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Abstract
We studysomestability propertiesof algorithmswhich minimize(or almost-minimize)empirical
errorover Donsker classesof functions.We show that,asthenumbern of samplesgrows, theL2-
diameterof thesetof almost-minimizersof empiricalerrorwith tolerancex(n) = o(n� 1

2 ) converges
to zero in probability. Hence,even in the caseof multiple minimizersof expectederror, as n
increasesit becomeslessand lesslikely that addinga sample(or a numberof samples)to the
training setwill result in a large jump to a new hypothesis.Moreover, undersomeassumptions
on theentropy of theclass,alongwith anassumptionof Komlos-Major-Tusnadytype,we derive
a power rateof decayfor the diameterof almost-minimizers.This rate, throughan application
of a uniform ratio limit inequality, is shown to govern theclosenessof theexpectederrorsof the
almost-minimizers.In fact,undertheaboveassumptions,theexpectederrorsof almost-minimizers
becomecloserwith a ratestrictly fasterthann� 1=2.

Keywords: empiricalrisk minimization,empiricalprocesses,stability, Donskerclasses

1. Introduction

The empirical risk minimization(ERM) algorithmhasbeenstudiedin learningtheory to a great
extent. VapnikandChervonenkis(1971,1991)showednecessaryandsuf�cient conditionsfor its
consistency. In recentdevelopments,BartlettandMendelson(2006);Bartlettetal. (2004);Koltchin-
skii (2006)provedsharpboundson theperformanceof ERM. Toolsfrom empiricalprocesstheory
havebeensuccessfullyapplied,and,in particular, it hasbeenshown thatthelocalizedRademacher
averagesplayanimportantrole in studyingthebehavior of theERM algorithm.

In thispaperwearenotdirectlyconcernedwith ratesof performanceof ERM. Rather, weprove
somepropertiesof ERM algorithms,which, to our knowledge,do not appearin theliterature.The
analysisof this paperhasbeenmotivatedby the studyof algorithmic stability: the behavior of a
learningalgorithmwith respectto perturbationsof the trainingset. Algorithmic stability hasbeen
studiedin the recentyearsasan alternative to the classical(complexity-oriented)approachto de-
riving generalizationbounds(BousquetandElisseeff, 2002;Kutin andNiyogi, 2002;Mukherjee
etal., 2006;Poggioetal., 2004;Rakhlinetal., 2005).Motivationfor studyingalgorithmicstability
comes,in part,from thework of DevroyeandWagner(1979).Their resultsindicatethatfor any al-
gorithm,theperformanceof theleave-one-outestimatorof expectederroris boundedby L1-stability
of thealgorithm,that is, by theaverageL1 distancebetweenhypotheseson similar samples.This

c
 2006AndreaCaponnettoandAlexanderRakhlin.



CAPONNETTO AND RAKHLIN

resultcanbeusedto deriveboundsontheperformanceof theleave-one-outestimatefor algorithms
suchask-NearestNeighbors.It is importantto notethatno classof �nite complexity is searched
by algorithmslikek-NN, andsotheclassicalapproachof usingcomplexity of thehypothesisspace
fails.

Furtherimportantresultswereprovedby BousquetandElisseeff (2002),wherea large family
of algorithms(Tikhonov regularization basedmethods)hasbeenshown to possessa strongL¥

stability with respectto changesof singlesamplesof thetrainingset,andexponentialboundshave
beenprovedfor thegeneralizationerror in termsof empiricalerror. Tikhonov regularizationbased
algorithmsminimize theempiricalerrorplusa stabilizer, andarecloselyrelatedto ERM. Though
ERM is not, in general,L¥ -stable,it is L1-stableover certainclassesof functions,asoneof the
resultsof this papershows. To thebestof our knowledge,theoutcomesof thepresentpaperdo not
follow directly from resultsavailablein the machinelearningliterature. In fact we hadto turn to
empiricalprocesstheoryfor themathematicaltoolsnecessaryfor studyingstabilityof ERM.

Variousassumptionsonthefunctionclass,overwhichERM is performed,havebeenconsidered
recentlyto obtainfastrateson theperformanceof ERM. The importanceof having a uniquebest
functionin theclasshasbeenshown by Leeetal. (1998):thedif�cult learningproblemsseemto be
theoneswheretwo minimizersof theexpectederrorexist andarefar apart.Althoughthepresent
paperdoesnotaddressthequestionof performancerates,it doesshedsomelight onthebehavior of
ERM whentwo (or more)minimizersof expectederrorexist. Ourresultsimply that,underacertain
weakconditionon theclass,astheexpectedperformanceof empiricalminimizersapproachesthe
bestin theclasswith theadditionof new samples,a jump to a differentpartof the functionclass
becomeslessandlesslikely.

SinceERM minimizesempiricalerror insteadof expectederror, it is reasonableto requirethat
thetwo quantitiesbecomecloseuniformly over theclass,asthenumberof examplesgrows. Hence,
ERM is a soundstrategy only if thefunctionclassis uniform Glivenko-Cantelli,that is, it satis�es
theuniform law of largenumbers.In this paperwe focusour attentionon a morerestrictedfamily
of functionclasses:Donsker classes(seefor example,Dudley, 1999).Theseareclassessatisfying
not only the law of largenumbers,but alsoa versionof thecentrallimit theorem.Thougha more
restrictedfamily of classes,Donsker classesarestill quitegeneral.In particular, uniform Donsker
anduniformGlivenko-Cantellipropertiesareequivalentin thecaseof binary-valuedfunctions(and
alsoequivalentto �nitenessof VC dimension).Thecentrallimit theoremfor Donskerclassesstates
a form of convergenceof the empiricalprocessto a Gaussianprocesswith a speci�c covariance
structure(seefor example,Dudley, 1999;vanderVaartandWellner,1996).This structureis used
in theproofof themainresultof thepaperto controlthecorrelationof theempiricalerrorsof ERM
minimizersonsimilar samples.

The paperis organizedas follows. In Section2 we introducethe notationand background
results.Section3 presentsthemainresultof thepaper, which is provedin theappendixusingtools
from empiricalprocesstheory. In Section4, we show L1-stability of ERM over Donsker classesas
anapplicationof themainresultof Section3. In Section5 we show animprovement(in termsof
therates)of themainresultundera suitableKomlos-Major-Tusnadyconditionandanassumption
onentropy growth. Section6 combinestheresultsof Sections4 and5 andusesauniformratio limit
theoremto obtainfastratesof decayon thedeviationsof expectederrorsof almost-ERMsolutions,
thusestablishingstrongexpectederror stability of ERM (seeMukherjeeet al., 2006).Section7 is
a �nal summaryof theresultsof thepaper. Mostof theproofsarepostponedto theAppendix.
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2. Notation and Background Results

Let (Z;A) be a measurablespace. Let P be a probability measureon (Z;A) and Z1; : : : ;Zn be
independentcopiesof Z with distribution P. Let F be a classof functionsfrom Z to R. In the
settingof learningtheory, samplesZ areinput-outputpairs(X;Y) andfor f 2 F , f (Z) measures
how well therelationshipbetweenX andY is capturedby f . Thegoal is to minimizePf = E f (Z)
whereinformationaboutthe unknown P is given only throughthe �nite sampleS= (Z1; : : : ;Zn).
De�ne theempiricalmeasureasPn = 1

n å n
i=1dZi .

De�nition 1 Givena sampleS,

fS := argmin
f 2F

Pn f = argmin
f 2F

1
n

n

å
i=1

f (Zi)

is a minimizerof theempiricalrisk (empiricalerror), if theminimumexists.

Sinceanexactminimizerof theempiricalrisk mightnotexist,aswell asfor algorithmicreasons,
weconsiderthesetof almost-minimizersof empiricalrisk.

De�nition 2 Givenx � 0 andS, de�ne thesetof almostempiricalminimizers

M x
S = f f 2 F : Pn f � inf

g2F
Png � xg

andde�ne its diameteras
diamM x

S = sup
f ;g2M x

S

k f � gk:

Thek�k in theabovede�nition is theseminormonF inducedby symmetricbilinearproduct



f ; f 0� = P
�
( f � Pf )

�
f 0� Pf 0� �

;

hencek f k is thestandarddeviationof f relative to P.
This is a naturalmeasureof distancebetweenfunctions,aswill becomeapparentlater, because

of thecentralroleof thecovariancestructureof Brownianbridgesin ourproofs.Theresultsobtained
for theseminormk�k will beeasilyextendedto theL2(P) norm,thanksto thecloserelationof these
two notionsof distance.

De�nition 3 Theempiricalprocessnn indexedbyF is de�nedasthemap

f 7! nn( f ) =
p

n(Pn � P) f =
1

p
n

n

å
i=1

( f (Zi) � Pf ):

De�nition 4 A classF is calledP-Donsker if

nn  n

in `¥ (F ), where thelimit n is a tight Borel measurableelementin `¥ (F ) and”  ” denotesweak
convergence, asde�nedonp. 17of vanderVaart andWellner (1996).
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In fact,it followsthatthelimit processn mustbeazero-meanGaussianprocesswith covariance
functionEn( f )n( f 0) = hf ; f 0i (i.e.,aBrownianbridge).

VariousDonsker theoremsprovide suf�cient conditionsfor a classbeingP-Donsker. Herewe
mentiona few known results(seevanderVaartandWellner1996,Equation2.1.7andvandeGeer
2000,Theorem6.3) in termsof entropy andentropy with bracketing,which we de�ne below (see
vanderVaartandWellner,1996).

De�nition 5 ThecoveringnumberN (e;F ;k � k) is theminimalnumberof balls f g : kg� f k < eg
of radiuseneededto cover thesetF . Thecentersof theballsneednotbelongto F , but they should
have�nite norms.Theentropyis thelogarithmof thecoveringnumber.

De�nition 6 Giventwo functionsl andu, thebracket [l ;u] is thesetof all functionsf with l � f �
u. An e-bracket is a bracket [l ;u] with ku� lk < e. Thebracketing numberN[](e;F ;k � k) is the
minimumnumberof e-bracketsneededto cover F . Theupperandlower boundsu andl neednot
belongto F but are assumedto have�nite norms.Theentropywith bracketingis thelogarithmof
thebracketingnumber.

De�nition 7 An envelopefunctionof a classF is any functionx 7! F(x) such that j f (x)j � F(x)
for everyx and f 2 F .

Proposition8 If theenvelopeF of F is square integrableand
Z ¥

0
sup

Q

q
logN (ekFkQ;2 ;F ;L2(Q))de< ¥ ;

thenF is P-Donsker for every P, that is, F is a universal Donsker class. Here the supremumis
taken over all �nitely discreteprobability measures,and the L2(Q)-norm is de�ned as k f kQ;2 =
� R

j f j2
� 1=2.

Proposition9 If
R¥

0

q
logN[](e;F ;L2(P))de< ¥ , thenF is P-Donsker.

Fromthelearningtheoryperspective,however, themostinterestingtheoremsareprobablythose
relating the Donsker propertyto the VC-dimension. For example,if F is a f 0;1g-valuedclass,
thenF is universal Donsker if andonly if its VC dimensionis �nite (Theorem10.1.4of Dudley
(1999)providesamoregeneralresultinvolving Pollard'sentropy condition).As acorollaryof their
Proposition3.1,Giné andZinn (1991)show thatunderthePollard's entropy condition,thef 0;1g-
valuedclassF is in factuniformDonsker. Finally, RudelsonandVershynin extendedtheseresults
to the real-valuedcase:a classF is uniform Donsker if the squareroot of its scale-sensitive VC
dimensionis integrable.

3. Main Result

Wenow statethemainresultof thispaper.

Theorem10 LetF bea P-Donsker class.For anysequencex(n) = o(n� 1=2),

diamM x(n)
S

P∗
� ! 0:

2568
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TheouterprobabilityP� above is dueto measurabilityissues.De�nitions andresultsonvarious
typesof convergence,aswell aswaysto dealwith measurabilityissuesarisingin the proofs,are
basedon therigorousbookof vanderVaartandWellner(1996).

The following corollary, whoseproof is given in AppendixA, extendsthe above result to L2

(andthusL1) diameters.

Corollary 11 Theresultof Theorem10 holdsif the diameteris de�ned with respectto the L2(P)
norm.

It is easyto verify that thedependencex(n) = o(n� 1=2) of the tolerance,assumedin Theorem
10, is not improvable.In factasimpleexamplecanshow thatif x(n) � n� 1=2 thesetof x(n)-almost
minimizersmaynotshrinkin probability.

Example1 ConsiderZ = f x1;x2g with x1 6= x2, andP = 1
2(dx1 + dx2). Moreover let F betheset

of functionsf f1; f2g, with

fi(x) =
�

0 if x = xi ;
1 otherwise:

Thenit is clear that,giventhe�nite sampleS= (Z1; : : : ;Zn), M x
S = F (andhencediamM x(n)

S = 1)
wheneverPn f1 � Pn f2 = 2

n jq� Eqj � x(n), whereq is thebinomialrandomvariable

q = #f ijZi = x1g:

Nowsincethevarianceof q is n
4, it is clear that

8C > 0 Pr
n

jq� Eqj � Cn
1
2

o
= W(1);

which showsthat, if x(n) � n� 1=2, with probabilityboundedawayfromzero, diamM x(n)
S = 1.

Theaboveexampleis verybasic,yetprovidesimportantintuition. A classcancontaintwo quite
differentfunctionswith thesmallestexpectation,but it is unlikely that they bothalmost-minimize
theempiricalerror to within o(n� 1=2). In fact, theabove examplesuggeststhat the �uctuations of
the differencein empiricalperformanceof two functionsis of the ordern� 1=2. The extensionof
this resultto moregeneralfunctionclasseswith possiblyin�nite numberof expectedminimais the
maingoalof Theorem10.

Beforediving into theproofof Theorem10,let usstateafew notionsof stochasticconvergence.

De�nition 12 (De�nition 1.9.1in van der Vaart and Wellner (1996)) Let (Z;A;P) be a proba-
bility space. LetZn;Z : Z 7! D bearbitrary mapsand(D;d) bea metricspace.

� Zn converges in outer probability to Z if d(Zn;Z) � ! 0 in probability; this meansthat

P(d(Zn;Z) � > e) = P� (d(Zn;Z) > e) ! 0, for everye> 0, andis denotedbyZn
P∗
� ! 0.

� Zn convergesalmostuniformly to Z if, for everye> 0, there existsa measurablesetA with
P(A) � 1� eandd(Zn;Z) ! 0 uniformlyonA; this is denotedZn

au�! Z.

Theproof of Theorem10 relieson thealmostsure representationtheorem(vanderVaartand
Wellner,1996,Theorem1.10.4).Herewestatethetheoremappliedto nn andn.
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Proposition13 SupposeF is P-Donsker. Let nn : Zn 7! `¥ (F ) be the empirical process.There
exist a probability space(Z0;A0;P0) andmapsn0;n0

n : Z07! `¥ (F ) such that

1. n0
n

au! n0,

2. E� f (n0
n) = E� f (nn) for everyboundedf : `¥ (F ) 7! R for all n.

Lemma14 is themainpreliminaryresultusedin theproof of Theorem10 (andTheorem17 in
Section5). Wepostponeits proof to AppendixA.

Lemma 14 Let nn : Zn 7! `¥ (F ) be the empirical process.Fix n and assumethat there exist a
probability space(Z0;A0;P0) anda mapn0

n : Z07! `¥ (F ) such that E� f (n0
n) = E� f (nn) for every

boundedf : `¥ (F ) 7! R. Let n0 be a P-Brownianbridge de�ned on (Z0;A0;P0). Fix C > 0, e =
min(C3=128;C=4) andsupposed � x

p
n for a givenx > 0. Then,if F is P-Donsker, thefollowing

inequalityholds

Pr�
�

diamM x
S > C

�
� N (e;F ;k�k)2

 
128d
C3 + Pr�

 

sup
F

�
�n0

n � n0
�
� � d=2

! !

:

Wearenow readyto prove themainresultof thissection.
Proof [Theorem10] Lemma1.9.3in vanderVaartandWellner(1996)showsthatwhenthelimiting
processis Borelmeasurable,almostuniformconvergenceimpliesconvergencein outerprobability.
Therefore,the�rst implicationof Proposition13statesthatfor any d > 0

Pr�
 

sup
F

jn0
n � n0j > d

!

! 0:

By Lemma14,

Pr�
�

diamM x(n)
S > C

�
� N (e;F ;k�k)2

 
128d
C3 + Pr�

 

sup
F

�
�n0

n � n0
�
� � d=2

! !

for any C > 0, e= min(C3=128;C=4), andany d � x(n)
p

n. Sincex(n) = o(n� 1=2), d canbechosen

arbitrarily small,andsoPr�
�

diamM x(n)
S > C

�
! 0.

4. Stability of almost-ERM

Themainresultof thissection,Corollary15,showsL2-stabilityof almost-ERMonDonskerclasses.
It implies that, in probability, theL2 (andthusL1) distancebetweenalmost-minimizerson similar
trainingsets(with o(

p
n) changes)goesto zerowhenn tendsto in�nity .

This resultprovidesa partial answerto the questionsraisedin the machinelearningliterature
by Kutin andNiyogi (2002);Mukherjeeet al. (2006): is it truethatwhenonepoint is addedto the
trainingset,theERM algorithmis lessandlesslikely to jump to a far (in theL1 sense)hypothesis?
In fact,sincebinary-valuedfunctionclassesareuniformDonsker if andonly if theVC dimensionis
�nite, Corollary15 provesthatalmost-ERMover binaryVC classespossessesL1-stability. For the
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real-valuedclasses,uniform Glivenko-Cantellipropertyis weaker thanuniform Donsker property,
andthereforeit remainsunclearif almost-ERMoveruGCbut notuniformDonskerclassesis stable
in theL1 sense.

Useof L1-stability goesback to Devroye andWagner(1979),who showed that this stability
is suf�cient to boundthe differencebetweenthe leave-one-outerror and the expectederror of a
learningalgorithm. In particular, Devroye andWagnershow that nearest-neighborrulespossess
L1-stability (seealso Devroye et al., 1996). Our Corollary 15 implies L1-stability of ERM (or
almost-ERM)algorithmsonDonskerclasses.

In thefollowing [n] denotesthesetf 1;2; : : : ;ng andA4 B is thesymmetricdifferenceof setsA
andB.

Corollary 15 AssumeF is P-Donsker and uniformly boundedwith envelopeF � 1. For I � N,
de�ne S(I ) = (Zi) i2 I . Let In � N such that Mn := jIn 4 [n]j = o(n1=2). Supposefn 2 M x(n)

S([n]) and

f 0
n 2 M x′(n)

S(In)
for somex(n) = o(n� 1=2) andx0(n) = o(n� 1=2) . Then




 fn � f 0

n




 P∗

� ! 0:

Thenormk�k canbereplacedbyL2(P) or L1(P) norm.

Proof It is enoughto show that f 0
n 2 M x′′(n)

S([n]) for somex00(n) = o(n� 1=2) andresult follows from
Theorem10.

1
n å

i2 [n]

f 0
n(Zi) �

Mn

n
+

1
n å

i2 In

f 0
n(Zi)

�
Mn

n
+

jInj
n

 

x0(n) + inf
g2F

1
jInj å

i2 In

g(Zi)

!

�
Mn

n
+

jInj
n

x0(n) +
1
n å

i2 In

fn(Zi)

� 2
Mn

n
+

jInj
n

x0(n) +
1
n å

i2 [n]

fn(Zi)

� 2
Mn

n
+

jInj
n

x0(n) + x(n) + inf
g2F

1
n å

i2 [n]

g(Zi):

De�ne

x00(n) := 2
Mn

n
+

jInj
n

x0(n) + x(n):

BecauseMn = o(n
1
2 ), it follows thatx00(n) = o(n� 1=2). Corollary11 impliesconvergencein L2(P),

and,therefore,in L1(P) norm.

5. Rates of Decay of diamM x(n)
S

Thestatementof Lemma14 revealsthattherateof thedecayof thediameterdiamM x(n)
S is related

to the rateat which Pr�
�
supF jn � nnj � d

�
! 0 for a �x ed d. A numberof papersstudiedthis

2571



CAPONNETTO AND RAKHLIN

rateof convergence,andherewe refer to thenotionof Komlos-Major-Tusnadyclass(KMT class),
asde�ned by Koltchinskii (1994). Let n0

n : Zn 7! `¥ (F ) be the empiricalprocessde�ned on the
probabilityspace(Z0;A0;P0).

De�nition 16 F is called a Komlos-Major-Tusnadyclasswith respectto P and with the rate of
convergencet n (F 2 KMT(P; t n)) if F is P-pregaussianandfor each n � 1 there is a versionn(n)

of a P-Brownianbridgede�nedon (Z0;A0;P0) such that for all t > 0,

Pr�
 

sup
F

jn(n) � n0
nj � t n(t + K logn)

!

� Le� qt

whereK > 0, L > 0 andq > 0 areconstants,dependingonlyonF .

Suf�cient conditionsfor a classto be KMT(P;n� a) have beeninvestigatedin the literature;
someresultsof thistypecanbefoundin Koltchinskii(1994);Rio (1993)andDudley (2002),Section
9.5(B).

Thefollowing theoremshows that for KMT classesful�lling a suitableentropy condition,it is
possibleto giveexplicit ratesof decayfor thediameterof ERM almost-minimizers.

Theorem17 AssumeF is P-Donsker and F 2 KMT(P;n� a) for some a > 0. Assume
N (e;F ;k�k) �

� A
e

� V
for someconstantsA;V > 0. Let x(n)

p
n = o(n� h), h > 0. Then

ngdiamM x(n)
S

P∗
� ! 0

for anyg< 1
3(2V+1) min(a;h).

Proof Theresultof Lemma14 is statedfor a �x edn. We now chooseC, x, andd dependingon n
asfollows. Let C(n) = Bn� g, whereg< 1

3(2V+1) min(a;h) andB > 0 is anarbitraryconstant.Let

x = x(n). Let d(n) = n� b, whereb = 1
2(min(a;h) + 3(2V + 1)g). Whenb is de�ned this way, we

have

min(a;g) > b > 3(2V + 1)g

becauseg< 1
3(2V+1) min(a;h) by assumption.In particular, b < h and,hence,eventuallyd(n) >

x(n)
p

(n) = o(n� h).
SinceC(n) decaysto zeroande(n) = min(C(n)3=128;C(n)=4), eventuallye(n) = C(n)3=128=

n� 3gB3=128.
SinceF 2 KMT(P;n� a),

Pr�
 

sup
F

jn(n) � nnj � n� a(t + K logn)

!

� Le� qt

for any t > 0, choosingt = nad(n)=2� K logn weobtain

Pr�
 

sup
F

jn(n) � nnj � d(n)=2

!

� Le� q(na−b=2� K logn):
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Lemma14 thenimplies

Pr�
�

diamM x(n)
S > C(n)

�
� N (e;F ;k�k)2

 
128d
C(n)3 + Pr�

 

sup
F

�
�n0

n � n0
�
� � d=2

! !

�
�

128A
B3 n3g

� 2V 128
B3 n� bn3g+

�
128A
B3 n3g

� 2V

Le� q(na−b=2� K logn)

=
�

128A
B3

� 2V 128
B3 n3g(2V+1)� b + L

�
128A
B3

� 2V

nkq+6gVe� q
2na−b

:

Sincea > b > 3g(2V + 1), bothtermsabovego to zero,thatis,

Pr�
�

ngdiamM x(n)
S > B

�
! 0 for any B > 0:

Theentropy conditionin Theorem17 is clearlyveri�ed by VC-subgraphclassesof dimension
V. In fact,sinceL2 normdominatesk�k seminorm,upperboundson L2 coveringnumbersof VC-
subgraphclassesinduceanalogousboundsonk�k coveringnumbers.Corollary18isaanapplication
of Theorem17 to this importantfamily of classes.It follows in a straight-forward way from the
remarkabove.

Corollary 18 AssumeF is a VC-subgraphclasswith VC-dimensionV, and for somea > 0 F 2
KMT(P;n� a). Let x(n)

p
n = o(n� h), h > 0. Then

ngdiamM x(n)
S

P∗
� ! 0

for anyg< 1
3(2V+1) min(a;h).

6. Expected Error Stability of almost-ERM

In theprevioussection,weprovedboundsontherateof decayof thediameterof almost-minimizers.
In thissection,weshow thatgivensuchabound,aswell assomeadditionalconditionsontheclass,
thedifferencesbetweenexpectederrorsof almost-minimizersdecayfasterthann� 1=2. This implies
a form of strongexpectederror stability for ERM.

Theproofof Theorem20relieson thefollowing ratio inequalityof Pollard(1995).

Proposition19 Let G be a uniformly boundedfunctionclasswith the envelopefunctionG � 2.
AssumeN (g;G) = supQN (2g;G;L1(Q)) < ¥ for 0 < g� 1 andQ rangingover all discreteprob-
ability measures.Then

Pr�
 

sup
f 2G

jPn f � Pf j
e(Pnj f j + Pj f j) + 5g

> 26

!

� 32N (g;G) exp(� neg):

The next theoremgivesexplicit ratesfor expectederror stability of ERM over VC-subgraph
classesful�lling aKMT typecondition.
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Theorem20 If F is a VC-subgraphclasswith VC-dimensionV, F 2 KMT(P;n� a) and
p

nx(n) =

o(n� h), thenfor anyk < min
�

1
6(2V+1) min(a;h);1=2

�

n1=2+k sup
f ; f ′2M x(n)

S

jP( f � f 0)j P∗
� ! 0:

7. Conclusions

We presentedsomenew resultsestablishingstability propertiesof ERM over certainclassesof
functions.This studywasmotivatedby thequestion,raisedby somerecentpapers,of L1-stability
of ERM underperturbationsof a singlesample(Mukherjeeet al., 2006;Kutin andNiyogi, 2002;
Rakhlin et al., 2005). We gave a partially positive answerto this question,proving that, in fact,
ERM over Donsker classesful�lls L2-stability (andhencealsoL1-stability) underperturbationsof
o(n

1
2 ) amongthen samplesof thetrainingset.This propertyfollows directly from themainresult

of thepaperwhich shows decay(in probability)of thediameterof thesetof solutionsof almost-
ERM with tolerancefunction x(n) = o(n� 1

2 ). We stressthat for classi�cationproblems(i.e., for
binary-valuedfunctions)no generalityis lost in assumingtheDonsker property, sincefor ERM to
beasoundalgorithm,theequivalentGlivenko-Cantellipropertyhasto beassumedanyway. On the
otherhand,in the real-valuedcasemany complexity-basedcharacterizationsof Donsker property
areavailablein theliterature.

In the perspective of possiblealgorithmicapplications,we analyzedsomeadditionalassump-
tions implying uniform rateson the decayof the L1 diameterof almost-minimizers.It turnedout
thatanexplicit rateof this typecanbegivenfor VC-subgraphclassessatisfyingasuitableKomlos-
Major-Tusnadytypecondition.For thiscondition,many independentcharacterizationsareknown.

Finally, usinga suitableratio inequalitywe showedhow L1-stability resultscaninducestrong
formsof expectederrorstability, providing a furtherinsightinto thebehavior of theEmpiricalRisk
Minimizationalgorithm.

Resultsof this papercan be usedto analyzestability of a classof clusteringalgorithmsby
castingthemin theempiricalrisk minimizationframework (seeRakhlinandCaponnetto,2006).

Algorithmic implicationsof our resultswould requirefurtherinvestigation.For example,in the
context of on-linelearning,whenapointis addedto thetrainingset,with highprobabilityonewould
only haveto searchfor empiricalminimizersin asmallL1-ball aroundthecurrenthypothesis,which
might be a tractableproblem. Moreover, L1-stability might have consequencesfor computational
complexity of ERM.While it hasbeenshown thatERM is NP-hardevenfor simplefunctionclasses
(seefor example,Ben-David et al., 2003),our resultscould allow moreoptimistic average-case
analysis.
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Appendix A.

In thisappendixwederivesomeresultspresentedin Section3. In particular, Lemma14,whichwas
usedin theproofof Theorem10,andCorollary11. Let usstartwith sometechnicalLemmas.

Lemma 21 Let f0; f1 2 F , k f0 � f1k � C=2, k f1k � k f0k. Let h : F ! R be de�ned as h( f 0) =
hf ′; f0i
k f0k2 . Thenfor anye� C3

128

inf
B( f0;e)

h� sup
B( f1;e)

h �
C2

16
:

Proof

D := inf
B( f0;e)

h� sup
B( f1;e)

h

= h( f0) � h( f1) + inff h( f 0� f0) + h( f1 � f 00)j f 02 B( f0;e); f 002 B( f1;e)g

� h( f0) � h( f1) �
2e

k f0k
� h( f0) � h( f1) �

8e
C

;

sincek f0k � C=4.
Finally

2hf0 � f1; f0i = k f0 � f1k2 � k f1k2 + k f0k2 � k f0 � f1k2 �
C2

4
;

then

h( f0) � h( f1) �
C2

8k f0k2 �
C2

8
;

whichprovesthat

D�
C2

8
�

8e
C

�
C2

16
:
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Thefollowing Lemmais anadaptationof Lemma2.3of Kim andPollard(1990).

Lemma 22 Let f0; f1;h bede�nedasin Lemma21. Supposee� C3

128. Letnµ bea Gaussianprocess
onF with meanµ andcovariancecov(nµ( f );nµ( f 0)) = hf ; f 0i .

Thenfor all d > 0

Pr�
 

j sup
B( f0;e)

nµ � sup
B( f1;e)

nµj � d

!

�
64d
C3 :

Proof De�ne theGaussianprocessY(�) = nµ(�) � h(�)nµ( f0). Sincecov(Y( f 0);nµ( f0)) = hf 0; f0i �
h( f 0) k f0k2 = 0, nµ( f0) andY(�) areindependent.

Wenow reasonconditionallywith respectto Y(�). De�ne

Gi(z) = sup
B( fi ;e)

f Y(�) + h(�)zg with i = 0;1:

Noticethat

Pr�
 

j sup
B( f0;e)

nµ � sup
B( f1;e)

nµj � djY

!

= Pr� (jG0(nµ( f0)) � G1(nµ( f0)) j � d) :

MoreoverG0 andG1 areconvex and

inf ¶� G0 � sup¶+G1 � inf
B( f0;e)

h� sup
B( f1;e)

h �
C2

16
;

by Lemma21. ThenG0 = G1 in asinglepoint z0 and

Pr� (jG0(nµ( f0)) � G1(nµ( f0)) j � d) � Pr� (nµ( f0) 2 [z0 � D;z0 + D]) ;

with D= 16d=C2.
Furthermore,

Pr� (nµ( f0) 2 [z0 � D;z0 + D]) �
32d

C2
p

2pvar(nµ( f0))
;

andvar(nµ( f0)) = k f0k2 � C2=16,whichcompletestheproof.

Thereasoningin theproof of thenext lemmagoesasfollows. We considera �nite cover of F .
Pickany two almost-minimizerswhicharefarapart.They belongto two coveringballswith centers
far apart. Becausethe two almost-minimizersbelongto theseballs, the in�ma of the empirical
risksover thesetwo ballsareclose.This is translatedinto theeventthatthesupremaof theshifted
empiricalprocessover thesetwo ballsareclose.By looking at theGaussianlimit process,we are
ableto exploit thecovariancestructureto show thatthesupremaof theGaussianprocessover balls
with centersfarapartareunlikely to beclose.
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Proof [Lemma14]

Considerthee-coveringf fi ji = 1; : : : ;N (e;F ;k�k)g. SuchacoveringexistsbecauseF is totally
boundedin k�k norm (seepage89, van der Vaart and Wellner, 1996). For any f ; f 0 2 M x

S s.t.
k f � f 0k > C, thereexist k andl suchthat k f � fkk � e � C=4, k f 0� fl k � e � C=4. By triangle
inequalityit follows thatk fk � fl k � C=2.

Moreover

inf
F

Pn � inf
B( fk;e)

Pn � Pn f � inf
F

Pn + x

and

inf
F

Pn � inf
B( fl ;e)

Pn � Pn f 0� inf
F

Pn + x:

Therefore,

�
�
�
� inf
B( fk;e)

Pn � inf
B( fl ;e)

Pn

�
�
�
� � x:

Thelastrelationcanberestatedin termsof theempiricalprocessnn:

�
�
�
�
�

sup
B( fk;e)

f� nn �
p

nPg� sup
B( fl ;e)

f� nn �
p

nPg

�
�
�
�
�
� x

p
n � d:

Pr�
�

diamM x
S > C

�
= Pr�

�
9 f ; f 02 M x

S ;



 f � f 0




 > C

�
�

Pr�
 

9l ;k s.t. k fk � fl k � C=2;

�
�
�
�
�

sup
B( fk;e)

f� nn �
p

nPg� sup
B( fl ;e)

f� nn �
p

nPg

�
�
�
�
�
� d

!

:

By unionbound

Pr�
�

diamM x
S > C

�

�
N (e;F ;k�k)

å
k;l=1

k fk� fl k� C=2

Pr�
 �

�
�
�
�

sup
B( fk;e)

f� nn �
p

nPg� sup
B( fl ;e)

f� nn �
p

nPg

�
�
�
�
�
� d

!

:
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We now want to boundthe termsin thesumabove. Assumingwithout lossof generalitythat
k fkk � k fl k, weobtain

Pr�
 �

�
�
�
�

sup
B( fk;e)

f� nn �
p

nPg� sup
B( fl ;e)

f� nn �
p

nPg

�
�
�
�
�
� d

!

= Pr�
 �

�
�
�
�

sup
B( fk;e)

f� n0
n �

p
nPg� sup

B( fl ;e)
f� n0

n �
p

nPg

�
�
�
�
�
� d

!

= Pr�
 �

�
�
�
�

sup
B( fk;e)

f� n0�
p

nP+ n0� n0
ng� sup

B( fl ;e)
f� n0�

p
nP+ n0� n0

ng

�
�
�
�
�
� d

!

� Pr�
 �

�
�
�
�
j sup
B( fk;e)

f� n0�
p

nPg� sup
B( fl ;e)

f� n0�
p

nPgj � 2sup
F

�
�n0

n � n0
�
�

�
�
�
�
�
� d

!

� Pr�
 

2sup
F

�
�n0

n � n0
�
� � d _

�
�
�
�
�

sup
B( fk;e)

f� n0�
p

nPg� sup
B( fl ;e)

f� n0�
p

nPg

�
�
�
�
�
� 2d

!

� Pr�
 �

�
�
�
�

sup
B( fk;e)

f� n0�
p

nPg� sup
B( fl ;e)

f� n0�
p

nPg

�
�
�
�
�
� 2d

!

+ Pr�
 

sup
F

�
�n0

n � n0
�
� � d=2

!

�
128d
C3 + Pr�

 

sup
F

�
�n0

n � n0
�
� � d=2

!

;

wherethe �rst inequality resultsfrom a union boundargumentwhile the secondoneresults
from Lemma22 noticing that � n0�

p
nP is a Gaussianprocesswith covariancehf ; f 0i andmean

�
p

nP, andsinceby constructione� C3=128.
Finally, theclaimedresultfollows from thetwo lastrelations.

We now prove,Corollary11, theextensionof Theorem10 to L2 diameters.Theproof relieson
theobservationthataP-Donskerclassis alsoGlivenko-Cantelli.
Proof [Corollary11] Notethat




 f � f 0




 2

L2
=




 f � f 0




 2 +

�
P( f � f 0)

� 2 :

The expectederrorsof almost-minimizersover a Glivenko-Cantelli (andthereforeover Donsker)
classareclosebecauseempiricalaveragesuniformly convergeto theexpectations.

Pr�
�

9 f ; f 02 M x(n)
S s.t.




 f � f 0






L2
> C

�

� Pr�
�

9 f ; f 02 M x(n)
S s.t.

�
�Pf � Pf 0

�
� > C=

p
2
�

+ Pr�
�

diamM x(n)
S > C=

p
2
�

:

The�rst termcanbeboundedas

Pr�
�

9 f ; f 02 M x(n)
S s.t.

�
�Pf � Pf 0

�
� > C=

p
2
�

� Pr�
�

9 f ; f 02 F ;
�
�Pn f � Pn f 0

�
� � x(n);

�
�Pf � Pf 0

�
� > C=

p
2
�

� Pr�
 

sup
f ; f ′2F

j(Pn � P)( f � f 0)j > jC=
p

2� x(n)j

!
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whichgoesto 0 becausetheclassf f � f 0j f ; f 02 F g is Glivenko-Cantelli.Thesecondtermgoesto
0 by Theorem10.

Appendix B.

In this appendixwe reporttheproof of Theorem20 statedin Section6. We �rst needto derive a
preliminarylemma.

Lemma 23 Let F be P-Donsker class with envelope function G � 1. AssumeN (g;F ) =
supQN (g;F ;L1(Q)) < ¥ for 0 < g� 1 andQ rangingover all discreteprobability measures.Let

M x(n)
S be de�ned as above with x(n) = o(n� 1=2) and assumethat for somesequenceof positive

numbers l (n) = o(n1=2)

l (n) sup
f ; f ′2M x(n)

S

Pj f � f 0j P∗
� ! 0: (1)

Supposefurther that for some1=2 < r < 1

l (n)2r � 1 � logN (
1
2

n� 1=2l (n)r � 1;F ) ! + ¥ : (2)

Then

Pr�

0

@p
n sup

f ; f ′2M x(n)
S

jP( f � f 0)j �
p

nx(n) + 131l (n)r � 1

1

A ! 0:

Proof De�ne G= f f � f 0: f ; f 02 F gandG0= fj f � f 0j : f ; f 02 F g. By Example2.10.7of vander
VaartandWellner (1996),G = (F ) + (� F ) andG0= jGj � (G^ 0) _ (� G^ 0) areDonsker as
well. Moreover, N (2g;G) � N (g;F )2 andtheenvelopeof G is G � 2. Applying Proposition19to
theclassG, weobtain

Pr�
 

sup
f ; f ′2F

jPn( f � f 0) � P( f � f 0)j
e(Pnj f � f 0j + Pj f � f 0j) + 5g

> 26

!

� 32N (g=2;F )2exp(� neg):

Theinequalitythereforeholdsif thesupis takenoverasmaller(random)subclassM x(n)
S .

Pr�

0

@ sup
f ; f ′2M x(n)

S

jP( f � f 0)j � x(n)
e(Pnj f � f 0j + Pj f � f 0j) + 5g

> 26

1

A � 32N (g=2;F )2exp(� neg):

Sincesupx
A(x)
B(x) � supx

A(x)
supx B(x) = supx A(x)

supx B(x) ,

Pr�

0

@ sup
f ; f ′2M x(n)

S

�
jP( f � f 0)j � x(n)

�
> 26 sup

f ; f ′2M x(n)
S

�
e(Pnj f � f 0j + Pj f � f 0j) + 5g

�
1

A (3)

� 32N (g=2;F )2exp(� neg):
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By assumption,

l (n) sup
f ; f ′2M x(n)

S

Pj f � f 0j P∗
� ! 0:

BecauseG0 is Donskerandl (n) = o(n1=2),

l (n) sup
f ; f ′2M x(n)

S

�
�Pnj f � f 0j � Pj f � f 0j

�
� P∗
� ! 0:

Thus,

l (n) sup
f ; f ′2M x(n)

S

Pnj f � f 0j + Pj f � f 0j P∗
� ! 0:

Letting e= e(n) := n� 1=2l (n)r , this implies that for any d > 0, thereexist Nd suchthat for all
n > Nd,

Pr�

0

@p
n sup

f ; f ′2M x(n)
S

26e(n)
�
Pnj f � f 0j + Pj f � f 0j

�
> l (n)r � 1

1

A < d:

Now, chooseg= g(n) := n� 1=2l (n)r � 1 (notethatsincer < 1, eventually0 < g(n) < 1), thelast
inequalitycanberewritten in thefollowing form

Pr�

0

@p
n sup

f ; f ′2M x(n)
S

26
�
e(n)

�
Pnj f � f 0j + Pj f � f 0j

�
+ 5g(n)

�
> 131l (n)r � 1

1

A < d:

Combiningtherelationabovewith Equation3,

Pr�

0

@p
n sup

f ; f ′2M x(n)
S

jP( f � f 0)j �
p

nx(n) + 131l (n)r � 1

1

A

� 1� 32N
�

1
2

n� 1=2l (n)r � 1;F
� 2

exp(� l (n)2r � 1) � d:

Theresultfollowsby theassumptionon theentropy andby arbitrarinessof d.

Wearenow readyto proveTheorem20.
Proof [Theorem20] By Corollary18,

ngdiamM x(n)
S

P∗
� ! 0

for any g< min
�

1
3(2V+1) min(a;h);1=2

�
. Let l (n) = ng andnotethat l (n) = o(

p
n), which is a

conditionin Lemma23. First,weshow thatapowerdecayof thek�k diameterimpliesthesamerate
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of decayof theL1 diameter, henceverifying condition(1) in Lemma23. Proofof this fact is very
similar to theproofof Corollary11,exceptthatC is replacedby Cl (n) � 1.

Pr�
�

9 f ; f 02 M x(n)
S s.t.




 f � f 0






L2
> Cl (n) � 1

�

� Pr�
�

9 f ; f 02 M x(n)
S s.t.

�
�Pf � Pf 0

�
� > Cl (n) � 1=

p
2
�

+ Pr�
�

diamM x(n)
S > Cl (n) � 1=

p
2
�

:

Thesecondtermgoesto zerosincel (n)diamM x(n)
S

P∗
� ! 0. Moreover, sincel (n) = o(

p
n) andG is

Donsker, the�rst termcanbeboundedas

Pr�
�

9 f ; f 02 M x(n)
S s.t.

�
�Pf � Pf 0

�
� > Cl (n) � 1=

p
2
�

� Pr�
�

9 f ; f 02 F ;
�
�Pn f � Pn f 0

�
� � x(n);

�
�Pf � Pf 0

�
� > Cl (n) � 1=

p
2
�

� Pr�
 

sup
f ; f ′2F

jP( f � f 0) � Pn( f � f 0)j >

�
�
�
�

C
p

2
l (n) � 1 � x(n)

�
�
�
�

!

= Pr�
 

l (n) sup
g2G

jPg� Pngj >

�
�
�
�

C
p

2
� x(n)l (n)

�
�
�
�

!

! 0;

proving condition(1) in Lemma23.
Wenow verify condition(2) in Lemma23. SinceF is aVC-subgraphclassof dimensionV, its

entropy numberslogN (e;F ) behave likeV log A
e (A is aconstant),thatis

logN
�

1
2

n� 1=2l (n)r � 1;F
�

� const +
1
2

V logn+ (1� r )V logl (n):

Condition(2) of Lemma23will thereforeholdwhenever l (n) growsfasterthan(logn)
1

2r −1 , for any
1 > r > 1

2. In our problem,l (n) grows polynomially, so condition(2) is satis�ed for any �x ed
1 > r > 1=2.

Hence,by Lemma23

Pr�

0

@p
n sup

f ; f ′2M x(n)
S

jP( f � f 0)j �
p

nx(n) + 131ng(r � 1)

1

A ! 0:

Chooseany 0 < k < g=2 andmultiply bothsidesof theinequalityby nk. Weobtain

Pr�

0

@nkp
n sup

f ; f ′2M x(n)
S

jP( f � f 0)j �
p

nx(n)nk + 131ng(r � 1)+k

1

A ! 0:

Now �x a r suchthat1=2 < r < 1� k=g. Because0 < k < g=2, thereis alwayssucha choiceof
r . Furthermore,1 > r > 1=2 so that the above convergenceholds. Our choiceof r implies that
g(r � 1) + k < 0 andsong(r � 1)+k ! 0. Sincek < g=2 < h,

p
nx(n)nk ! 0. Hence,

n1=2+k sup
f ; f ′2M x(n)

S

jP( f � f 0)j P∗
� ! 0
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for any k < min
�

1
6(2V+1) min(a;h);1=2

�
.
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