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Abstract

We present a polynomial time algorithm based on semide nite programming that, given
a unique game of value 1 O(1=logn), satis es a constant fraction of constraints, where
n is the number of variables. For su ciently large alphabets, it improves an algorithm of
Khot (STOC'02) that satis es a constant fraction of constraints in unique games of value
1 ¢k °(logk)®), wherek is the size of the alphabet. We also present a simpler algotitm for
the special case of uniqgue games witlinear constraints, and a combinatorial algorithm for the
general case.

Finally, we present a simple approximation algorithm for 2-to-1 games.

1 Introduction

A unique game[FL92] is described by a setV of variables, taking values over a setS, and a
collection of constraints of the form
v =f(u)

whereu;v 2 V are variables andf : S! S is a permutation. We are interested in nding the
assignmentA : V ! S to the variables that satis es the largest number of constrants. The value
of a unique game is the fraction of constraints satis ed by anoptimal assignment. For example,
the following is a unique game withV = fvy;vo;v3;vagand S = fa; b; @:

abc

vz = cba(vl)
abc

Vi = Vo
abc

V4 bca(VZ)

Such a system of constraints is unsatis able (in particular, it is impossible to simultaneously satisfy
the rst three constraints), but the assignment (vy;Vv2;Vs;V4) = ( C; &@; a; b satis es three constraints.
The value of the game, therefore, is 34.
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We will adopt the convention that if v = f (u) is a constraint, then v > u in lexicographic order,
a convention that is made with no loss of generality becausehte constraint u = g(v) with u <v
is equivalent to v = g¢ Y(u). We allow the same pair of variables to occur in more than one
constraint.

The constraint graph of a unique game is the graphG = (V; E) where V is the set of variables and
there is an edgee = (u;V) in E for every constraint v = f (u). If the same two variables occur in
multiple constraints, then G is a graph with parallel edges.

Formally, a unique game will be a triple (G = (V;E);ffegere; S) where G is the constraint graph,
S is the range of the variables, and for every edge 2 E, e= (u;v), v >u, we have the constraint
v = fy.yu(u).

Clearly, given a unique game, if there exists an assignmenthiat satis es all constraints then it is
easy to nd such an assignment. One may assume without loss ajenerality that the graph is
connected (otherwise, apply the following algorithm to eat connected component), and so one can
nd a spanning tree. Let A be a satisfying assignment for the unique game: guess the vad A(r),
wherer is the root of the spanning tree, and then nd A(v) for every other vertex v, by noting
that A(v) = fyu (Fucue O (Fusui(Fur (A(r)))) ) wherer;uq;:::;ug; Vv is the path from r to
v in the spanning tree’

If one is given analmost satis able unique game, that is, a game admitting an assignrent that
satises a 1 " fraction of constraint for some small ", then it is not clear how to nd a good
assignment. Khot's [Kho02] unique games conjecture is that for every' > 0 there is a constant
c = ¢(") such that it is hard to distinguish games of value 1 " from games of value ", even
when restricted to alphabets of sizec and to graphs that are bipartite.

The unique games conjecture has been shown to imply severatdpproximability results, such as
that the minimum edge-deletion bipartite subgraph problem is hard to approximate within any
constant [Kho02], that the Vertex Cover problem is hard to approximate within 2 " [KRO03], that
the Max Cut problem is hard to approximate within :878 [KKMOO04 , MOOO05], and that the
Sparsest Cut problem CKK *05] is hard to approximate within any constant. Extensions of the
unique games conjecture to sublineat' have been used to prove that the Sparsest Cut problem is
hard to approximate within a ((loglog n)'™®) [KV05] and within a (loglog n) factor [CKK * 05].

In partial support of this conjecture, Feige and Reichman FRO04] prove that it is hard to approx-
imate the value of a unique game within a factor #°9 M* " The value of the instances produced
by their reduction, however, is very small, and so their resilt does not show that it is hard to
distinguish instances of value 1 ~ from instances of value .

Given that there are now several results Kho02, KR03, KKMO04 , MOOO05, KV05, CKK * 05] based
on the unique games conjecture, there is a good motivation tanvestigate algorithms that might
contradict it. We are aware of only one previous algorithmic result, due to Khot [Kho02], for
unique games. Khot's algorithm shows that given a unique gara with an alphabet of sizek and
the promise thata 1  O("°=(k!°(log k)®) constraint can be satis ed, it is possible to e ciently nd
an assignment that satises a1 " fraction of constraints.

Khot [Kho02] also introduces2-to-1 games In general, for integersd; d® a d-to-d° game is de ned

170 be precise, for an edge (i;v), v > u, so far we have only de ned the permutation f, . The permutation fy

is de ned to be fuy = fé, Y.



by a set of variablesV ranging over a setS, and a set of constraints of the form
P(uuv)=1

whereu;v 2 V are variablesandP : S S!f 0;1gis a d-to-d° predicate, that is, a predicate such
that for every a 2 S there are at mostd®values b such that P(a;b) = 1, and for every b2 S there
are at most d valuesa such that P(a; b = 1. As before, we want to nd an assignmentA :V ! S
to the variables that maximizes the number of satis ed constaints. The value of a d-to-d® game is
the fraction of constraints satis ed by an optimal assignment. We will restrict ourselves to the case
d = d° which is done without loss of generality? In a d-to-d game we will follow the convention
that if P(u;v) =1 is a constraint then v > u. As before, the constraint graph of a game is a graph
G = (V;E) where V is the set of variables andE contains an undirected edge for every constraint.
A d-to-d game is formally specied by a triple (G = (V;E);fPeg;S) wherePs: S S!f 0;1g are
d-to-d predicates?

An example of a 2-to-2 game is the 3-coloring problem. If5 is a graph, consider the 2-to-2 game
(G = (V;E);fnegerk ; fa; b; @), where the predicate neqs(X;y) is satis ed if and only if x 6 vy.
Then assignments correspond to 3-colorings, and the game bavalue one if and only if the graph
is 3-colorable.

Khot [ Kho02] conjectures that for every > 0 there is an alphabetS of size depending only on
such that it is hard to distinguish satis able 2-to-1 games (that is, games of value 1) from games of
value , even if the games are restricted to use the xed alphabetS. This conjecture has been
shown to imply intractability results for graph coloring [ DMRO5]. We are aware of no previous
algorithmic work on this conjecture.

1.1 Our Results

In this paper we rule out a generalization of the unique gamesonjecture to the case of sublinear
that could have been considered plausible given the resultfd~eige and Reichman FRO0A4].

Theorem 1 There is a constant ¢ and an algorithm that, on input a unique game(G =
(V;E);ffe0;S), a parameter ", and the promise that there is an assignment that satises a
1 ¢("3=(logjEj)) fraction of constraints, returns an assignment that satis es at least al "
fraction of constraints. Furthermore, there is an algorithm that given the promise that the input
unique game has value at least ", nds an assignment that satis es at least a1=n°(") fraction
of constraints. The algorithms work in time polynomial in JEj and |Sj.

The algorithm of Theorem 1, described inSection 3works by solving and then rounding a semide -
nite programming (SDP) relaxation of the unique game. InSection 4we also describe a completely
di erent, and more combinatorial, algorithm that, unfortu nately, achieves a worse performance.
We present such an algorithm in the hope that some of the intemediate results that we prove in
our analysis will be useful in future works.

2A d-to-d° game is also a masx d; d’%g-to-maxf d; d% game for a stronger reason.
%The de nition of 2-to-1 game given in [ Kho02] is slightly di erent, and the one given here is more general . Since
we are looking for algorithms, the additional generality in the de nition only makes our results stronger.



We prove a stronger result for linear unique games, that is, ér unique games such that each
constraint is a linear equation. Our algorithm works even wth alphabets of exponential size.

Theorem 2 There is a constant ¢ and an algorithm that, on input a linear unique game
(G = (V;E);ffeq;S), a parameter ", and the promise that there is an assignment that satis es
a1l c"?=logjE]j fraction of constraints, returns an assignment that satis es at least al "
fraction of constraints. Furthermore, there is a constant c® and an algorithm on input a linear
unique game(G = (V;E);ffeg;S), and the promise that there is an assignment that satis es a
1  NloglogjEj)=logjEj fraction of constraints, returns an assignment that satis es at least a
Nlog logjEj)=logjEj fraction of constraints. The algorithms work in time polynomial in jEj and
logjS;j.

For 2-to-1 games we are able to prove a weaker result, altholgour algorithm is su cient to rule
out the type of hardness result that is known for general 2-vaiable constraint satisfaction problems
[Raz9g. Our algorithm also works for d-to-d games for large (even super-constantyl.

Theorem 3 There is an algorithm that, on input a satis able d-to-d game (G = (V;E);fPeg; S)

returns an assignment that satis es at least a1=2°( (09i€j) (logd)) fraction of constraints, where
The algorithm runs in time polynomial in jJEj and |S;j.

In paHicuIar, Theorem 3 implies that for every satis able d-to-d° game we can satisfy at least a
1=20C" (logjEj) (logmaxfd:d)) fraction of constraints.

1.2 Overview of the Algorithms

Our results all share the same general structure: (i) we rststudy \nice" instances; and (ii) we
show how to reduce general instances to nice ones. Among othproperties, the \nice" instances
that we consider have low-diameter constraint graphs, and aesult of Leighton and Rao on how to
decompose general graphs into low-radius components is amportant ingredient of many of our
reductions.

SDP-Based Algorithm for General Unique Games

Our approximation algorithm for general uniqgue games is basd on a semide nite programming
(SDP) relaxation of unique games. In our analysis, we rst present a rounding scheme that works
well in \nice" instances where the constraint graph has smadlradius and where every edge gives a
large contribution to the objective function. We then give a reduction from the general case to the
\nice" case.

Our main result is a rounding algorithm with the following gu arantee: given a solution for the SDP
such that every edge contributes at least 1  to the objective function, and assuming that the
constraint graph has radiusd, we can nd in polynomial time a solution that satis es at lea st a
1 O(d ) fraction of constraints.

Given a general unique game of cost 1 "3=logn, we rst remove all edges that contribute less
than "?=logn to the objective function. By Markov's inequality, this ste p removes at most an"
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fraction of edges. Then we use a decomposition procedure byeigthon and Rao that shows how
to decompose a graph in components of radius = O(" logn) by removing only an " fraction
of edges. Finally, we apply our rounding procedure to each coponent, thus satisfying at least a
1 O(d "?=logn)=1 O(") fraction of edges in each component. Overall, we have satisd at
least a1l O(") fraction of edges.

Combinatorial Algorithm for General Unique Games

In our next algorithm for general unique games, \nice" instances are those whose constraint graphs
have quick mixing time.

We describe an algorithm with the following performance: gven a unique game whose constraint
graph has mixing time t, and whose value is 1 ", our algorithm nds a solution of value 1 O(t").

In order to apply this algorithm to general graphs, we show that every graph with n vertices
can be decomposed into connected components of mixing tim@(" 2(log n)3) after removing an
" fraction of edges. The fact that an arbitrary graph can be deomposed into \expanders" after
removing few edges was noted, qualitatively, in previous wik by Goldreich and Ron [GR99] and
in a paper by Spielman and Tang BT04]. The quantitative statements in [GR99, ST04], however,
are incomparable to ours.

Algorithm for Linear Unique Games

For linear uniqgue games we can do better by using in a simpler ay the Leighton-Rao decomposition
into low-diameter components.

We rst show that, if the constraint graph has radius k, we can either nd an assignment that
satis es all edges within the component, or nd a set of at mog 4k + 2 constraints that cannot be
simultaneously satis ed.

With this preliminary result in place, our algorithm works a s follows: compute a decomposition
of diameter k = O(logn), and either satisfy all constraints within all components, or nd an
inconsistent set of at most & + 2 constraints. In the former case, stop, in the latter case emove
the constraint from the graph and re-compute the decomposibn.

Suppose that after T steps the algorithm stops. Then the algorithm satis es all constraints except
at most "jEj + T(4k + 2) constraints. On the other hand, every assignment must caoitradict at
least T constraints, and if we are promised that there is an assignm# that satis es at least a
1 "=(4k+2) fraction of constraints it follows that T  "jEj=(4k +2) and so the algorithm satis es
atleastal 2" fraction of constraints.

Algorithm for 2-to-1 Games

For 2-to-1 games we nd a low diameter decomposition of the costraint graph such that each
component has diameter at mostO(" logn). This can be done by removing at most a 1 1=2°C logn)
fraction of edges.

Since we started from a satis able instance, each componenh the decomposition is still satis able.



We claim that given a satis able 2-to-1 game whose constraihgraph has diameterk it is possible
to satisfy a 1=22 fraction of constraints. The claim follows by nding a spanning tree of diameter
k, guessing the valueA(r) of the root and then, for every vertex u, compiling a list L, S of
values that are compatible with r having value A(r). For a vertex at distance i from r, the size of
the list is at most 2', and so for every vertexu the size ofL is at most 2¢. Now, for every vertex
u, pick at random an assignment fromL,. Every constraint is satis ed with probability at least
1=2% and so on average at least a=2%¢ fraction of constraints is satis ed.

If we have ad-to-d game, we nd a decomposition of diameterk = O(p (log n)=(log d)), which can

be done after removing at most a 1 1=2 (0929 9 fraction of edges. In each component, after
guessingA(r) where r is the roqgt of a depth-t spanning tree, we compute lists as above, with each

list being of size at mostdt =2 (09nlcg &) On average, at least a £2°( (09 n)log d) fraction of
constraints is satis ed.

1.3 Weighted Version of the Problem

Recall that we allow multiple constraints to involve the same pair of variables, and so we allow the
constraint graph to have multiple edges.

When we refer to the degreeof a vertex, we mean the number of edges incident on the vertex
counting multiplicities. Similarly, we count multiplicit ies when we refer to the number of edges
crossing a cut in a graph, or to the number of edges in an induaksubgraph, and so on.

The weightedversion of the problem, where each constraint is allowed to &ve an arbitrary weight,
can be reduced to the unweighted version we consider in thisgper by using a standard scaling
and rounding approximation-preserving reduction.

Standard sparsi cation techniques could also be used to redce to the casgEj = jVj (logjVj)°®,
so that the dependencies ofE|j on the quality of the approximation could be replaced by anabgous
dependencies onVj.

1.4 Implications of Our Results

We hope that our work will lead to further algorithmic study o f unique games, and that some of
the intuition that we develop in this paper will be of further use.

Our results shows that general 2-provers 1-round are more peerful than unique games, 2-to-1 or
even (logn)°® -to-(log n)°M games. (Wheren is the number of constraints.) A proof of the unique
games conjecture, therefore, cannot come by a direct reduicn from 2-provers 1-round, except
perhaps if the running time of the reduction is exponential in 1= .

A strong form of the unique games conjecture stated inCKK * 04] is that one can have =1=5Sj®
in the conjecture, for jSj = O(log n). Our result shows that the strong from cannot be true when
iSj = (log n)! @, and so a hyptothetical proof of the [CKK * 04] statement would have to distinguish
between the case of small and large alphabets.

We remark that our results do not yet put any signi cant limit ation to the possible use of unique
games to prove inapproximability results. This is because the \Long Code," used in inapproxima-
bility reductions from unique games, increases the size ohe instance by at least a #! factor, and



so it is not useful to have unique games withiSj >> logn.

When jSj = O(logn), however, it is trivial to satisfy a 1=0(logn) fraction of constraints, and
so one cannot have smaller than 1=0O(log n) in the conjecture. In comparison, we only prove
that, given a linear unique game of value 1 O "L9"  we can satisfy a L% fraction of
constraints, showing that = ¢ 'olgo'% is impossible for linear unique games and for a su ciently
small constant c.

1.5 A Later Result

Very recently Charikar, Makarychev, and Makarychev [CMMO05] have devised an improved SDP-
based approximation algorithm for unique games. Given a urgque game of value 1 ", their
algorithm satis es a 15Sj°(") fraction of constraints. In particular, their algorithm sa tis es a
constant fraction of constraints in a unique game of value 1 O(1=logjSj), and thus contradicts
the [CKK * 04] statement mentioned above.

In an instance of value 1 ", our algorithm only satis es a 1=n°(") fraction of constraints. In the
interesting caseS = O(log n), the approximation of the algorithm of Charikar et al. is exponentially
better.

2 Graph Decomposition

We say that a graph G = (V; E) has diameter at mostd if there is a vertexr 2 V such that every
vertex v 2 V has distance at mostd from r.

The following result is due to Leighton and Rao LR99] and is used in several places in this paper.

Lemma 4 (Leighton and Rao [ LR99]) There is a polynomial time algorithm that, on input a
graph G = (V;E) and a parametert > 1, returns a subset of edgeE® E such thatjEj°
jEj=t and such that every connected component of the grapB® = (V;E9 has diameter at most

(1 +log jEj)=(log t).

Proof: For a vertex v and an integeri, we de ne the ball B (v;i) of center v and radius i as the
set of vertices whose distance fronv is at most i.

Consider the following algorithm, where we setd := 1 + (log jEj)=(logt)

1. Initialize E®:= E
2. While there are connected components irG°= ( V; E9 of diameter larger than d

(a) Let v be a vertex in one such component
(b) i:=0
(c) While the number of edges in the cutB(v;i);V  B(v;i) is larger than (t 1) times the
number of edges withinB (v; i)
=i+l



(d) Remove from ECthe edges in the cutB (v;i);V  B(v;i)

The main observation in the analysis of the algorithm is that the subgraph induced byB (v; i) at Step
2d contains at leastt’ ! edges, because (v; 1) contains at least one edge andl is increased only if it
makes the larger ball have at least times as many vertices in the ball of smaller radius. This impies
that the diameter i of the subgraph induced byB (v;i) at Step 2d is at most 1 + (log JEj)=(log t),
that is, at most d, and so no vertex of that subgraph will ever be selected agaiat Step 2a. The
edges that are removed fromE °to disconnectB (v:i) at Step 2d can be charged to the edges within
B (v;i), showing that at least a 1=t fraction of edges are inE°

3 The SDP-Based Algorithm for General Unique Games

After describing the semide nite programming relaxation, our strategy will be to rst present a

rounding scheme that works well in \nice" instances where tte constraint graph has small radius
and where every edge gives a large contribution to the objeote function. We then give a reduction
from the general case to the \nice" case. The reduction useshe Leighton-Rao decomposition
theorem to decompose a general graph into components of snhaadius.

3.1 The Relaxation

We consider the following integer programming formulation We assume without loss of generality

and u; =0 for j & i. Each constraint v = f (u) contributes  ;,5 Vvt ()U;i to the objective function.
The integer program, therefore, looks like this:

P P
max  yvy2e  i2sV uy ()i
Subject to
B U =0 (8u2V;8i;) 2[kl;i 6])
osUi=1 (8u2V)
u2f0;1g (Bu2V)

In the semide nite relaxation, each variable u; is replaced by a vectoru;.

P P
max  (uv)2e  i2sV uy (Ui
Subject to
pi uj =0 (8u2 V;8i;j 2 [K];i6j)

2slivii?=1 (8u2V)
We will work with an equivalent formulation of the objective function, and add \triangle inequali-
ties," see the SDP (1) in Figure 1.

Feige and Lovasz [FL92] and Khot [KhoO2] add di erent inequalities, and it is not clear if the SDP
(1) is equivalent or not to the ones in [FL92, Kho02].



P P 52
max (yy2e 1 i2s 2V wv (i) Uil

Subject to
Bi U = 0 (8u2V;8i;j 21k];i6]) (1)
psliuijiz=1 (8u2V)
wn o uiii® i waooviii+ivi wiji? o (8uviw 2 Vi8isjh 2 [K])
fivi i vz diouigi (Bu;v 2 Vi8ij 2 [K])

Figure 1: Semide nite programming relaxation of a unique gane.

3.2 The Rounding Procedure: Analysis on \Nice" Instances
The following lemma gives our main result about rounding theSDP (1).

Lemma 5 Suppose we are given a unique ganf6; [k];f <g) such that the SDP (1) has a feasible
solution in which every edge contributes at least "=8(d+ 1), whered is the radius of the graph.
Then it is possible, in polynomial time, to nd a solution that satises a 1 " fraction of the
constraints.

Proof: We x a spanning tree of radius d of G and we letr be the root of the tree. We pick at
random a valuei 2 [k] with probability jjrijj2, and we assigni to r. For every other variable v, we
assign tov the value j that minimizes the \distance" jjv; rijj>. Let A be the random variable
corresponding to the above described distribution of assigments. We claim that every constraint
has a probability at least 1 " of being satis ed by such an assignment.

Let (u;Vv) be a constraint in G, and let r = uul;::;ut = ubea path from r to u of length
t din G. Let , be the composition of the permutations (.,1);:::; (4t 1, corresponding to
the path. Let ()= (uv)( u()-

We will show that there is a probability at least 1  "=2 that A(u) = ((A(r)) and a probability
atleast 1 "=2 that A(v) = (A(r)). (We only prove the former statement, since the latter has
an identical proof.) By a union bound, it will follow that the re is a probability at least 1 " that
A(v) = (u;v)(A(u))-

By the triangle inequality, we have
X
jiri U @iz =4
i2s
Let B be the set of indicesi such that (i) is not the j that minimizes jjr; Ujjjz. Then we have
X
PriA(u) 8 WA= jirijj?
i2B
We claim that for every i 2 B, jiri u i  3iiriji?. This follows from the following simple fact
(substitute r  rj,u u ,andv uj, wherej is the minimizer of jjr; Ujjjz).
Claim 6 Let r;u;v be vectors such that: ()u v =0, (i) jjr ujj? jjr vjj% and (i) the
vectorsr;u;v satisfy the \triangle inequality" constraints of ( 1).

Thenjir ujiz2  Lijrjj2.



Proof: We consider three cases:

1. If jjuji  Zjjrjj2, then

P T
v uji® i orii? i uji? Euru2

2. If jiviiz  3ijjrji?, then

iroouji? gioroovii? g rii® i vii? éuru2

3. If jjuji?;jivii?  3iirji?, then from the triangle inequality and from assumption (i) we have

2 2 2

ivoouii? giovoori+gir o u® o 2 uj

and by Pythagoras theorem and the orthogonality ofv and u we have
v uji® = jivii® + jjujj?

so that

1 1 1 1
nroouy SIV Ul SVl * Sl SUT

We can now estimate the probability of an inconsistent assigment to r and u as

X
PriA(u) 6 u(A(r)] = jiriji?

i2
R 2
2 jiri U i
2B
2 iri U iy
"|28
2

3.3 The General Case: Proof of Theorem 1

In this section we prove the following result.

Theorem 7 Suppose that the SDP 1) has a solution of cost at least(1 c¢"3=(log n))jEj. Then it
is possible to nd in polynomial time a solution for the unique game that satis es at least al "
fraction of constraints. (c is an absolute constant.)
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Suppose that the SDP relaxation of a unique game@ = (V;E); S;f «0e2e) has a solution of cost
atleast (1 ) jEj, where = c"3=logn (we will x c later). Then for all but an "=3 fraction of
constraints their contribution to the objective function i s at least1 3=" =1 3c"?=logn. The
algorithm of Theorem 7is as follows:

1. Remove the constraints whose contribution is smaller tha 1 3 =".

This step removes at mostjE|"=3 edges and, in the residual graph, every edge contributes at
least 1 3c"?=logn to the objective function.

2. Apply the Leighton-Rao decomposition of Lemma 4 with t = 1=(1 "=3)) to the residual
graph.
This step removes at mostjEj"=3 edges, and the residual graph breaks up into connected
components of radius at mostd = O((log n)=").

3. Use Lemma 5 below to satisfy at least 1 "=3 fraction of constraints in each connected
component of the residual graph that we obtain after steps () and (2).

(The constant ¢ will have to be set so that 1  3c"?=(log n) 1 "=24(d + 1), that is,
c< (logn)=72 (d+1) ").)

This step nds a solution that satis es all but at most "jEj=3 constraints of the residual graph
obtained after steps (1) and (2).

This completes the proof of Theorem 7 and Theorem 1

It is also possible to set the parameters di erently and to oltain di erent trade-o s. For example,
we can show that given a unique game whose SDP optimum is (1 )jE]j we can satisfy in polynomial
time a 1=n°() fraction of constraints. The above algorithm can be modi ed to handle this case
as follows: in the rst step, remove the edges that contribute less than 1 =2 to the objective
function; In the second step, nd in the residual graph a decanposition of radius, say, ﬁ in which
at least a 1=n°() fraction of edges are not removed.

4 The Combinatorial Algorithm for General Unique Games

In this section our strategy will be, again, to present an algrithm for a \nice" class of instances
and then give a reduction of the general case to the nice caseélhis time, a nice instance will be
one whose constraint graph is rapidly mixing. For the reducton, we will need a decomposition
theorem showing how to decompose every graph into componentwith quick mixing time. Some
preliminaries on expansion and mixing times will be neededn order to prove the decomposition
theorem. The nal result will be weaker than the resule that we proved in the previous section
using semide nite programming, but the algorithm of this section is more combinatorial, and the
intermediate results may have some independent interest.

4.1 Eigenvalues, Expansion, Conductance, Mixing and Spect ral Partitioning

Our algorithm for general unique games relies on random wakk and on spectral partitioning, so
we will need some preliminaries before being able to analysbe algorithm. The reader is referred
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to a survey by Lowasz [Lov96] for an excellent treatment of this material, and proofs of the results
that we state below.

Let G = (V;E) be an undirected graph, andM 2 RV V be the transition matrix of the \random
walk" on G de ned as follows: M (u;v) = 1=deg(u) if (u;v) 2 E, and M (u;v) = 0 otherwise, where
deg(u) is the degree ofu in G. If G has multiple edges, then we letM (u; v) be the number of edges
betweenu and v divided by deg(u).

We think of a prg,bability distribution p over vertices as a (row) vectorp 2 RV such that p(u) 0
for everyu and ,,, p(u) = 1. If pis a probability distribution over vertices, then the produ ct
p M is the probability distribution that we get by rst sampling a vector u according to p and
taking a one-step random walk fromu. Similarly, pM¥ is the probability distribution of the vertex
reached by a lengthk random walk whose start vertex is selected according t.

The distribution  dened as (u) := deg(u)=2JEj has the property that M = | thatis, is
stationary for M. Note also that is an eigenvector ofM with eigenvalue 1. Even though the
matrix M is not necessarily symmetric, 'B(Lnbe shownpthﬁll its eig@nvalues are real. One way to
see it is to de ne the matrix M u;v) = (WM (u;v)=  (v) and to verify that M %is symmetric
and that every eigenvalue ofM Cis also an eigenvalue oM .

It is also possible to show that every eigenvalue oM is at most one. Suppose, instead, that there
were a vectorf such thatfM = f with > 1. Then, there are constants; suchthat + f

is a distribution, and so (  + f )MX =+ Kkf is also a distribution. But this is impossible
because, for large enouglk, the above vector will have either entries that are larger than one or
entries that are smaller than zero.

Let (G) denote the second largest (including multiplicities) eiggenvalue of M. The non-negative
dierence 1 (G) is also calledspectral gapof G.

ForasetS V yve use the notation (S):= ,,5 (u)andforacutS;V S we use the notation
Q(S;V  8):= Laswes (WQ(U;s).
All the above quantities have natural combinatorial interp retations: (S) is the sum of the degrees

of the elements ofS divided by 2JEj, and Q(S;V S) is half of the fraction of edges in the graph
that cross the cut S;V  S.

Foracut S;V S of Gsuchthat (S) 1=2, we de ne the conductanceof the cut as

Q(S;vV_95) .
R

Equivalently, h(S) is the number of edges crossing the cut divided by the sum oftte degrees of the
vertices of S.

h(S) :=

The conductance of a graph is the de ned as

h(G) := Sm(lsn) lh(S) :

2

The relevance of these notions is the following: the mixing itme of a random walk on a graph,
that is, the time that it takes until a random walk started at a n arbitrary vertex approaches the
stationary distribution, can be upper bounded by a function of the spectral gap (to be precise,
the mixing time of a slightly modi ed random walk is bounded this way), and the spectral gap of
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a graph is tightly related to its conductance. Furthermore, the relation between spectral gap and
conductance isconstructive, in a sense that we make precise ihemma 9 below.

Let us rst formalize the notion of mixing time.

If p;g2 R are two distributions over the same sample space , then ther statistical distance is
de ned as

ip dji=_max jPry p[T(x)=1] Pry o[T(y)=1]j 2)
T: If 0jg

If the statistical distance betweenp and g is at most ", then we say that p and g are "-close It can
be shown that the statistical distancejjp qjj satis es the following alternative de nition

o 1X :

I ai=5  jp(x) o)

X2

If G = (V;E) is an undirected graph andM is the transition matrix of the random walk on G,
then the lazy walk on G is the random walk whose transition matrix is %I + %M . In other words,
one step on a lazy walk consists in doing nothing with probality 1/2 and in doing a random step
on G with probability 1/2.
We say that an undirected graph G = (V;E) is (k; ) mixing if for every initial distribution p2 RY
we havejjpM% ji , whereM%:= 3l + M is the lazy walk on G.
The following result, whose proof follows from fairly simplke linear algebra, states that graphs with
large eigenvalue gap have fast mixing time.

Lemma 8 Every graph G such that (G) < 1is (k; )-mixing for k = O logn +log 1

1
T (G)
The following result states that graphs of large conductane have large eigenvalue gap, and therefore
fast mixing time.

Lemma 9 (Sinclair-Jerrum) F;I’here is a polynomial time algorithm that on input a graphG nds
a cut S of conductance at most 2(1  (G))

The fact that a cut of such a conductance exists is proved by Siclair and Jerrum [SJ89, and the
relation between the conductance and the parameter of a graph is called Cheeger's inequality
in the literature on Markov Chains. It is easy to see by inspetion, and well known, that the

Sinclair-Jerrum proof is constructive and that it leads to a polynomial time algorithm.

4.2 Decomposition of Graphs into Expanders

The following lemma states that, by removing a few edges, evg graph can be decomposed into
connected components that are rapidly mixing. As we mentiord in the introduction, results in
the same spirit appears in GR99, STO04].

In order to constructively show that such a decomposition weuse a quite standard spectral parti-
tioning algorithm. Kannan and others analyse (with incomparable results) the same algorithm in
[KVV04, Section 4].
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Lemma 10 Let G = (V;E) be a graph and let0 <"  1=2. Then there is a subsetE® E of at
least (1 ")JEj edges such that, in the graptG = (V;E9 induced by such edges, every connected
component has eigenvalue gap at leagt?)=72(logjEj)?. Furthermore, there is a polynomial time
algorithm that nds such a set E°

Proof:  For the rest of this proof, seth := m and =1 % =1 m‘f

Initialize E%:= E.

Compute the second largest eigenvalue of the graphv(; EY. If it is at most , then we are done.
Otherwise, we useLemma 9to nd acut S;V S of conductance at mosth. We then remove all
the edges crossing the cus;V S from E° so that the graph (V; E9 breaks up into (at least) two

connected components. We then recur on each connected compant (without changing the value
of the threshold parameter ).

Clearly, at the end, the graph is decomposed into connectedamponents each having eigenvalue
gap at least (*?)=61logjEj. It remains to prove that the overall number of removed edgess small.
Towards this goal, it is better to give an iterative, rather t han recursive formulation of the algorithm.

Initialize E%:= E and G°= (V;E);
While G°= (V;E) contains a connected componenG¢c = (C;E¢) such that (Gc) > do

{ FindacutS;C S of conductance at mosth in G¢
{ Remove the edges betwees and C S from E°

In order to prove a lower bound to the size ofE°at the end of the algorithm, we associate to every
edge acharge Initially, all edges have charge 1. When the algorithm ndsa cut S;C Sin a
connected componentGc, then we distribute the charges of the deleted edges that go dtween S
and C S among the edges in the subgraph induced by. That is, suppose that there are edges
of total charge w crossing the cutS;C S in G° and that there are k edges in the subgraph ofG°
induced by S; then, after removing the edges that cross the cutS;C S we addw=k to the charge
of each edge in the subgraph oG°induced by S.

Note that we maintain the following invariants:

Claim 11 At every step of the execution of the algorithm, the sum of theharges of the edges in
ECis equal tojEj.

Claim 12 At every step of the execution of the algorithm, for every camected componentGe =
(C;Ec), the edges ofEc have all the same charge.

(Of course edges in di erent components may have di erent clarges.)

The next two claims show that the charge of an edge cannot be ireased too many times, and that
it cannot be increased too much each time.

Claim 13 The charge of an edge is increased at mo$bgjE|j times throughout the entire execution
of the algorithm.
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Proof: When the algorithm nds a cut S;C S, the set S is such that the sum of the degrees
(in G¢) of the vertices in S is at most half of the sum of the degrees of all the vertices irC. This

implies that the number of edges present in the subgraph indoed by S are at most half of the

number of edges inG¢. Therefore, an edge whose charge has been increagetimes must belong

to a component of G° containing at most jEj=2! edges.

Claim 14 If the charge of an edge has been increased at mdstimes, then the charge is at most
(L+3h)t.

Proof: When the algorithm nds a cut S;C S, the number of edges ofG¢ crossing the cut, call
it e, is at most h times the sum of the degrees (inG¢) of the vertices of S, call it D. The number
of edges in the subgraph induced bys is %(D €). Let c be the charge of the edges oG¢. After
we remove the edges that cross the cug;C S, and divide their charge among the edges of the
subgraph induced byS, the charge of the latter edges becomes+ ec-—%(D €)= c+2cef{D ¢
and, recalling that e hD, thisis at most c+2ch=x1 h) c(1+3h).

We conclude that at the end of the execution of the algorithm we have that every charge is at most

" IOg]E]
1+

+ " = "
2jilogEj 1 =Y
where we used the inequality (1 +"=2k)k 1+ ", which is true for "  1=2.

The total charge at the end of the algorithm is then at mostjE4=(1 "), but we also know that it
must equal preciselyjEj, and sojJE§ (1 ")JE]j.

4.3 Approximating Uniqgue Games in Expanders

In this section we prove the following result.

Lemma 15 There is a probabilistic polynomial time algorithm that, oninput a unique game(G =
(V;E);ffegere;S) of value at leastl " such thatG is (t; )-mixing, outputs an assignment that,
on average, satises at least al 2(t" + ) fraction of constraints.

In the following, whenever we refer to arandom walkin G, we mean a lazy walk.

Let be the stationary distribution of G, and recall that (u) = deg(u)=2JEj for every vertex u.
For the rest of this subsection we x an optimal assignmentA that satis es at leasta 1 " fraction
of constraints.

Our algorithm, as already described in the introduction, warks as follows:

Pick a random noder according to distribution , and guessA(r), where A is an optimal
assignment.

Repeat the following until there are unassigned nodes:
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{ pick a random walk from r of length O(log n), and call v the last vertex of the walk;

{ if v has not been assigned a value yet, assign toa value consistent with A(r) and with
the path used to reachv from r.

The analysis of the algorithm reduces to the following claim

Claim 16 The probability, taken over the choice of a random vertex from , and over the internal
coin tosses of the algorithm, that the algorithm assigns a Wae di erent from A(v) to vertexv is at
most t" +

Proof:  We will argue that the following two distributions over walk s of length t are -close in
statistical distance:

D1 Sample independently two verticesr;v from |, repeatedly pick a random walk fromr of length
t until a walk whose last element isv is found; output such a walk.

D2 Sample a vertexr from , output a random walk of length t from r.

Let W, be the distribution of random walks from r of length t conditioned on v being the last
vertex. One can equivalently generate the walk of Distribuion (D2) as follows:

D3 Sampler from , then pick v from the distribution of last vertices in a random walk of length
t from r, sample a walk fromW,.,, output the walk.

Distribution (D3) is identical to distribution (D2) becaus er and v have the same joint distribution,
and the rest of the walk is sampled from the same conditional ttribution given that r and v have
been xed.

Recall that G is a (t; ) mixing graph, and so the following two distributions over pairs r;v are
-close in statistical distance:

D4 Sampler;v independently from

D5 Sample Sampler from , then pick v from the distribution of last vertices in a random walk
of length t fromr.

We see that Distribution (D1) is equivalent to sampling (r;v) from Distribution (D4) and then
outputting W,.,, while Distribution (D2) is equivalent to sampling ( r;v) from Distribution (D5)
and the outputting (r;v). Recall that if X, Y are two distributions that are -close in statistical
distance, and iff () is a (possibly probabilistic) function, then f (X) and f (Y) are also -close. We
conclude that, as claimed, Distributions (D1) and (D2) are -close.

In Distribution (D2), every edge in the walk is uniformly dis tributed among all edges of G and
so, by a union bound, there is a probability at most "t that the walk includes an edge that is
not satis ed by the assignment A. Because of -closeness, The walk of Distribution (D1) has a
probability at most "t + of including an edge that is not satis ed by A. This is an upper bound
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to the probability, over the randomness of the algorithm and over the choice of a random vertexv
from , that the algorithm assigns a value di erent from A(v) to v.

Consider now the probability, over the choice of a (uniformly distributed) random edge (u;v) in
G and over the coin tosses of the algorithm that the algorithm ®ntradicts the edge @;v). This
is at most the probability that the algorithm assigns to u a value dierent from A(u) plus the
probability that the algorithm assigns to v a value di erent from A(v). Recalling that the endpoint
of a random edge are distributed according to , we see that this probability is at most 2("t + ).
Lemma 15 now follows.

4.4 Putting the Results Together

Combining Lemma 10and Lemma 15we easiliy prove the following weaker version offheorem 1

Theorem 17 There is a constant ¢ and an algorithm that, on input a unique game(G =
(V;E);ffe0;S), a parameter ", and the promise that there is an assignment that satises a
1 c("*=(logjEj)®) fraction of constraints, returns an assignment that satis es at least al "
fraction of constraints.

Proof:  Given a unique game G = (V;E);ff,.v0;S) and ", we rst use Lemma 10to nd a set of

at most %jEj edges whose removal disconnects the graph into connectednsponents of eigenvalue
gap O(("=logn)?). Each connected component ist ) mixing with t = O(" 2(logn)3) and, say,

=1=n.

Suppose that there is an assignmenf that satis es at least a 1 fraction of constraints. Then

there are at most %jEj constraints that belong to components in which A satis es less than a
1 3=" fraction of constraints. Calls all other components good components. A large enough
constant ¢ can be chosen so that if <c¢" 4(logjEj) 2 then we can use the algorithm ofLemma 15
to satisfy at least a 1 "=3 fraction of edges in each good components. Overall, we caoatlict at

most the "jEj=3 constraints we removed in the graph decomposition, plus ta  "JEj=3 constraints

in components that are not good, plus the "jEj=3 constraints in good components that, on
average, the algorithm of Lemma 15failed to satisfy.

5 Linear Unigue Games

We begin with the following preliminary result: in a small-diameter graph we are able either to
satisfy all constraints or to nd a small unsatis able sub-i nstance.

Lemma 18 There is a polynomial time algorithm that given a linear unique game (G =
(V;E);ffegere;S) such that the graphG has diameter at mostt, and given a rooted spanning
tree of G of depth at mostt, either nds an assignment that satis es all constraints or nds an
unsatis able sub-instance of size at mos#t + 2.

Proof: We try to construct an assignment A that satis es all edges.
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Let the value x = A(r) of the root of the spanning tree be a \free variable,” and then label every
vertex u in G by a linear permutation ", of x consistent with the constraints along the edges of the
spanning tree in the path fromr to u.

Now look at all the edges ofG that are not in the spanning tree. Each edge (i;v) determines a
constraint of the form “,(x) = fyuv( v(X)), thatis, x = ﬁ 1)(fu;\,(‘\,(x))), which is a linear equation

of the form ax + b= x with a 6 0. Such an equation either has no solution, or it has exactlyone
solution, or it is satis ed for all x.

If there is an unsatis ed equation " (x) = f.v("v(X)), then we have a collection of at most 2 + 1
inconsistent constraints: the ones in the path fromr to v in the spanning tree, plus the ones in the
path from from r to u in the spanning tree, plus {; V).

If there are two equations such that each one has only one sdion and the two solutions are
di erent, then we have a collection of at most 4t + 2 constraints that are inconsistent.

If every equation has at least one solution, and every one-fation equation (if any) is consistent
with every other one, then clearly it is possible to satisfy d constraints.

We remark that we used the assumption of linearity in the abowe proof as follows: (i) the com-
position of several linear permutations is also a linear panutation, and (ii) a linear permutation
has either zero, one 01jSj xed points x such that x = f (x). If, more generally, is a group of
permutations such that, except for the identity, every permutation in has at most one xed point,
then unique games with permutations chosen from can be appoximated as well as linear unique
games? The running time would be polynomial in n and in the time that it takes to compose
permutations from and to check if a permutation is the ident ity.

We can now prove Theorem 2

Proof: [Of Theorem 2 Given a linear unique game G = (V;E);ffeg;S) and a parameter " we
delete at most"jEj=2 edges so that in the residual graph every connected componiehas diameter
at most k = O(" 'logjEj). We apply Lemma 18 and we either nd an assignment that satis es
all the constraints in E%or we nd a small \counterexample" of size at most 4k + 2.

In the former case we simply halt and output the assignment. h the latter case we remove the
constraints in the unsatis able subinstance from G, and then recompute the low-diameter decom-
position, and so on.

Suppose that there is an assignment that satis es at least a 1 "=(8t + 4) fraction of constraints.
Then, if we let U be the number of unsatis able sub-instances found by the algrithm, we must have
U "jEj=(8k+4), and so the number of edges removed through all phases ig enost "JEj=2. In the
last phase, the algorithm removes at most'jEj=2 other edges for the low-diameter decomposition,
and then satises all (1 ")JE]j remaining constraints.

To prove the \furthermore" part of Theorem 2 we use decomposgions into components of radius
2(log 2iEj)=(log logjEj), which can be found by deleting at most a logjE] fraction of edges, and
then use the same analysis.

“To be more precise, we should talk about an ensemblef sgs of groups of permutations, one for each size ofS.
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6 d-to-d Games

This section follows once more the pattern of providing a god approximation in \nice," those with
a low-diameter constraint graph, and then giving a reductian from the general case to the nice case,
using the Leighton-Rao decomposition theorem.

6.1 Approximation Algorithm for Low-Diameter Instances

Lemma 19 There is a polynomial time that, on input a satisable d-to-d game (G =
(V;E);:fPeg;S) such that G has diameterk, nds an assignment that satis es at least a 1=d?
fraction of constraints.

Proof: Let r be a vertex of G such that every other vertex is at distance k from r, and let T
be a spanning tree ofG of depth k rooted at r. Let A be a satisfying assignment. \Guess" the

L, of d values ofS such that A(u) is guaranteed to be an element oL . To do so, note that if
we have computed a listL, of size for a vertex u, and if (u;v) is an edge, then we can compute
the list for v of size at mostd™ by including, for every a 2 L, the at most d values b such that
Puv(a;b) = 1.

Once the lists have been computed, for every vertexu we randomly pick an assignment from
Lu. Every vertex has probability at least 1=d¢ of being assigned the correct value, and so every
constraint has probability at least 1= of being satis ed.

6.2 Proof of Theorem 3

p__
We now prove Theorem 3 Fix t = 2 (ognlegd) Find a partition of the set of vertices of
G such that each component has diameteik = O( (logn)=logd)) and a 1=t fraction of the
total weight ofpthe edges are within the components. Lemma 19 gives us a way to satisfy a

1= = 1=20C (ogn)log d) fraction of the edges within the component. Overall, we satfy a
1=20C (ogn)llog d) fraction of constraints.
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