe processof teaching a personto do something. (This caninclude teaching
oneself.) For example, when a computer program doesnt work, the experienced
programmer doesnt give up in despair, but instead debugshe program. Yet many
studentsare willing to give up and say?l just don't get it° if their understanding of some
problem isn't perfect on the ®rsttry.
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The critic is afraid that children will adopt the computer as model and
eventually come to 2think mechanically® themselves. Following the opposite
tack, | haveinvented waygo take educational advantageof the opportun ities to
masterthe art of deliberatelhinking like a computer, according, for example,
to the stereotype of a computer program that proceeds in a step-by-step,
literal, mechanical fashion. There are situations where this style of thinking
is appropriate and useful. Some children's dif®culties in learning formal
subjectssuchasgrammar or mathematicsderive from their inability to seethe
point of such astyle.

A second educational advantageis indirect but ultimately more important.

By deliberately learning to imitate mechanical thinking, the learner becomes
able to articulate what mechanical thinking is and whatit is not. The exercise
can lead to greater con®dence about the ability to choose a cognitive style
that suits the problem. Analysis of 2mechanical thinking® and how it is
different from other kinds and practice with problem analysiscan result in

a new degree of intellectual sophistication. By providing a very concrete,
down-to-eath model of a particular styleof thinking, work with the computer
can make it easierto understand that there is such a thing as a 2style of
thinking.® And giving children the opportuni ty to chooseone styleor another
provides an opportunity to develop the skill necessay to choose between
styles. Thus instead of inducing mechanical thinking, contact with computers
could turn out to be the bestconceivable antidote to it. And for me what is
mostimportant in this isthat through theseexperiencesthesechildren would
be serving their apprenticeships asepistemologists,that is to saylearning to
think articulately about thinking. [Seymour Papert, Mindstoms BasicBooks,
1980,p. 27.]

Combining Sentencesinto One Equation

In age problems, aswe've just seen, a single sentence may give rise to two equations.
Here is an example of the opposite, severalsentencesthat together contribute a single
equation.

? stude nt :nums
The probl emto be solved s

A number is multip li ed by 6 . This product is increa sed by 44 . This
resul t is 68 . Find the number.
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With mandat ory subst it utio ns the proble mis

A number ismulby 6 . This product is increas ed by 44 . This resul t is
68 . Find the number

The simpl e sentenc es are

A number ismulby 6 .

This produc t is increa sed by 44 .

This result is 68 .

Find the number

The equat io ns to be solved are

Equal [sum [produc t [number] 6] 44] 68

The number is 4

The probl emis solve d.

Student recognizesproblems like this by recognizing the phrases?is multiplied by,°
3is divided by and @is increased by® (senforml ). A sentencecontaining one of these
phrasesis not translated into an equation; instead, a partial equation is saveduntil the
next sentenceis read. That next sentenceis expected to start with a phrase like 2this
result® or 2this product.° The sameprocedure (this ) that in other situations usesthe
left hand side of the lastequation asthe expressionfor the this -phrasenoticesthat there
is aremembered partial equation and usesthat instead. In this example, the sentence

A number ismulby 6 .
remembersthe algebraic expression
[prod uct [number ] 6]

The secondsentenceusesthat remembered expressionaspart of a new, larger expression
to be remembered:

[sum [produ ct [number] 6] 44]

The third sentence does not contain one of the special 2is increased by° phrases, but
is instead a standard 2A is B® sentence. That sentence, therefore, does give rise to an
equation, asshown above.
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Perhaps the most interesting thing to notice about this category of word problem
is how narrowly de®ned Student's criterion for recognizing the category is. Student
gets awaywith it becausealgebra word problems are highly stereotypethere are just a
few categories, with traditional, standard wordings. In principle there could be a word
problem starting

Robert has a certa in number of jelly beans. This number is twice the
number of jelly beans Linda has.

Thesetwo sentencesare together equivalent to

The number of jelly beans Robert has is twice the number of jelly beans
Linda has.

But Student would not recognize the situation becausethe ®rst sentence doesnt talk
about 3is increased by.° We could teach Student to understand a word problem in this
form by adding the instruction

if match [*one Iverb 1:verb a certai n number of #stuf f1 !:dim] sent
[push "ref opfor m(se [the number of] :stuff 1 :one :verbl )

op [II

along with the other known sentenceformsin senforml . (Compare this to the pattern
matching instruction shown earlier for a similar sentencebut with an explicitly speci®ed
number.)

Taking advantageof the stereotypednature of word problems is an example of how
the microworld strategyhelped make the early Al programs possible. If word problems
were expressedwith all the “exibility of languagein general, Student would need many
more sentencepatterns than it actually has. (How many different wayscan you think of
to expressthe sameidea about Robert and Linda? How many of those wayscan Student
handle?)

Allowing Flexible Phrasing

In the examples we've seenso far, Student hasrelied on the repetition of identical or
near-identical phrasessuch as2the marked price® or 2he number of advertisements
he runs.° (The requirement is not quite strictly identical phrasesbecausearticles are
removed from the noun phrasesto make variable names.) In real writing, though, such
phrasesare often abbreviatedwhen they appear for asecondtime. Student will translate
such a problem into a systemof equations that can't be solved, becausewhat should be
one variable is instead a different variable in each equation. But Student can recognize
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this situation and apply heuristic rulesto guessthat two similar variable namesare meant,
in fact, to represent the samevariable. (Some early writers on Al considered the use of
heuristic methods one of the de®ning characteristics of the ®eld. Computer scientists
outside of Al were more likely to insist on fully reliable algorithms. This distinction still
hassometruth to it, but it isn't emphasizedsomuch asa critical issuethesedays.) Student
doesnt try to equate different variablesuntil it has ®rsttried to solvethe equations as
they are originally generated. If the ®rstattempt at solution fails, Student hasrecourseto
lesscertain techniques (student2 callsvartest ).

? stude nt :sally

The probl emto be solved s

The sum of Sally's share of some money and Frank 's share is $4.50 .
Sally 's share is twice Frank' s. Find Frank's and Sally' s share.

With mandat ory subst it utio ns the proble mis

sum Sally s share numof some money and Frank s share is 4.50 dollar s .
Sally s share is 2 times Frank s . Find Frank s and Sally s share

The simpl e sentenc es are

Sum Sally s share numof some money and Frank s share is 4.50 dollar s .
Sally s share is 2 times Frank s .

Find Frank s and Sally s share

The equat io ns to be solved are

Equal [sum [Sally s share of some money] [Fran k s share]]
[prod uct 4.50 [dolla rs] ]

Equal [Sall y s share ] [produc t 2 [Frank S]]

The equat io ns were insuf fi cie nt to find a soluti on.

Assumin g that
[Fran k s] is equal to [Frank s share]

Assumin g that
[Sall y s share] is equal to [Sall y s share of some money]

Frank s is 1.5 dolla rs
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Sally s share is 3 dolla rs

The probl emis solve d.

In this problem Student hasfound two pairs of similar variable names. When it ®nds
sucha pair, Student addsan equation of the form

[equa | variablel variable?

to the previous setof equations. In both of the pairs in this example, the variable that
appearslater in the problem statementis entirely contained within the one that appears
earlier.

Another point of interestin this example is that the variable [dollars] isincluded
in the list of units that maybe part of the answer The word problem doesnot explicitly ask
aHow many dollars is Sally's share? but becauseone of the sentencessetsan expression
equal to 24.50 dollars® Student takesthat asimplicit permissionto expressthe answerin
dollars.

The only other condition under which Student will consider two variablesequal is
if their namesare identical except that some phrasein the one that appearsearlier is
replaced with a pronoun in the one that appearslater. That is, a variable like [the
number of ice cream cones the children eat] will be considered equal to a
later variable [the number of ice cream cones they eat] . Here isaproblem in
which this rule is applied:

? stude nt :guns

The probl emto be solved s

The number of soldie rs the Russia ns have is one half of the number of
guns they have. They have 7000 guns. How many soldie rs do they have?

With mandat ory subst it utio ns the proble mis

The number numof soldi ers the Russi ans have is 0.5 numof the number numof
guns they have . They have 7000 guns . howm soldie rs do they have ?

The simpl e sentenc es are

The number numof soldi ers the Russi ans have is 0.5 numof the number numof
guns they have

They have 7000 guns
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Howmsoldie rs do they have ?

The equat io ns to be solved are

Equal [number of soldi ers Russian s have]
[prod uct 0.5 [number of guns they have]]

Equal [number of guns they have] 7000

The equat io ns were insuf fi cie nt to find a soluti on.

Assumin g that
[number of soldier s they have] is equal to
[number of soldi ers Russian s have]

The number of soldie rs they have is 3500

The probl emis solve d.

Using Background Knowledge

In some word problems, not all of the necessay infor mation is contained within the
problem statementitself. The problem requires the student to supply some piece of
generalknowledge about the world in order to determine the appropriate equations. This
knowledge may be about unit conversions(one foot is 12 inches) or about relationships
among physical quantities (distance equalsspeedtimes time). Student 2knows® some of
this backgroundhfor mation and can apply it (geteqns ) if the equations determined by
the problem statementare insuf®cient.

? stude nt jet
The probl emto be solved s

The dista nce from New York to Los Angel es is 3000 miles. If the averag e
speed of a jet plane is 600 miles per hour, find the time it takes to
trave | from New York to Los Angel es by jet.

With mandat ory subst it utio ns the proble mis

The dista nce from New York to Los Angel es is 3000 miles . If the average
speed numof a jet plane is 600 miles per hour , find the time it takes to
trave | from New York to Los Angel es by jet

The simpl e sentenc es are
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The dista nce from New York to Los Angel es is 3000 miles
The avera ge speed numof a jet plane is 600 miles per hour

Find the time it takes to travel from New York to Los Angel es by jet

The equat io ns to be solved are
Equal [dist ance from New York to Los Angeles ] [produ ct 3000 [mile s]]
Equal [aver age speed of jet plane ]

[quot ien t [produ ct 600 [miles ]] [produ ct 1 [hours ]] ]
The equat io ns were insuf fi cie nt to find a soluti on.
Using the follow in g known relatio nshi ps
Equal [dist ance] [prod uct [speed] [time ]]
Equal [dist ance] [prod uct [gas consumpt ion ]

[number of gallons of gas used]]

Assumin g that
[spee d] is equal to [avera ge speed of jet plane]

Assumin g that
[time ] is equal to [time it takes to travel
from New York to Los Angel es by jet]

Assumin g that
[dist ance] is equal to [dista nce from New York to Los Angel es]

The time it takes to trave | from New York
to Los Angeles by jet is 5 hours

The probl emis solve d.

Student'slibrar y of known relationships is indexed according to the ®rstword of the
name of each variable involved in the relationship. (If a variable startswith the words
number of it isindexed under the following word.) The relationships, in the form of
equations, are stored in the property lists of theseindex words.

Property lists are alsousedto keep track of irregular plurals and the corresponding
singulars. Student tries to keep all units in plural form internally, so that if a problem
refersto both 1 foot and 2 feet the samevariable name will be usedfor both. (That
is, the ®rstof thesewill be translated into
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[prod uct 1 [feet]]

in Student's inter nal representation. Then the opposite translation is needed if the
product of 1 and someunit appearsin an answerto be printed.

The original Student also used property lists to remember the parts of speech of
words and the precedence of operators, but becauseof differences in the syntax of
the Meteor pattern matcher and my Logo pattern matcher I've found it easierto use
predicate operations for that purpose.

The original Student systemincluded a separatelyinvoked remember procedure
that allowed all these kinds of global infor mation to be entered in the form of English
sentences.You'd say

Feet is the plural of foot

or

Dista nce equals speed times time

and remember would usepatterns much like thoseusedin understanding word problems
to translate thesesentencesinto pprop instructions. SinceLisp programs, like Logo pro-
grams, canthemselvesbe manipulated aslists,remember could evenacceptinfor mation
of akind that'sstored in the Student program itself, suchasthe wording transformations
in idioms , and modify the program to re ect this infor mation. | havent bothered to
implement that part of the Student systembecauseit takesup extra memory and doesn't
exhibit any new techniques.

Asthe aboveexample shows,it' simportant that Student's searchfor relevant known
relationships comes before the attempt to equate variables with similar names. The
general relationship that usesa variable named simply [distance] doesnit help unless
Student can identify it asrelevant to the variable named [distance ~ from New York
to Los Angeles] in the speci®cproblem under consideration.

Here is another example in which known relationships are used:
? stude nt :span
The probl emto be solved s
If 1 span is 9 inche s, and 1 fathom is 6 feet,

how many spans is 1 fathom?

With mandat ory subst it utio ns the proble mis
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If 1 span is 9 inche s , and 1 fatho mis 6 feet , howm spans is 1 fathom

The simpl e sentenc es are
1 span is 9 inches
1 fatho mis 6 feet

Howmspans is 1 fathom ?

The equat io ns to be solved are
Equal [prod uct 1 [span s]] [produc t 9 [inches ]]
Equal [prod uct 1 [fath oms]] [prod uct 6 [feet]]

Equal g2 [produc t 1 [fatho ms]]

The equat io ns were insuf fi cie nt to find a soluti on.
Using the follow in g known relatio nshi ps
Equal [prod uct 1 [yard s]] [produc t 3 [feet]]

Equal [prod uct 1 [feet ]] [produ ct 12 [inches ]]

1 fatho mis 8 spans

The probl emis solve d.

Besidesthe useof known relationships, this example illustrates two other features of
Student. One is the useof an explicitly requestedunit in the answer Sincethe problem
asks

How many spans is 1 fathom ?

Student knowsthat the answermust be expressedin spans . Had there been no explicit
request for a particular unit, all the units that appear in phrasesalong with a number
would be eligible to appearin the answer:inches , feet , and fathoms . Student might
then blithely infor m usthat

1 fatho mis 1 fathom

The probl emis solve d.
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The other newfeature demonstrated by this example isthe useof agenerated symbol
to represent the desired answer In the statement of this problem, there is no explicit
variablerepresenting the unknown. [Fathoms] isaunit, not avariable for which avalue
could be found. The problem asksfor the value of the expression

[prod uct 1 [fathom s] ]

in terms of spans. Student generatesa variable name (g2) to represent the unknown
and produces an equation

[equa | g2 [produ ct 1 [fath omg]]

to add to the list of equations. A generated symbolwill be needed wheneverthe 2Find®
or @What is® sentence asksfor an expression rather than a simple variable name. For
example, an age problem that asks®What is the sum of their ages®would require the
use of a generated symbol. (The original Student alwaysused a generated symbol for
the unknowns, evenif there wasalready a single variable in the problem representing an
unknown. It therefore had equations like

[equa | g3 [marke d price] ]

in its list, declaring one variable equal to another. | choseto check for this caseand
avoid the use of a generated symbol becausethe time spentin the actual solution of the
equations increasesquadratically with the number of equations.)

Optional Substitutions

We haveseenmany casesn which Student replacesa phrasein the statementof aproblem
with a different word or phrase that ®tsbetter with the later stagesof processing, like
the substitution of 2 times for twice or aspecialkeywordlike perless for percent
less than . Student alsohasa few casesf optionalsubstitutions that may or may not be
made (tryidiom ).

There aretwo waysn which optional substitutionscanhappen. One isexempli®ed by
the phrasethe perimeter of the rectangle . Student ®rstattempts the problem
without any special processing of this phrase. If a solution is not found, Student
then replacesthe phrase with twice the sum of the length and width of the
rectangle  and processesthe resulting new problem from the beginning. Unlike
the use of known relationships or similarity of variable names, which Student handles
by adding to the already-detemined equations, this optional substitution requires the

304 Chapte6 Arti®ciallntelligence



entire translation processto begin again. For example, the word twice that beginsthe
replacement phrasewill be further translatedto 2 times .

The second category of optional substitution is triggered by the phrase two
numbers . This phrase must alwaysbe translated to something, becauseit indicates
that two different variables are needed. But the precise translation depends on the
wording of the rest of the problem. Student tries two alternative translations: one of
the numbers and the other number and one number and the other number.
Here is an example in which the necessay translation is the one Student tries second:

? stude nt :sumtw o

The probl emto be solved s

The sum of two numbers is 96, and one number is 16 larger than the other
number. Find the two numbers.

The probl em with an idioma tic subst it ution is

The sum of one of the numbers and the other number is 96 , and one
number is16 larger than the other number . Find the one of the numbers
and the other number

With mandat ory subst it utio ns the proble mis

sum one numof the numbers and the other number is 96 , and one number
is 16 plus the other number . Find the one numof the numbers and the
other number

The simpl e sentenc es are

Sum one numof the numbers and the other number is 96 .

One number is 16 plus the other number

Find the one numof the numbers and the other number

The equat io ns to be solved are
Equal [sum [one of numbers] [othe r number] ] 96

Equal [one number] [sum 16 [other number]]

The equat io ns were insuf fi cie nt to find a soluti on.
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The probl em with an idioma tic subst it ution is

The sum of one number and the other number is 96 , and one number is 16

large r than the other number . Find the one number and the other number

With mandat ory subst it utio ns the proble mis

sum one number and the other number is 96 , and one number is 16 plus the
other number . Find the one number and the other number

The simpl e sentenc es are

Sum one number and the other number is 96 .

One number is 16 plus the other number

Find the one number and the other number

The equat io ns to be solved are
Equal [sum [one number] [other number]] 96

Equal [one number] [sum 16 [other number]]

The one number is 56
The other number is 40

The probl emis solve d.

There is no essentialreasonwhy Student usesone mechanism rather than another
to deal with a particular problematic situation. The dif®culties about perimeters and
about the phrase @wo numbers® might have been solved using mechanismsother than
this optional substitution one. For example, the equation

[equa | [perime ter] [prod uct 2 [sum [length ] [width ]] ]]

might have been added to the library of known relationships. The dif®culty about
alternate phrasingsfor #wo numbers® could be solvedby adding

[[one of the !word :pluralp] ['one singu lar :word ]]

to the list of idiomatic substitutionsin idiom .

Not all the mechanisms are equivalent, however The 2wo numbers® problem
couldn't be solved by adding equations to the library of known relationships, because
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that phrase appears as part of a larger phrase like 3he sum of two numbers? and
Student's understanding of the word sum doesrit allow it to be part of a variable name.
The word sum only makessenseto Student in the context of a phrase like the sum of
something and something else . (Seeprocedure tst.sum .)

If All ElseFails

Sometimes Student fails to solve a problem becausethe problem is beyond either its
linguistic capability or its algebraic capability. For example, Student doesrt know how to
solvequadratic equations. But sometimesa problem that Student could solvein principle
stumpsit becauseit happensto lack a particular piece of common knowledge. When a
situation like that arises,Student is capable of askingthe userfor help (student2 ).

? stude nt :ship

The probl emto be solved s

The gross weight of a ship is 20000 tons. If its net weight is 15000
tons, what is the weight of the ships cargo?

With mandat ory subst it utio ns the proble mis

The gross weight numof a ship is 20000 tons . If its net weight is 15000
tons , what is the weight numof the ships cargo *?

The simpl e sentenc es are

The gross weight numof a ship is 20000 tons

Its net weight is 15000 tons

What is the weight numof the ships cargo 2

The equat io ns to be solved are
Equal [gros s weight of ship] [produ ct 20000 [tons] ]

Equal [its net weight] [produ ct 15000 [tons] ]

The equat io ns were insuf fi cie nt to find a soluti on.
Do you know any more relat ion ship s among these varia ble s?

Weight of ships cargo
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Its net weight

Tons

Gross weigh t of ship

The weight of a ships cargo is the gross weight minus the net weight

Assumin g that
[net weight ] is equal to [its net weigh t]

Assumin g that
[gros s weight] is equal to [gross weight of ship]

The weigh t of the ships cargo is 5000 tons

The probl emis solve d.

Limitations of Pattern Matching

Student relies on certain stereotypedforms of sentencesin the problems it solves. It's
easyto make up problems that will completely bewilder it:

Suppose you have 14 jelly beans. You give 2 each to Tom, Dick, and
Harry .  How many do you have left?

The ®rst mistake Student makes is that it thinks the word and following a comma
separateswo clauses;t generatessimple sentences

You give 2 each to Tom , Dick

Harry

This is quite afundamental problem; Student'sunderstanding of the difference between
aphrase and a clauseis extremely primitive and prone to error. Adding another pattern
won't solvethis one; the trouble isthat Student paysno attention to the wordsin between
the keywordslike and.

There are several other dif®culties with this problem, some worse than others.
Studentdoesnt recognizethe word suppose ashaving a specialfunction in the sentence,
so it makesup a noun phrase suppose you just like the russians . This could be
®xedwith an idiomatic substitution that just ignored suppose . Another relatively small
problem is that the sentencestarting how many doesrit sayhow many of what; Student
needsa wayto understand that the relevant noun phraseisjelly  beans and not, for
example, Tom The words give (representing subtraction) and each (representing
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counting a setand then multiplying) have special mathematical meanings comparable
to percent less . A much more subtle problem in knowledge representation is that
in this problem there are two different quantities that could be called the number of
jelly  beans you have :the number you haveatthe beginning of the problem and the
number you haveat the end. Student hasalimited understanding of this passage-of-time
dif®cultywhen it' sdoing an age problem, but not in general.

How many more dif ®culties can you ®nd in this problem? For how many of them
canyou invent improvements to Student to get around them?

Some dif ®culties seemto require a 2more of the same®strategy:adding some new
patterns to Student that are similar to the ones already there. Other dif®culties seem
to require a more fundamental redesign. Can that redesign be done using a pattern
matcher asthe central tool, or are more powerful tools needed? How powerful is pattern
matching, anyway?

Answering questions like these is the job of automata theory. From that point of
view the answeris that it depends exactly what you mean by 2pattern matching.® The
pattern matcher usedin Student is equivalent to a ®nite-statemachine. The important
thing to note about the patterns usedin Student is that they only apply predicatesto one
word at atime, not to groups of words. In other words, they don't usethe @quanti®er.
Here is atypical student pattern:

[ what tin [is are] #one !dim]

For the purposesof this discussion,you canignore the fact that the pattern matcher can
setvariablesto remember which words matched each part of the pattern. In comparing
a pattern matcher to a ®nite-statemachine, the question we're asking is what categories
of strings can the pattern matcher accept. This particular pattern is equivalent to the
following machine:

START

\( what is ﬂnm’
are
any any

The arrow that I've labeled dim is actually severalarrows connecting the same states,
one for each symbol that the predicate dim accepts,i.e., period, question mark, and
semicolon. Similarly, the arrows labeled any are followed for any symbol at all. This
machine is nondeter ministic, but you'll recall that that doesnt matter; wecanturn it into
adeterministic one if necessay.
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To be sureyou understand the equivalenceof patterns and ®nite-statemachines, see
if you can draw a machine equivalent to this pattern:

[ see Lin [the a an] ?:numberp &adje cti ve !:nou n #adver b]

This pattern usesall the quanti®ersthat testwordsone at atime.

If these patterns are equivalent to ®nite-statemachines, you'd expect them to have
trouble recognizing sentencesthat involve embeddingf clauseswithin clausessincethese
pose the same problem askeeping track of balancing of parentheses. For example, a
sentencelike @The book that the boy whom | sawyesterdaywasreading is interesting®
would strain the capabilities of a ®nite-statemachine. (As in the caseof parentheses,
we could design a FSM that could handle such sentencesup to some ®xed depth of
embedding, but not one that could handle arbitraril y deep embedding.)

Context-Free Languages

If we allow the use of the @quanti®er in patterns, and if the predicates used to test
substrings of the sentencesare true functions without side effects, then the pattern
matcher is equivalent to an RTN or a production rule grammar. What makesan RTN
different from a ®nite-statemachine is that the former can include arrows that match
several symbols against another (or the same) RTN. Equivalently, the @ quanti®er
matchesseveralsymbolsagainstanother (or the same) pattern.

A languagethat can be represented by an RTN is called a context-frelanguage. The
reason for the name is that in such a language a given string consistently matches or
doesnt match a given predicate regardlessof the rest of the sentence. That's the point
of what | saidjust aboveabout side effects;the output from atestpredicate can't depend
on anything other than its input. Pascalis a context-free language because

this := that

is alwaysan assignmentstatement regardlessof what other statementsmight be in the
program with it.

What isn't a context-free language? The classicexample in automata theory is the
language consisting of the strings

abc

aabbc ¢

aaabb bccc
aaaab bbbcccc
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and so on, with the requirement that the number of as be equal to the number of bs
and also equal to the number of cs. That language can't be represented as RTNs or
production rules. (Tryit. Don't confuseit with the language that acceptsany number
of asfollowed by any number of bsand soon; evena ®nite-statemachine can represent
that one. The equal number requirement isimportant.)

The classicformal systemthat canrepresentanylanguagefor which there are precise
rules is the Turing machine. Its advantageover the RTN is precisely that it can &ump
around® in its memory, looking at one part while making decisionsabout another part.

There is a sharp theoretical boundary between context-free and context-sensitive
languages, but in practice the boundary is sometimes fuzzy Consider again the case
of Pascaland that assignment statement. | said that it's recognizably an assignment
statementbecauseit matchesa production rule like

assig nnment : ident if ier = expres si on

(along with a bunch of other rules that determine what quali®es as an expression).
But that production rule doesrit really expressall the requirements for a legal Pascal
assignmentstatement. For example, the identi®er and the expression must be of the
sametype. The actual Pascalcompiler (any Pascalcompiler, not just mine) includes
instructions that represent the for mal grammar plus extra instructions that representthe
additional requirements.

The type agreement rule is an example of context sensitivity The types of the
relevant identi®ers were determined in var declarations earlier in the program; those
declarations are part of what determines whether the given string of symbolsis a legal
assignment.

Augmented Transition Networks

One could create a clean formal description of Pascal,type agreement rules and all, by
designing a Turing machine to acceptPascabrograms. However, Turing machinesaren't
easyto work with for any practical problem. It's much easierto setup a context-free
grammar for Pascaland then throw in a few side effectsto handle the context-sensitive
aspectsof the language.

Much the sameis true of English. It'spossibleto setup an RTN (or a production
rule grammar) for noun phrases,for example, and another one for verb phrases. It's
tempting then to setup an RTN for a sentencelike this:
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sentence
START

nounphrae  vehbphrase

This machine capturessome,but not all, of the rules of English. It' strue that a sentence
requires a noun phrase (the subject) and a verb phrase (the predicate). But there
are agreementules for person and number (I run but he runs) analogousto the type
agreementrules of Pascal.

Some arti®cial intelligence researchers,understanding all this, parse English sen-
tencesusing a formal description called an augmentettansitionnetworATN). An ATN is
justlike an RTN exceptthat eachtransition arrow can haveassociatedwith it not only the
name of a symbolor another RTN but also some conditionghat must be met in order to
follow the arrow and some actionsthat the program should take if the arrow is followed.
For example, we could turn the RTN just aboveinto an ATN by adding an action to
the ®rstarrow saying?astore the number (singular or plural) of the noun phrasein the
variable number °© and adding a condition to the secondarrow saying®he number of the
verb phrase must be equal to the variable number .°

Subject-predicateagreementis not the only rule in English grammar bestexpressed
asa side effect in a transition network. On the next pageis an ATN for noun phrases
taken from Languageasa CognitiveProcessplumel: Syntaxby Terry Winograd (page 598).
I'm not going to attempt to explain the notation or the detailed rules here, but just to
give one example, the condition labeled 2h16p° saysthat the transition for apostrophe-s
can be followed if the head of the phraseis an ordinar y noun (3%the book's®) but not if
it'sapronoun (3you's®).

The ATN is equivalentin power to a Turing machine; there is no known mechanism
that is more “exible in carrying out algorithms. The “exibility hasa cost, though. The
time required to parse a string with an ATN is not bounded by a polynomial function.
(Remember, the time for an RTN is O(n®).) It can easilybe exponential, O(2"). One
reason is that a context-sensitive procedure can't be subject to memoization. If two
invocations of the sameprocedure with the sameinputs can give different resultsbecause
of side effects, it doesno good to remember what result we got the lasttime. Turning an
ATN into a practical program is often possible,but not atrivial task.

In thinking about ATNs we've brought together most of the topics in this book:
formal systemsalgorithms, language parsing, and arti®cial intelligence. Perapsthat'sa
good placeto stop.

312 Chapte6 Arti®ciallntelligence



AugmentedransitionNetworks 313



Program Listing

to student :prob [:orgprob :prob]

say [The problem to be solved is] :prob

make "prob map.se [depunct ?] :prob

studentl :prob [[[the perimeter  of ! rectangle]
[twice  the sum of the length and width of the rectangle]]
[two  numbers] [one of the numbers and the other number]]
[two  numbers] [one number and the other number]]]

end

to studentl :prob :idioms
local [simsen shelf aunits units wanted ans var lasteqn
ref eqtl beg end idiom reply]
make "prob idioms :prob
if match [* two numbers #] :prob ~
[make "idiom find [match (sentence "“beg first ? "#end) :orgprob] idioms  ~
tryidiom stop]
while [match [*beg the the #end] :prob] [make "prob (sentence :beg "the :end)]
say [With mandatory substitutions the problem is] :prob
ifelse match [# @:n [[as old as] [age] [years old]] #] :prob ~
[ageprob] [make "simsen bracket :prob]
Isay [The simple sentences are] :simsen
foreach  [aunits wanted ans var lastegn ref units] [make ? []]

make "shelf filter [not emptyp ?] map.se [senform ?] :simsen

Isay [The equations to be solved are] :shelf make "units  remdup :units

if trysolve :shelf ‘wanted  :units :aunits [print [The problem is solved.] stop]
make "eqtl remdup getegns :var

if not emptyp :eqtl [lsay [Using the following known relationships] :eqtl]
student2  :eqtl

end

to student2 :eqtl
make "var remdup sentence (map.se [varterms ?] :eqtl) var
make "eqtl sentence :eqtl vartest var
if not emptyp :eqtl ~
[if  trysolve (sentence  :shelf :eqtl)  :wanted  :units :aunits
[print [The problem is solved.] stop]]

make "idiom find [match (sentence "“beg first ? "#end) :orgprob] :idioms
if not emptyp :idiom [tryidiom stop]
Isay [Do you know any more relationships among these variables?] var

make "reply map.se [depunct ?] readlist

if equalp :reply [yes] [print [Tell me.] make "reply readlist]

if equalp :reply [no] [print [ print [I cant solve this problem.] stop]
if dim last :reply [make "reply butlast :reply]

if not match ["beg is #end] :reply [print [ don't wunderstand that.] stop]
make "shelf  sentence :shelf eqtl

student2  (list (list "equal opform :beg opform :end))

end
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;7 Mandatory  substitutions

to depunct :word

if emptyp :word [output []]

if equalp first ‘word  "$ [output  sentence "$ depunct butfirst

if equalp last :word "% [output sentence depunct butlast :word

if memberp last word [ ? |;| ] -~
[output  sentence depunct butlast ‘word last  :word]
if emptyp butfirst 'word  [output  :word]

:word]
"percent]

if equalp last2 :word ™s [output sentence depunct butlast butlast :word

output  :word
end

to idioms :sent
local "number
output changes :sent ~

[[[the sum of] ['sum]] [[square of] ["square]] [[of] ["numof]]
[[how old] ["what]] [lis equal to] ["is]]

[[years younger than] [[less than]]] [[years older than] ["plus]]
[[percent less than] ["perless]] [[less than] ["lessthan]]

[[these] ["the]] [[more than] ["plus]]

[[first two numbers] [[the first number and the second number]]]
[[three numbers]

[[the  first number and the second number and the third number]]]

[[one half] [0.5]] [[twice] [[2 times]]]
[[$ !number] [sentence :number "dollars]] [[consecutive

[lis multiplied by] ["ismulby]] [lis divided by] ["isdivby]]
[[multiplied by] ['times]] [[divided by] ['divby]]]
end

to last2 :word
output word (last butlast :word)  (last  :word)
end

to changes :sent :list

localmake "keywords map.se [findkey first ?] st
output changesl :sent :list :keywords

end

to findkey :pattern

if equalp first ‘pattern "Lin [output  first butfirst :pattern]
if equalp first ‘pattern "2in ~
[output  sentence (item 2 :pattern) (item 3 :pattern)]
output  first ‘pattern
end
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to changesl :sent :list :keywords
if emptyp :sent [output []]

if  memberp first :sent  :keywords [output  changes2 :sent :list :keywords]
output fput first :sent  changesl butfirst :sent clist :keywords
end

to changes2 :sent :list :keywords

changes3 :list list

output fput first :sent  changesl butfirst :sent clist :keywords
end

to changes3 :biglist :nowlist

if emptyp :nowlist [stop]

if changeone first :nowlist [changes3 :biglist :biglist stop]
changes3 :biglist butfirst :nowlist

end

to changeone :change

local "end

if not match (sentence first :change [#end]) :sent [output "false]
make "sent run (sentence ‘"sentence last :change "end)

output  "true

end

;. Division into simple sentences

to bracket :prob
output  bktl finddelim :prob
end

to finddelim :sent
output  finddeliml1 sent [ O[]
end

to finddeliml iin :out :simples
if emptyp :n ~
[ifelse emptyp :out [output  :simples]
[output  Iput (sentence :out '

) :simples]]

if dim first in ~
[output  finddelim1 (nocap Dbutfirst in) ]
(lput  (sentence  :out first :iin)  :simples)]
output  finddeliml1 (butfirst :iin)  (sentence  :out first :iin)  :simples
end

to nocap :words

if emptyp :words [output []]

if personp first ‘words  [output  :words]

output sentence (lowercase  first :words)  butfirst :words
end

316 Chapte6 Arti®ciallntelligence



to bktl :problist

local  [first word rest]
if emptyp :problist [output  []]
if not memberp ", first :problist ~
[output  fput first :problist bktl butfirst :problist]
if match [if AMirst , !word:qword  #rest] first :problist ~
[output  bktl fput (sentence  first ")
fput (sentence  :word :rest) butfirst :problist]
if  match [irst , and #rest] first :problist ~
[output  fput (sentence  :first ") (bktl fput :rest butfirst :problist)]
output fput first :problist bktl butfirst :problist
end

;7 Age problems

to ageprob

local [beg end sym who num subj ages]

while [match [*beg as old as #end] :prob] [make "prob sentence :beg :end]
while [match [*beg years old #end] :prob] [make "prob sentence :beg :end]

while [match [*beg will be when #end] :prob] -~
[make "sym gensym
make "prob (sentence :beg "in :sym [years . in] :sym "years :end)]

while [match [*beg was when #end] :prob] -~
[make "sym gensym
make "prob (sentence :beg :sym [years ago .] :sym [years ago] :end)]
while [match [*beg !who:personp  will be in !num years #end] :prob] -~
[make "prob (sentence :beg :who [s age in] :num "years #end)]
while [match [*beg was #end] :prob] [make "prob (sentence :beg "is :end)]
while [match [*beg will be #end] :prob] [make "prob (sentence :beg "is :end)]
while [match [*beg !who:personp is now #end] :prob] ~
[make "prob (sentence :beg :who [s age now] :end)]
while [match [*beg !num years from now #end] :prob] ~
[make "prob (sentence :beg "in :num "years :end)]
make "prob ageify :prob
ifelse match [* Iwho:personp "end s age #] :prob ~
[make "subj sentence :who :end] [make "subj "someone]
make "prob agepron :prob
make "end :prob
make "ages ]
while [match [* !who:personp "beg age #end] :end] ~
[push "ages (sentence "and :who :beg "age)]
make "ages butfirst reduce ‘"sentence remdup :ages
while [match [*beg their ages #end] :prob] [make "prob (sentence :beg :ages :end)]
make "simsen map [agesen ?] bracket :prob
end
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to ageify :sent
if emptyp :sent [output []]
if not personp first :sent  [output  fput first :sent  ageify  butfirst sent]
catch ‘"error [if equalp first butfirst 'sent s
[output  fput first :sent  ageify  butfirst :sent]]

output (sentence first :sent  [s age] ageify butfirst sent)
end
to agepron :sent
if emptyp :sent [output []]
if not pronoun first :sent  [output  fput  first :sent  agepron butfirst sent]
if posspro first :sent  [output  (sentence  :subj "s agepron butfirst :sent)]
output (sentence :subj [s age] agepron butfirst sent)
end
to agesen :sent
local [when rest num]
make "when []
if match [in !num years #rest] :sent ~

[make "when sentence ‘"pluss :num make "sent :rest]
if match [lnum vyears ago #rest] :sent ~

[make "when sentence "minuss :num make "sent :rest]
output agewhen :sent
end
to agewhen :sent
if emptyp :sent [output []]
if not equalp first :sent  "age [output  fput first :sent  agewhen butfirst sent]
if match [in num years #rest] butfirst sent ~

[output  (sentence [age pluss] :num agewhen :rest)]
if match [lnum years ago #rest] butfirst sent ~

[output  (sentence [age minuss] :num agewhen :rest)]
if equalp "now first butfirst sent ~

[output  sentence "age agewhen butfirst butfirst sent]
output (sentence "age :when agewhen butfirst sent)
end
;. Translation from sentences into equations
to senform :sent
make "lastegn senforml :sent
output :lastegn
end
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to senforml :sent
local [one two verbl verb2 stuffl stuff2  factor]
if emptyp :sent [output []]
if match [* what are ”“one and “two !:dim] sent ~
[output  fput (gset :one) (senform (sentence [what are] :two "?))]
if match [* what Lin [is are] #one !dim] 'sent ~
[output  (list gset :one)]
if match [* howmlone is #two !dim] sent ~
[push  "aunits (list :one) output  (list gset :two)]
if match [* howm “one do “two have !dim] sent ~
[output  (list gset (sentence [the number of] :one :two "have))]
if match [* howm “one does "two have !dim] sent ~
[output  (list gset (sentence [the number of] :one :two "has))]
if match [ find “one and #two] :sent ~
[output  fput (gset :one) (senform sentence "find :two)]
if match [* find #one !dim] :sent  [output  (list gset :one)]

make "sent filter [not article ?] :sent
if match [“one ismulby #two] :sent ~

[push "ref  (list "product opform :one opform :two) output []]
if match [“one isdivby  #two] :sent ~

[push "ref  (list "quotient opform :one opform :two) output []]
if match [*one is increased by #two] :sent ~

[push "ref  (list "sum opform :one opform :two) output []]
if match [*one is #two] :sent ~

[output  (list (list "equal opform :one opform :two))]

if match [*one !verbl:verb ~actor as many “stuffl as
Mwo  Iverb2:verb Astuff2 1:dim] ~

'sent ~
[if emptyp :stuff2 [make "stuff2 :stuffl]
output  (list (list "equal ~
opform (sentence [the number of] :stuffl :one :verbl) ~
opform (sentence  :factor [the number of]
:stuff2 two  :verb2)))]
if match [*one !verbl:verb Ifactor:numberp #stuffl 1:dim] sent ~
[output  (list (list "equal ~
opform (sentence [the number of] :stuffl :one :verbl) ~
opform  (list :factor)))]
say [This sentence form is not recognized:] :sent
throw “error
end
to gset :sent
localmake "opform opform filter [not article ?] :sent
if not operatorp first :opform  ~

[qgueue "wanted :opform queue "ans list :opform  oprem :sent output []]
localmake "gensym gensym
queue "wanted :gensym
queue "ans list :gensym oprem :sent
output  (list "equal :gensym opform (filter [not article ?] :sent))
end
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to oprem :sent
output map [ifelse equalp ? "numof ["of] [?]] :sent
end

to opform :expr

local [left right  op]

if  match [Meft lop:op2  #right] :expr [output  optest :op left :right]
if  match [Meft lop:opl  #right] :expr [output  optest :op left :right]
if  match [Meft lop:op0  #right] :expr [output  optest :op left :right]

if  match [#left 1:dim] :expr  [make "expr :left]
output nmtest filter [not article ?] expr
end

to optest :op ‘:left :right
output run (list (word  "tst. :op) cleft :right)

end

to tst.numof left :right

if numberp last :left [output  (list "product  opform :left opform :right)]
output opform (sentence :left "of :right)

end

to tst.divby left :right

output  (list "quotient opform :left opform :right)
end

to tst.tothepower left :right

output  (list "expt opform :left opform :right)
end

to expt :num :pow

if :pow < 1 [output 1]

output :num * expt :num :pow - 1
end

to tst.per left :right
output  (list "quotient ~
opform :left ~
opform (ifelse numberp first :right [:right] [fput 1 :right]))

end

to tstlessthan left :right

output opdiff  opform :right opform :left
end

to opdiff left :right
output  (list "sum :left (list "minus :right))
end
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to tst.minus left :right
if emptyp :left [output  list  "minus opform :right]
output opdiff  opform :left opform :right
end
to tst.minuss left :right
output  tst.minus left :right
end
to tstsum left :right
local [one two three]
if match [*one and “two and #three] :right ~
[output  (list "sum opform :one opform (sentence ‘"sum :itwo "and :three))]
if match [*one and #two] :right ~
[output  (list "sum opform :one opform :two)]
say [sum used wrong:] :right throw “error
end
to tst.squared left :right
output list  "square opform :left
end
to tst.difference left :right
local [one twoO]
if match [between “one and #two] :right [output  opdiff opform :one opform
say [Incorrect use of difference:] :right throw “error
end
to tst.plus left :right
output  (list "sum opform :left opform :right)
end
to tst.pluss left :right
output  tst.plus left :right
end
to square X
output x * X
end
to tst.square left :right
output list  "square opform right
end
to tst.percent left :right
if not numberp last left ~
[say [Incorrect use of percent] left throw “error]
output opform (sentence  butlast left ((last left) / 100) :right)
end
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to tst.perless left :right
if not numberp last left ~
[say [Incorrect use of percent:] left throw “error]
output  (list "product ~
(opform  sentence butlast left ((100 - (last  :left)) / 100)) ~
opform :right)

end

to tst.times left :right

if emptyp :left [say [Incorrect use of times:] :right throw “error]
output  (list "product  opform :left opform :right)

end

to nmtest :expr

if match [& !numberp #] :expr [say [argument error:] :expr  throw "error]
if and (equalp first :expr 1) (1 < count :expr) @~

[make "expr (sentence 1 plural (first butfirst :expr)

(butfirst butfirst :expn))]

if and (numberp first :expr) (1 < count :expr) ~

[push "units  (list first butfirst expr)  ~

output  (list "product  (first :expr)  (opform  butfirst :expn))]
if  numberp first :expr  [output  first :expr]

if memberp "this :expr [output this :expr]
if not memberp :expr :var [push ‘"var :expr]
output  :expr

end

to this :expr

if not emptyp :ref J[output pop "ref]

if not emptyp :lastegn [output  first butfirst last :lasteqn]
if equalp first :expr  "this  [make "expr butfirst :expr]
push "var :expr

output  :expr

end

;7 Solving  the equations

to trysolve :shelf ‘wanted  :units :aunits

local  "solution

make "solution solve :wanted :shelf (ifelse emptyp :aunits [:units] [:aunits])
output pranswers :ans :solution

end

to solve :wanted :eqt :terms
output  solve.reduce solver :wanted :terms [ [] ‘“insufficient
end
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to solve.reduce :soln

if emptyp :soln [output []]

if wordp :soln [output :soln]

if emptyp butfirst :soln [output  :soln]

localmake "part solve.reduce butfirst :soln

output fput (list (first first :soln) (subord last first :soln :part))
end

to solver :wanted :terms :alis failed err

local [one result restwant]

if emptyp :wanted [output :err]

make "one solvel (first ‘wanted) ~
(sentence  butfirst :wanted  :failed ‘terms) ~
:alis :eqt []  insufficient

if wordp :one ~

[output  solver  (butfirst ‘wanted) :terms  c:alis
(fput  first ‘wanted  :failed) :one]
make "restwant (sentence  :failed butfirst ‘wanted)

if emptyp :restwant [output  :one]
make "result solver  :restwant terms  :one [] ‘“insufficient
if listp result [output result]

output solver  (butfirst ‘wanted) :terms :alis (fput  first ‘wanted  :failed)
end
to solvel :x :terms :alis :eqns  :failed err

local [thiseq vars extras xterms others result]
if emptyp :eqns [output serr]
make "thiseq subord  (first :eqns)  :alis
make "vars varterms :thiseq
if not memberp :x :vars ~
[output  solvel :x :terms :alis (butfirst :eqns)
(fput  first :eqns  :failed) serr]
make "xterms fput :x :terms
make "extras  setminus :vars :xterms
make "eqt remove (first :eqns)  :eqt
if not emptyp :extras ~
[make "others solver :extras xterms  :alis [ ‘“insufficient
ifelse wordp :others

[make "eqt sentence :failed :eqns
output solvel :x :terms :alis (butfirst :eqns)
(fput  first :eqns  :failed) :others]
[make "alis :others
make "thiseq subord  (first :eqns)  :alis]]
make "result solveq :x :thiseq
if listp result [output  lput :result :alis]
make "eqt sentence :failed :eqns
output solvel :x :terms :alis (butfirst :eqns)  (fput  first :eqns  :failed)

end
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to solveq :var :eqgn

localmake  "left first butfirst :eqn
ifelse occvar var left [localmake "right last :eqn] ~
[localmake "right left make "left last :eqgn]
output solveql :left :right "true
end

to solveql :left :right :bothtest

if :bothtest [if occvar :var right [output  solvegboth left :right]]
if equalp :left var  [output  list var  :right]

if  wordp :left [output  "unsolvable]

localmake "oper first left

if memberp :oper [sum product minus quotient] ~
[output  run (list word "solveq. :oper)]

output  "unsolvable

end

to solvegboth left :right

if not equalp first :right "sum [output solveql (subterm :left :right) 0 "false]
output  solveq.rplus left butfirst :right 11
end
to solveq.rplus left :right :newright
if emptyp :right [output  solveql :left (simone "sum :newright) "false]
if occvar var first :right ~
[output  solveq.rplus (subterm :left first :right) butfirst :right :newright]
output  solveq.rplus left butfirst :right (fput  first :right :newright)
end

to solveq.sum

if emptyp butfirst butfirst left ~
[output  solveql first butfirst left :right "true]
output  solveq.suml  butfirst left :right 11
end
to solveq.suml :left :right :newleft
if emptyp :left [output  solveq.sum2]
if occvar :var first Jleft ~
[output  solveqg.suml  butfirst left :right fput  first left :newleft]
output  solveq.suml  butfirst left (subterm  :right first left) :newleft
end

to solveq.sum?2

if emptyp butfirst :newleft [output  solveql first :newleft :right "true]
localmake  "factor factor  :newleft var

if equalp first factor "unknown [output  "unsolvable]

if equalp last :factor 0 [output  "unsolvable]

output solveql first :factor (divterm :right last :factor) "true

end
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to solveq.minus
output solveql (first butfirst left) (minusin  :right) "false
end

to solveq.product

output  solveq.productl left :right
end
to solveq.productl left :right
if emptyp butfirst butfirst left ~
[output  solveql (first butfirst left) :right "true]
if not occvar :var first butfirst Jleft ~
[output  solveq.productl (fput ~ "product  butfirst butfirst left)
(divterm :right first butfirst left)]
localmake "rest simone "product butfirst butfirst left
if occvar :var rest [output "unsolvable]
output solveql (first butfirst left) (divterm :right ‘rest) "false
end

to solveq.quotient

if occvar :var first butfirst Jleft ~

[output  solveql (first butfirst left) (simtimes  list :right last :left) "true]
output solveql (simtimes list :right last :left) (first butfirst left) "true
end

to denom :fract :addends
make "addends simplus :addends
localmake "den last :fract
if not equalp first :addends  "quotient ~
[output  simdiv list (simone  "sum
(remop "sum

list  (distribtimes (list :addends)  :den)
first butfirst -fract))
:den]
if equalp :den last :addends ~
[output  simdiv  (simplus list (first butfirst :fract) (first butfirst :addends))
:den]
localmake "lowterms  simdiv list :den last :addends
output simdiv  list (simplus  (simtimes  list  first butfirst fract last :lowterms)
(simtimes  list  first butfirst :addends
first butfirst lowterms)) ~
(simtimes  list  first butfirst lowterms  last :addends)
end
to distribtimes trms  :multiplier
output simplus map [simtimes (list ? :multiplier)] :trms
end
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to distribx :expr

local [oper args]

if emptyp :expr [output :expr]

make "oper first :expr

if not operatorp :oper [output :expr]

make "args map [distribx ?] butfirst :expr

if reduce "and map [numberp ?] :args [output run (sentence [(] :oper :args
if equalp :oper "sum [output simplus :args]

if equalp :oper "minus [output minusin first :args]

if equalp :oper "product [output simtimes :args]

if equalp :oper "quotient [output  simdiv  :args]

output fput :oper :args

end

to divterm :dividend -divisor

if equalp :dividend 0 [output 0]

output simdiv  list :dividend :divisor

end

to factor :exprs var

localmake "trms map [factorl wvar  ?] exprs

if  memberp "unknown :trms J[output fput “"unknown :exprs]

output list var  simplus  :trms

end

to factorl var - expr

localmake "negvar minusin :var

if equalp :var :expr [output 1]

if equalp :negvar :expr [output -1]

if emptyp :expr J[output  "unknown]

if equalp first :expr  "product [output  factor2 butfirst :expr]
if not equalp first :expr  "quotient [output  "unknown]
localmake  "dividend first butfirst :expr

if equalp :var :dividend [output  (list "quotient 1 last :expr)]
if not equalp first :dividend "product  [output  "unknown]
localmake  "result factor2  butfirst :dividend

if equalp :result "unknown [output  "unknown]

output  (list "quotient result last :expr)

end

to factor2 ‘trms

if memberp :var :trms [output simone "product (remove :var :trms)]
if memberp :negvar :trms [output minusin simone "product (remove :negvar
output  "unknown

end

to maybeadd :num :rest

if equalp :num O [output ‘rest]

output fput :num :rest

end
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to maybemul :num :rest
if equalp :num 1 [output ‘rest]
output fput :num :rest
end
to minusin  :expr
if emptyp :expr J[output @ -1]
if equalp first :expr  "sum [output  fput "sum map [minusin 7]
if equalp first :expr  "minus [output last :expr]
if  memberp first :expr  [product  quotient] ~
[output  fput first :expr
(fput  (minusin  first butfirst :expr)  butfirst
if numberp :expr [output minus :expr]
output list  "minus :expr
end
to occvar var expr
if emptyp :expr J[output “false]
if wordp :expr J[output equalp :var :expr]
if operatorp first :expr  [output not emptyp find [occvar @ var
output equalp :var :expr
end
to remfactor :num  :den
foreach  butfirst :num [remfactorl ?]
output  (list "quotient (simone "product  butfirst :num)
(simone "product  butfirst :den))
end
to remfactorl :expr
local "neg
if memberp :expr :den -~

[make "num remove :expr :num make "den remove :expr :den

make "neg minusin :expr

if not memberp :neg :den [stop]
make "num remove :expr :num

make "den minusin remove :neg :den
end

to remop :oper :exprs

output [(list

end

map.se [ifelse equalp first ? :oper [butfirst ?]
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to simdiv :list

local [num den numop denop]

make "num first list

make "den last list

if equalp :num :den [output 1]

if numberp :den J[output simtimes (list (quotient 1 :den) :num)]
make "numop first :num

make "denop first :den

if equalp :numop "quotient ~

[output  simdiv list (first butfirst :num) (simtimes  list last :num :den)]
if equalp :denop "quotient ~
[output  simdiv list (simtimes  list :num last  :den)  (first butfirst :den)]

if and equalp :numop "product equalp :denop ‘“product [output remfactor :num :den]
if and equalp :numop "product memberp :den :num J[output remove :den :num]

output fput "quotient list

end

to simone :oper :trms
if emptyp :trms [output ifelse equalp :oper ‘“product [1] [O]]

if emptyp butfirst trms  [output  first :trms]
output fput :oper :trms
end

to simplus :exprs
make "exprs remop "sum :exprs
localmake  "factor [unknown]
catch "simplus ~

[foreach terms  ~

[make "factor (factor :exprs  ?) ~
if not equalp first :factor "unknown [throw  "simplus]]]
if not equalp first :factor "unknown [output fput “product remop "product :factor]

localmake "nums O

localmake  "nonnums []

localmake "quick ]

catch "simplus  [simplusl :exprs]

if not emptyp :quick [output :quick]

if not equalp :nums O [push "nonnums :nums]
output simone "sum :nonnums

end

to simplusl :exprs

if emptyp :exprs [stop]
simplus2  first :exprs
simplusl  butfirst :exprs
end
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to simplus2 :pos
localmake "neg minusin
if numberp :pos [make
if memberp :neg butfirst
if equalp first :pos

[make "quick

throw "simplus]
push "nonnums :pos
end

to simtimes
local
make "nums 1
make "nonnums []
make "quick ]

-exprs

(denom :pos (maybeadd

‘pos
"nums sum :pos :nums stop]

:exprs  [make "exprs remove :neg :exprs  stop]
"quotient ~

:nums sentence :nonnums butfirst :exprs))

[nums nonnums quick]

catch "simtimes [foreach remop "product :exprs [simtimesl 21
if not emptyp :quick [output  :quick]
if equalp :nums O [output O]
if not equalp :nums 1 [push "nonnums :nums]
output simone ‘"product  :nonnums
end
to simtimesl :expr
if equalp :expr 0 [make "nums O throw "simtimes]
if  numberp :expr [make "nums product :expr :nums stop]
if equalp first :expr  "sum ~
[make "quick
distribtimes (butfirst :expr)
(simone "product maybemul :nums sentence :nonnums ?rest)
throw "simtimes]
if equalp first :expr  "quotient ~
[make "quick
simdiv  (list (simtimes  (list (first butfirst :expr)
(simone  "product
maybemul :nums
sentence :nonnums ?rest)))
(last  :expr))
throw "simtimes]
push "nonnums :expr
end
to subord :expr c:alist
output  distribx subordl :expr c:alist
end
to subordl :expr c:alist
if  emptyp c:alist [output :expr]
output subord (substop (last first :alist) (first first :alist) :expr)  ~
(butfirst :alist)
end
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to substop :val var cexpr
if emptyp :expr [output []]
if equalp :expr :var [output :val]

if not operatorp first :expr  [output :expr]
output fput first :expr  map [substop :val :var ?] butfirst :expr
end

to subterm :minuend :subtrahend

if equalp :minuend O [output minusin :subtrahend]
if equalp :minuend :subtrahend [output 0]
output simplus  (list :minuend minusin  :subtrahend)
end

to varterms  :expr

if emptyp :expr [output []]

if  numberp :expr [output []]

if wordp :expr [output (list :expn)]

if operatorp first :expr [output  map.se [varterms ?] butfirst :expr]
output  (list :expr)
end

;7 Printing the solutions

to pranswers :ans :solution

print  []
if equalp :solution "unsolvable ~
[print [Unable to solve this set of equations.] output "false]
if equalp :solution "insufficient ~
[print [The equations were insufficient to find a solution.] output "false]
localmake  "gotall "true
foreach :ans [if prans ? :solution [make "gotall "false]]
if not :gotall [print [ print [Unable to solve this set of equations.]]
output :gotall
end

to prans :ans :solution

localmake  "result find [equalp first ? first :ans]  :solution
if emptyp :result [output  "true]

print  (sentence cap last :ans "is unitstring last :result)
print  []

output "false

end
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to unitstring :expr
if numberp :expr [output roundoff :expr]
if equalp first :expr  "product ~
[output  sentence (unitstring first butfirst :expr)
(reduce "sentence  butfirst butfirst :expn)]
if (and (listp :expr)
(not  numberp first :expr)
(not operatorp  first :expr)) ~
[output  (sentence 1 (singular first :expr)  (butfirst :expn))]
output  :expr
end

to roundoff :num

if (abs (num - round :num)) < 0.0001 [output round :num]
output  :num
end

to abs :num
output ifelse (num < 0) [-:num]  [:num]
end

;7 Using known relationships

to geteqns :vars
output map.se [gprop Vvarkey ? "egns] :vars
end

to varkey :var

local "word

if match [number of !word #] :var [output :word]
output  first var

end

;v Assuming equality of similar variables

to vartest vars

if emptyp :vars [output []]

local [var beg end]

make "var first vars

output (sentence (ifelse match [*beg !pronoun  #end] :var

[vartestl var  (sentence  :beg "& :end) butfirst
[
(vartestl var  (sentence "# :var "#) Dbutfirst vars)
(vartest butfirst vars))

end

to vartestl ‘target pat  :vars
output map [varequal ‘target ?] filter [match :pat ?] :vars
end
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to varequal target var

print  []

print  [Assuming that]

print  (sentence  (list ‘target) [is equal to] (list :var))

output  (list "equal :target :var)

end

;7 Optional substitutions

to tryidiom

make "prob (sentence :beg last :idiom :end)

while [match (sentence "“beg first iidiom  "#end) :prob] ~
[make "prob (sentence :beg last :idiom :end)]

say [The problem with an idiomatic substitution is] :prob

studentl :prob (remove :idiom :idioms)

end

;o Utility procedures

to qgword :word

output memberp :word [find what howm how]

end

to dim :word to article :word

output memberp :word [ ? [;]] output memberp :word [a an the]

end end

to verb :word

output memberp :word [have has get gets weigh weighs]

end

to personp :word

output memberp :word [Mary Ann Bill Tom Sally Frank father uncle]

end

to pronoun :word

output memberp :word [he she it him her they them his her its]

end

to posspro :word

output memberp :word [his her its]

end

to op0 :word

output memberp :word [pluss minuss squared tothepower per sum difference numof]

end

to opl :word

output memberp :word [times divby square]

end
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to op2 :word

1]

sent)

output memberp :word [plus minus lessthan  percent perless]

end

to operatorp :word

output memberp :word [sum minus product quotient expt square equall

end

to plural :word

localmake  "plural gprop :word “plural

if not emptyp :plural [output  :plural]

if not emptyp gprop :word "sing [output :word]

if equalp last :word "s [output :word]

output word :word s

end

to singular :word

localmake "sing gprop :word "sing

if not emptyp :sing [output :sing]

if not emptyp gprop :word ‘“plural [output  :word]

if equalp last :word "s [output butlast :word]

output  :word

end

to setminus :big :little

output filter [not memberp ? :little] :big

end

to say :herald ‘text to lIsay :herald ‘text

print  [] print  []

print  :herald print  :herald

print  [] print  []

print  :text foreach :text  [print cap ? print

print  [] end

end

to cap :sent

if emptyp :sent [output []]

output sentence (word uppercase first first :sent  butfirst first
butfirst :sent

end

;7 The pattern matcher

to match :pat :sen

if prematch :pat :sen J[output rmatch :pat :sen]

output "false

end
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to prematch :pat :sen

if emptyp :pat [output "true]

if listp first :pat  [output  prematch butfirst pat  :sen]
if  memberp first first pat [! @# N & ?] [output prematch butfirst pat  :sen]
if emptyp :sen [output “false]

localmake "rest ~member first pat  :sen

if not emptyp :rest [output prematch butfirst pat  :rest]
output "false

end

to rmatch :pat :sen

local [special.var special.pred special.buffer in.list]

if or wordp :pat wordp :sen [output ‘"false]

if emptyp :pat [output emptyp :sen]

if listp first :pat  [output  special fput "I: :pat :sen]
if  memberp first first pat [? # ! & @7 [output special :pat :sen]
if emptyp :sen [output “false]

if equalp first pat  first :sen  [output  rmatch butfirst :pat  butfirst :sen)
output "false

end

to special pat  :sen

set.special parse.special butfirst first pat "

output run word "match first first pat

end

to parse.special :word  :var

if emptyp :word J[output list var  "always]

if equalp first 'word " [output  list var  butfirst :word]
output  parse.special butfirst :word  word :var first :word
end

to set.special list

make "special.var first list

make "special.pred last :list

if emptyp :special.var [make "special.var "special.buffer]

if memberp :special.pred [in anyof] [set.in]

if not emptyp :special.pred [stop]

make "special.pred first butfirst pat

make "pat fput first :pat  butfirst butfirst pat

end

to set.in

make "in.list first butfirst pat

make "pat fput first :pat  butfirst butfirst pat

end
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to match!
if emptyp :sen [output “false]
if not try.pred [output  “false]

make :special.var first sen

output rmatch butfirst :pat  butfirst sen

end

to match?

make :special.var 11

if emptyp :sen [output rmatch butfirst pat  :sen]

if not try.pred [output  rmatch butfirst pat  :sen]
make :special.var first sen

if rmatch butfirst :pat  butfirst :sen  [output  "true]
make :special.var 11

output rmatch butfirst pat  :sen

end

to match#

make :special.var 11

output #test #gather :sen

end

to #gather :sen
if emptyp :sen [output :sen)
if not try.pred [output :sen)

make :special.var lput  first :sen thing  :special.var
output #gather butfirst sen
end

to #test :sen

if rmatch butfirst :pat  :sen [output = "true]

if emptyp thing :special.var [output  "false]
output #test2 fput last thing :special.var sen
end

to #test2 :sen

make :special.var butlast  thing :special.var
output #test :sen

end

to match&

output &test match#

end

to &test :tf

if emptyp thing :special.var [output  “false]
output  :tf

end
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to match®
make :special.var 11 output “test :sen
end

to “test :sen

if rmatch butfirst :pat  :sen [output  "true]
if emptyp :sen [output “false]

if not try.pred [output  "false]

make :special.var lput  first :sen thing  :special.var
output “est  butfirst sen

end

to match@

make :special.var sen output @test ]

end

to @test :sen

if @try.pred [if rmatch butfirst :pat  :sen [output  "true]]
if emptyp thing :special.var [output  "false]

output @test2 fput last thing :special.var sen

end

to @test2 :sen

make :special.var butlast  thing :special.var

output @test :sen

end

to try.pred

if listp :special.pred [output  rmatch :special.pred first :sen)
output run list :special.pred quoted first sen

end

to quoted :thing
ifelse listp ‘thing [output  :thing] [output  word ™ :thing]
end

to @try.pred

if listp :special.pred [output  rmatch :special.pred thing  :special.var]
output run list :special.pred thing :special.var

end

to anyof :sen to always :x

output anyofl :sen :in.list output  "true

end end

to anyofl :sen :pats to in :word

if emptyp :pats [output “false] output memberp :word :in.list
if rmatch first :pats  :sen [output  "true] end

output anyofl :sen butfirst :pats

end
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;7 Sample word problems

make "ann [Mary is twice as old as Ann was when Mary was as old as Ann is now.
If Mary is 24 years old, how old is Ann?]
make "guns [The number of soldiers the Russians have is
one half of the number of guns they have. They have 7000 guns.
How many soldiers do they have?]
make "jet [The distance from New York to Los Angeles is 3000 miles.
If the average speed of a jet plane is 600 miles per hour,
find the time it takes to travel from New York to Los Angeles by jet]
make "nums [A number is multiplied by 6 . This product is increased by 44 .
This result is 68 . Find the number.]
make "radio [The price of a radio is $69.70.
If this price is 15 percent less than the marked price, find the marked price.]
make "sally [The sum of Sally's share of some money and Frank's share is $4.50.
Sally's share is twice Frank's. Find Frank's and Sally's share.]
make "ship [The gross weight of a ship is 20000 tons.
If its net weight is 15000 tons, what is the weight of the ships cargo?]
make "span [If 1 span is 9 inches, and 1 fathom is 6 feet,
how many spans is 1 fathom?]
make "sumtwo [The sum of two numbers is 96,
and one number is 16 larger than the other number. Find the two numbers.]
make "tom [If the number of customers Tom gets is
twice the square of 20 per cent of the number of advertisements he runs,

and the number of advertisements he runs is 45,
what is the number of customers Tom gets?]

make "uncle [Bill's father's uncle is twice as old as Bill's father.
2 years from now Bill's father will  be 3 times as old as Bill

The sum of their ages is 92 . Find Bill's age.]

;o Initial data base
pprop ‘“distance "egns ~
[[equal [distance] [product  [speed] [time]]]
[equal [distance] [product  [gas consumtion] [number of gallons of gas used]]]]

pprop "feet ‘"egns ~
[[equal [product 1 [feet]] [product 12 [inches]]]
[equal  [product 1 [yards]] [product 3 [feet]]]]
pprop "“feet "sing "foot

pprop “foot “plural "feet

pprop ‘“gallons "egns ~

[[equal [distance] [product  [gas consumtion] [number of gallons of gas used]]]]
pprop "gas "egns ~

[[equal [distance] [product  [gas consumtion] [number of gallons of gas used]]]]
pprop ‘“inch  "plural "inches

pprop ‘"inches "egns [[equal [product 1 [feet]] [product 12 [inches]]]]
pprop ‘"people "sing "person

pprop ‘“"person “plural "people

pprop ‘“"speed ‘"eqns [[equal [distance] [product  [speed] [time]]]]

pprop “"time “"egns [[equal [distance] [product  [speed] [time]]]]

pprop ‘"yards ‘"eqns [[equal [product 1 [yards]] [product 3 [feet]]]]
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