Journalof MachineLearningResearclr (2006)2565-2583 Submittedd/05; Revised9/06; Publishedl2/06

Stability Propertiesof Empirical Risk Minimization over Donsker
Classes

AndreaCaponnetto CAPONNET@UCHICAGO.EDU
Alexander Rakhlin RAKHLIN@ALUM.MIT.EDU
Centerfor Biological and Computational.earning

Massatusettdnstituteof Technolagy

Cambridge, MA, 02139,USA

Editor: Leslie PackKaelbling

Abstract

We studysomestability propertiesof algorithmswhich minimize (or almost-minimize)empirical
errorover Donsler classe®of functions.We shaw that,asthe numbem of samplegyrows, the L »-

diameterof thesetof almost-minimizer®f empiricalerrorwith tolerancex(n) = o(n %) converges
to zeroin probability Hence,even in the caseof multiple minimizersof expectederror, asn
increasest becomedessand lesslikely that addinga sample(or a numberof samples)}o the
training setwill resultin a large jump to a new hypothesis. Moreover, undersomeassumptions
on the entroyy of the class,alongwith an assumptiorof Komlos-MajorTusnadytype, we derive
a power rate of decayfor the diameterof almost-minimizers.This rate, throughan application
of a uniform ratio limit inequality is shavn to governthe closenes®f the expectederrorsof the
almost-minimizersin fact,undertheabose assumptiongheexpectederrorsof almost-minimizers
becomecloserwith aratestrictly fasterthann 172,
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1. Introduction

The empiricalrisk minimization (ERM) algorithm hasbeenstudiedin learningtheoryto a great
extent. Vapnikand Chenonenkis(1971,1991)shaved necessarandsufcient conditionsfor its
consisteng. In recentdevelopmentsBartlettandMendelsor(2006);Bartlettetal. (2004);Koltchin-
skii (2006)proved sharpboundson the performancef ERM. Toolsfrom empiricalprocesgheory
have beensuccessfullyapplied,and,in particular it hasbeenshavn thatthe localizedRademalker
averagesplay animportantrole in studyingthe behaior of the ERM algorithm.

In this paperwe arenotdirectly concernedvith ratesof performancef ERM. Ratheywe prove
somepropertiesof ERM algorithms,which, to our knowledge,do not appeaiin theliterature. The
analysisof this paperhasbeenmotivatedby the study of algorithmic stability: the behaior of a
learningalgorithmwith respecto perturbationf the training set. Algorithmic stability hasbeen
studiedin the recentyearsasan alternatve to the classical(compleity-oriented)approactto de-
riving generalizatiorbounds(Bousquetand Elisseef, 2002; Kutin and Niyogi, 2002; Mukherjee
etal.,2006;Poggioetal., 2004;Rakhlinetal., 2005). Motivationfor studyingalgorithmicstability
comesjn part,from thework of Devroye andWagner(1979). Their resultsindicatethatfor ary al-
gorithm,the performancef theleave-one-ouestimatotof expectederroris boundedy L ;-stability
of the algorithm,thatis, by the averagel; distancebetweerhypothese®n similar samples.This
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resultcanbeusedto derive boundsonthe performancef theleave-one-ouestimateor algorithms
suchask-NearestNeighbors.It is importantto notethat no classof nite complity is searched
by algorithmslike k-NN, andsothe classicalpproactof usingcompleity of the hypothesispace
fails.

Furtherimportantresultswere proved by BousquetandElisseef (2002),wherea large family
of algorithms(Tikhonor regularization basedmethods)has beenshovn to possessa strongLy
stability with respecto change®f singlesamplesf thetraining set,andexponentialboundshave
beenprovedfor the generalizatiorerrorin termsof empiricalerror. Tikhonov regularizationbased
algorithmsminimize the empiricalerror plus a stabilizer andare closelyrelatedto ERM. Though
ERM is not, in general,Ly-stable,it is L;-stableover certainclasseof functions,asone of the
resultsof this papershaws. To the bestof our knowledge,the outcomeof the presenpaperdo not
follow directly from resultsavailablein the machinelearningliterature. In factwe hadto turn to
empiricalprocesgheoryfor the mathematicalools necessaryor studyingstability of ERM.

Variousassumptionsnthefunctionclass,overwhichERM is performedhave beenconsidered
recentlyto obtainfastrateson the performanceof ERM. Theimportanceof having a uniquebest
functionin theclasshasbeenshavn by Leeetal. (1998):thedif cult learningproblemsseemo be
the oneswheretwo minimizersof the expectederror exist andarefar apart. Althoughthe present
paperdoesnotaddresshe questionof performanceates it doesshedsomelight onthebehaior of
ERM whentwo (or more)minimizersof expectederrorexist. Ourresultsimply that,underacertain
weakconditionon the class,asthe expectedperformancef empiricalminimizersapproacheshe
bestin the classwith the additionof new samplesa jump to a differentpart of the function class
becomedessandlesslikely.

SinceERM minimizesempiricalerrorinsteadof expectederror, it is reasonabléo requirethat
thetwo quantitieshecomecloseuniformly overtheclassasthenumberof examplesgrows. Hence,
ERM is a soundstratgy only if thefunction classis uniform Glivenko-Cantelli,thatis, it satis es
the uniform law of large numbers.In this paperwe focusour attentionon a morerestrictedfamily
of functionclassesDonsler classegseefor example,Dudley, 1999). Theseareclassesatisfying
not only the law of large numbersput alsoa versionof the centrallimit theorem.Thougha more
restrictedfamily of classesPonsler classesrestill quite general.ln particular uniform Donsler
anduniform Glivenko-Cantellipropertiesareequivalentin the caseof binary-\aluedfunctions(and
alsoequivalentto nitenessof VC dimension).Thecentrallimit theoremfor Donsler classestates
a form of corvergenceof the empirical procesgo a Gaussiarprocesswith a speci ¢ covariance
structure(seefor example,Dudley, 1999;vanderVaartandWellner,1996). This structureis used
in the proof of the mainresultof the paperto controlthe correlationof theempiricalerrorsof ERM
minimizerson similar samples.

The paperis organizedasfollows. In Section2 we introducethe notationand background
results.Section3 presentshe mainresultof the paperwhichis provedin the appendixusingtools
from empiricalprocesgheory In Sectiond, we shav L1-stability of ERM over Donsler classesas
anapplicationof the mainresultof Section3. In Section5 we shov animprovement(in termsof
therates)of the mainresultundera suitableKomlos-MajorTusnadyconditionandanassumption
onentropy grownth. Section6 combinegheresultsof Sectiongt and5 andusesauniformratio limit
theoremto obtainfastratesof decayon the deviationsof expectederrorsof almost-ERMsolutions,
thusestablishingstrong expectederror stability of ERM (seeMukherjeeetal., 2006). Section? is
a nal summaryof theresultsof the paper Most of the proofsarepostponedo the Appendix.
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2. Notation and Background Results

independentopiesof Z with distribution P. Let F be a classof functionsfrom Z to R. In the
settingof learningtheory samplesZ areinput-outputpairs (X;Y) andfor f 2 F, f(Z) measures
how well therelationshipbetweenX andY is capturedby f. Thegoalis to minimizePf = Ef(2)

De ne theempiricalmeasurasP, = %é{‘zldzi.

De nition 1 Givena sampleS,

n
fs:= agminP,f = argmin}é f(Z)
f2F f2F NiZp

is a minimizerof the empiricalrisk (empiricalerror), if the minimumexists.

Sinceanexactminimizerof theempiricalrisk mightnotexist, aswell asfor algorithmicreasons,
we considerthe setof almost-minimizer®f empiricalrisk.

De nition 2 Givenx 0andS, de nethesetof almostempiricalminimizes
MS=ff2F :Pf infR
s n JQF nd X9

andde neits diameteras
diamMg = sup kf gk:
f,02MZ

Thek k in theabore de nition is theseminormon F inducedby symmetrichilinearproduct
f;f9 =P (f Pf) {0 PfO ;

hencekfk is the standardleviation of f relatve to P.

Thisis anaturalmeasuref distancebetweerfunctions,aswill becomeapparentater, because
of thecentralrole of thecovariancestructureof Brownianbridgesin ourproofs. Theresultsobtained
for theseminornmk k will beeasilyextendedo theL,(P) norm,thanksto thecloserelationof these
two notionsof distance.

De nition 3 Theempiricalproces:, indexedby F is de nedasthemap

F70 ()= PR P)f = p%

n
A (f(z) Pf):
i=1
De nition 4 AclassF is calledP-Donsler if
Ny N

in “¥(F), whee thelimit n is a tight Borel measuable elemenin “¥(F) and” " denotesveak
corvemgence asde nedonp. 17 of vander Vaart andWellner (1996).
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In fact,it followsthatthelimit process mustbeazero-mearGaussiamprocessvith covariance
functionEn(f)n(f9 = hf; f9 (i.e.,aBrownianbridge).

VariousDonsler theoremsrovide sufcient conditionsfor a classbeingP-Donsler. Herewe
mentiona few known results(seevanderVaartandWellner 1996,Equation2.1.7andvande Geer
2000, Theorem6.3) in termsof entrofy andentrogy with bracleting, which we de ne below (see
vanderVaartandWellner,1996).

De nition 5 ThecoveringnumberN (g F ;k k) is theminimalnumberof ballsfg: kg fk< eg
of radiuse neededo coverthesetF . Thecentes of theballs neednotbelongto F , but they should
have nite norms.Theentropyis thelogarithmof the coveringnumber

De nition 6 Giventwofunctionsl andu, thebradket[l;u] is thesetof all functionsf withl  f

u. Ane-bradketis a bracket [I;u] with ku Ik < e. ThebradcetingnumberN(e;F ;k k) is the
minimumnumberof e-bracketsneededo cover F . Theupperandlower boundsu and| neednot
belongto F but are assumedo have nite norms. Theentropy with bradketingis the logarithm of
thebradketingnumber

De nition 7 Anervelopefunctionof a classF is anyfunctionx 7! F(x) sudthatjf(x)j F(X)
for everyxandf 2 F.

Proposition 8 If theenvelopeF of F is squae integrableand
Zy q
sup logN (ekFkq,;F;L2(Q))de< ¥;
0 Q '

thenF is P-Donsler for every P, thatis, F is a univesal Donsler class. Here the supemumis

t%ken over all nitely discrete probability measues, and the Lo(Q)-normis de ned as kfkg:» =
eo 122
ifiz

g Ry @
Proposition9 If

logNj(e;F ;Lo(P))de< ¥, thenF is P-Donsler.

Fromthelearningtheoryperspectie, however, themostinterestingheoremsareprobablythose
relatingthe Donsler propertyto the VC-dimension. For example,if F is a f 0; 1g-valuedclass,
thenF is universal Donsler if andonly if its VC dimensionis nite (Theorem10.1.4of Dudley
(1999)providesamoregeneraresultinvolving Pollard's entrofy condition). As acorollaryof their
Proposition3.1, Giné andZinn (1991)shaw thatunderthe Pollard's entrofy condition,the f 0; 1g-
valuedclassF is in factuniformDonsler. Finally, RudelsorandVerstynin extendedtheseresults
to thereal-\aluedcase:a classF is uniform Donsler if the squareroot of its scale-sensiie VC
dimensionis integrable.

3. Main Result
We now statethe mainresultof this paper

Theorem 10 LetF bea P-Donsler class.For anysequencea(n) = o(n ),

diamMZ™ T o:
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TheouterprobabilityP aboveis dueto measurabilityssuesDe nitions andresultson various
typesof corvergence,aswell aswaysto dealwith measurabilityissuesarisingin the proofs, are
basedn therigorousbookof vanderVaartandWellner(1996).

The following corollary, whoseproof is givenin AppendixA, extendsthe above resultto L,
(andthusL;) diameters.

Corollary 11 Theresultof Theoem 10 holdsif the diameteris de ned with respecto the L»(P)
norm.

It is easyto verify thatthe dependenc&(n) = o(n 17) of thetolerance assumedn Theorem
10,is notimprovable.In factasimpleexamplecanshow thatif x(n) n 17 thesetof x(n)-almost
minimizersmay not shrinkin probability.

Example 1 ConsiderZ = f x3;X>g with x; 6 Xz, and P = 5(dy, + dy,). Moreover let F betheset
of functionsf fq; fog, with
0 if x=Xx;

9= 1 otherwise

wheneerP,f; P,f2= %jq Eq  x(n), where g is thebinomialrandomvariable
q= #ijZ = xo:

Nowsincethevarianceof g is 7, it is clear that

n (0]
8C>0 Prjg Eq Cnz =WL);

which showsthat, if x(n)  n %72, with probability boundedawayfromzeno, diamMZ™ = 1.

Theabove exampleis very basic,yetprovidesimportantintuition. A classcancontaintwo quite
differentfunctionswith the smallestexpectationbut it is unlikely thatthey both almost-minimize
the empiricalerrorto within o(n 72). In fact,the above examplesuggestshatthe uctuations of
the differencein empirical performanceof two functionsis of the ordern 7. The extensionof
this resultto moregenerafunctionclassesith possiblyin nite numberof expectedminimais the
maingoalof Theoreml0.

Beforediving into theproofof TheoremlO, let usstatea few notionsof stochasticorvergence.

De nition 12 (De nition 1.9.1in van der Vaart and Wellner (1996)) Let (Z;A;P) be a proba-
bility space LetZ,;Z: Z 7! D bearbitrary mapsand(D;d) bea metricspace

Z, converges in outer probability to Z if d(Z,;Z) ! 0 in probability; this meansthat
P(d(Zy;Z2) > e) =P (d(Z;Z2) > e)! 0, for everye> 0, andis denotecby Z, ()

Z, corvemesalmostuniformlyto Z if, for everye > 0, there existsa measuable setA with
P(A) 1 eandd(Z,;Z)! OuniformlyonA; thisis denotedz, 1 Z.

The proof of Theorem10 relieson the almostsure representatiortheoem (van der Vaartand
Wellner,1996,Theoreml.10.4).Herewe statethe theoremappliedto n, andn.
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Proposition 13 Supposé is P-Donsler. Letn,: Z" 7! “¥(F) bethe empirical process. Thee
exist a probability space(Z% A% P9 andmapsn®nQ : 207! “*(F) sud that

1. n0fno
2. E f(n9) = E f(ny,) for everyboundedf : “¥(F) 7! R for all n.

Lemmal4 is the main preliminaryresultusedin the proof of Theoreml10 (andTheoreml7 in
Sectionb). We postponaéts proofto AppendixA.

Lemmal4 Letn,:Z" 7! “¥(F) be the empirical process. Fix n and assumehat there exist a
probability space(Z% A% P9 anda mapn@ : Z°7! “¥(F) sud thatE f(nd) = E f(n,) for every
boundedf : “¥(F) 7! R. Letn®be g P-Brownianbridge de nedon (Z¢A%PY. FixC> 0, e=
min(C3=128 C=4) andsupposal x nfor agivenx > 0. Then,if F is P-Donsler, thefollowing
inequalityholds

11

Pr diamMZ>C  N(gF;kk)? 1(2:—?1+Pr supnd n® d=
F

We arenow readyto prove the mainresultof this section.
Proof [Theorem10] Lemmal.9.3in vanderVaartandWellner(1996)shavs thatwhenthelimiting
processs Borel measurablealmostuniform corvergenceimplies corvergencein outerprobability:
Thereforethe rst implicationof Propositionl3 stateghatfor any d> 0
[

Pr supn® ny>d ! O
F

By Lemmal4,
Il

Pr diamMI”>C  N(eF;kk)? 1(2:—?1+ Pr supnd n° d=2
F

forany C> 0,e= min(C3=128 C=4), andary d x(n)pﬁ. Sincex(n) = o(n ), d canbechosen
arbitrarily small,andsoPr diarri\/lsx(”) >C ! 0 |

4, Stability of almost-ERM

Themainresultof this section Corollary15, shovs Lo-stability of almost-ERMon Donsler classes.
It impliesthat,in pr%bability the L, (andthusL;) distancebetweeralmost-minimizeron similar
trainingsets(with o(" n) changesypoesto zerowhenn tendsto in nity .

This resultprovidesa partial answerto the questiongraisedin the machinelearningliterature
by Kutin andNiyogi (2002); Mukherjeeetal. (2006):is it truethatwhenonepointis addedto the
training set,the ERM algorithmis lessandlesslikely to jumpto afar (in theL; sensehypothesis?
In fact,sincebinary-valuedfunctionclassesreuniform Donslerif andonly if theVVC dimensions

nite, Corollary 15 provesthatalmost-ERMover binaryVC classepossessels; -stability. For the
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real-valuedclassesuniform Glivenko-Cantellipropertyis wealer thanuniform Donsler property
andthereforet remainsunclearif almost-ERMover uGC but notuniform Donsler classess stable
in thelL; sense.

Use of Li-stability goesbackto Devroye and Wagner(1979), who shaved that this stability
is sufcient to boundthe differencebetweenthe leave-one-outerror and the expectederror of a
learningalgorithm. In particular Devroye and Wagnershav that nearest-neighbawules possess
L;-stability (seealso Devroye et al., 1996). Our Corollary 15 implies L1-stability of ERM (or
almost-ERM)algorithmson Donsler classes.

In thefollowing [n] denoteghesetf 1;2;:::;ng andA4 B is the symmetricdifferenceof setsA
andB.

Corollary 15 Assume- is P-Donsler and uniformly boundedwith ervelopeF 1. For| N,
de ne S(I) = (Z)i21. Letly, N sud thatM, = jl,4 [n]j = o(n¥™?). Supposef, 2 MSX([n] and

02 |\/|X ) for somex(n) = o(n 122y andxqn) = o(n 2 . Then

f, 01 o

Thenormk k canbereplacedoy L,(P) or L1(P) norm.

Proof It is enoughto shav that f02 Mg X for somex®?n) = o(n 1¥2) andresultfollows from
TheoremlO.

1 .0 Ma, 1o o
-a () —+-a (%)
Mg Yoo ni2|n l '
M
—+ = xqn)+ |nf —a 9(Z)
n 02F Jlnj iz,
|
J i Xo(n)"' - a fn(Zi)
IZM

Moy ”‘ Xy + * ~ 3 f(2)
n N2

oMy ””’x"(n>+ X+ Inf = & o(2):

Nizfn

De ne

x%n) := 2%+ Mxo(n) + x(n):

BecauseM, = o(n2), it follows thatx%n) = o(n 2). Corollary11impliesconvergencein Ly(P),
and,thereforejn L1(P) norm. [ |

5. Rates of Decay of diamMZ(™

The statemenbf Lemmal4 revealsthatthe rate of the decayof the dlameterdlarri\/l ) is related
to therateat which Pr sug=jn n,j d ! Ofora xedd. A numberof papersstudledthls
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rateof corvergence andherewe referto the notion of Komlos-MajorTusnadyclass(KMT class),
asde ned by Koltchinskii (1994). Let nd : Z" 7! “¥(F) be the empirical processde ned on the
probability spaceg(Z% A% P9,

De nition 16 F is called a Komlos-MajorTusnadyclasswith respectto P and with the rate of
corvemgencet , (F 2 KMT(P;t,)) if F is P-pregaussiarandfor eain 1 thereis a versionn(™
of a P-Brownianbridge de nedon (Z% A% P9 sud thatfor all t > 0,

!

Pr supn™ n% to(t+Klogn) Le ®
F

wheeK > 0,L > 0andqg> 0 are constantsdependingnlyonF .

Sufcient conditionsfor a classto be KMT(P;n 2) have beeninvesticgatedin the literature;
someresultsof thistypecanbefoundin Koltchinskii(1994);Rio (1993)andDudley (2002),Section
9.5(B).

Thefollowing theoremshaws thatfor KMT classedul lling a suitableentrogy condition,it is
possibleto give explicit ratesof decayfor the diameterof ERM almost-minimizers.

Theorem17 AssumeF is P-Donsler and F 2 KMT%P;n a) for somea > 0. Assume
N(gF;kk £ ¥ for someconstants\;V > 0. Letx(n)' n= o(n "), h> 0. Then

ndiamM 2™ T 0

for anyg< mmin(a;h).
Proof Theresultof Lemmal4is statedfor a x edn. We now chooseC, x, andd dependingonn

asfollows. Let C(n) = Bn 9, whereg< Wlﬂ)min(a;h) andB > 0 is anarbitraryconstant.Let

x = x(n). Letd(n) = n ®, whereb = 3(min(a;h) + 3(2V + 1)g). Whenb is de ned this way, we
have

min(a;g > b> 3(2v + 1)g

becauseg < 3(2V71+1) min(a;h) by assumption.In particular b < h and,hence,eventuallyd(n) >

x(n) (n)=o(n M.
SinceC(n) decaysgo zeroande(n) = min(C(n)3=128 C(n)=4), eventuallye(n) = C(n)3=128=
n 3983=128.
SinceF 2 KMT(P;n 2),
|

Pr supn®™ ny n &t+Klogn) Le®
F

forany t > 0, choosing = n?d(n)=2 Klogn we obtain
!

Pr supn®™ nyj d(n=2 Le 9" =2 Kiogn).
F
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Lemmal4thenimplies

12&d

; x(n) - 2
Pr diamMg"’ > C(n) N (g F ;k k) cn)?

+Pr supn n® d=
F

A N
@nag 1—238n P39+ @n&y Le A =2 Klogn)
B B B
A N
128A 128n39(2\/+1) b 12% nKQ+69\/e %nafb:

B3 B3 *L B3

Sincea > b > 3g(2V + 1), bothtermsabore goto zero,thatis,
Pr n%dianMJ™ > B 1| Oforary B> O:

The entrogy conditionin Theoreml7 is clearly veri ed by VC-subgrapttlassesof dimension
V. In fact, sinceL, hormdominatesk k seminormupperboundson L, coveringnumbersof VC-
subgrapltlassesnduceanalogouwoundonk k coveringnumbersCorollary18is aanapplication
of Theorem17 to this importantfamily of classes.It follows in a straight-forvard way from the
remarkabove.

Corollary 18 Assumd:= is a VC-subgaph classwith VC-dimensiorV, andfor somea > O F 2
KMT(P,n 2). Letx(n)" n= o(n M, h> 0. Then

ndiamMX™ T 0

for anyg< 3(2V71+1> min(a;h).

6. Expected Error Stability of almost-ERM

In theprevioussectionwe provedboundsontherateof decayof thediameterof almost-minimizers.
In this sectionwe shav thatgivensucha bound,aswell assomeadditionalconditionson theclass,
thedifferencedetweerexpectecderrors of almost-minimizerslecayfasterthann 72, Thisimplies
aform of strongexpectederror stability for ERM.

Theproof of Theorem20 relieson the following ratio inequalityof Pollard(1995).

Proposition 19 Let G be a uniformly boundedfunction classwith the ervelopefunctionG 2.
AssumeN (g G) = supgN (2gG;L1(Q)) < ¥ forO< g 1andQ rangingoverall discreteprob-
ability measues. Then

!

IPnf_PTj >26 32N (gG)exp( neg:

Pr su —— —
T2 e(PrjTj+ Pfj)+ 5g

The next theoremgives explicit ratesfor expectederror stability of ERM over VC-subgraph
classesul lling aKMT typecondition.
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Theorem 20 If F isaVC-subgaphclasswith VC-dimensioV, F 2 KMT(P;n 2) andp x(n) =
o(n "), thenfor anyk < min mmin(a;h);lzz

=2tk gup jp(f 9 T o
f;12M2"

n

7. Conclusions

We presentedsomenew resultsestablishingstability propertiesof ERM over certain classesof
functions. This studywasmotivatedby the question raisedby somerecentpaperspf L1-stability
of ERM underperturbationsf a single sample(Mukherjeeet al., 2006; Kutin andNiyogi, 2002;
Rakhlin et al., 2005). We gave a partially positive answerto this question,proving that, in fact,
ERM over Donsler classedul lls L»-stability (andhencealsoL -stability) underperturbationsof
o(n%) amongthe n sampleof thetraining set. This propertyfollows directly from the mainresult
of the paperwhich shavs decay(in probability) of the diameterof the setof solutionsof almost-
ERM with tolerancefunctionx(n) = o(n 2). We stressthat for classi cation problems(i.e., for
binary-\aluedfunctions)no generalityis lostin assuminghe Donsler property sincefor ERM to
bea soundalgorithm,the equivalentGlivenko-Cantellipropertyhasto be assumearyway. Onthe
otherhand,in the real-\aluedcasemary compleity-basedcharacterizationsf Donsler property
areavailablein theliterature.

In the perspectie of possiblealgorithmicapplicationswe analyzedsomeadditionalassump-
tionsimplying uniform rateson the decayof the L; diameterof almost-minimizers.lt turnedout
thatanexplicit rateof this type canbegivenfor VC-subgrapltlassesatisfyinga suitableKomlos-
Major-Tusnadytype condition. For this condition,mary independentharacterizationareknown.

Finally, usinga suitableratio inequalitywe shoved how L1-stability resultscaninducestrong
formsof expectederrorstability, providing a furtherinsightinto the behaior of the Empirical Risk
Minimization algorithm.

Resultsof this papercan be usedto analyzestability of a classof clusteringalgorithmsby
castingthemin the empiricalrisk minimizationframewnork (seeRakhlinandCaponnetto2006).

Algorithmic implicationsof our resultswould requirefurtherinvestigation. For example,in the
contect of on-linelearningwhenapointis addedo thetrainingset,with high probabilityonewould
only haveto searctor empiricalminimizersin asmallL;-ball aroundthe currenthypothesiswhich
might be a tractableproblem. Moreover, L1-stability might have consequence®r computational
compl«ity of ERM. While it hasbeenshavn thatERM is NP-hardevenfor simplefunctionclasses
(seefor example,Ben-David et al., 2003), our resultscould allow more optimistic average-case
analysis.
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Appendix A.

In thisappendixwve derive someresultspresentedn Section3. In particular Lemmal4, whichwas
usedin the proof of Theoreml0, andCorollary11. Let usstartwith sometechnicalLemmas.

Lemma?2l Let fo;f1 2 F, kfy fik C=2, kfik kfok. Leth: F ! R bede nedash(f9 =

hf/;foi C3
e Thenfor anye 155

CZ
inf h suph —:
B(fo;e) B(f.e) 16

Proof
D .= inf h suph
B(foie)  B(fye)
= h(fo) h(f)+inffh(f® fo)+ h(f, £%jf%2 B(fo;e); 1°%2 B(f1;€)g

2e 8e.

h(fo) h(fy) h(fo) h(fy)

k fok c’
sincekfgk C=4.
Finally
CZ
2hfy  fq; foi = kfy  f1k? kfk?+ kfok? kfy fi1k? =
then
c? o
h(f)) h(f) —— =
(fo) h(f) BkigC B
which provesthat
2 2
p & & &
8 C 16
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Thefollowing Lemmais anadaptatiorof Lemmaz2.3 of Kim andPollard(1990).

Lemma 22 Let fp; f1;h bede nedasin Lemma21l. Suppose 1%. Letny bea Gaussiarprocess
onF with meanp andcovariancecov(ny( f); ny(f9) = hf; f9.

Thenforalld> 0
|

: . 64d
Pr jsupng, supnyg d -3
B(foe) B(f1e) C

Proof De ne theGaussiaproces¥( ) = nu() h()nu(fo). Sincecov(Y(9;nu(fo)) = hfS foi
h(f9 kfok? = 0, n,(fo) andY( ) areindependent.
We now reasorconditionallywith respecto Y( ). De ne

G(2 = supfY()+ h()zg withi= 0O; 1
B(fi;e)

Noticethat
!

Projsupny, supny dY =Pr(jG(n(fo)) Gunu(fo))j d):
B(foe) B(f1e)

Moreover & andG; areconvex and

inf] @ supl.G inf h suph —;
P B(foe) B(fl;E)e) 16

by Lemma2l. ThenG = G in asinglepointzy and

Pr (iG(nu(fo)) Gu(nu(fo))i d) Pr (nu(fo) 2 [0 D;z+ DJ);

with D= 16d=C2.
Furthermore,
32d
Pr (ny(fo) 2 D;zp+ D '« R
(nu(fo) 2 [20 2+ D)) c2b 2pvar(ng( fo))
andvar(n,( fo)) = kfok?  C?=16, which completeghe proof. [

Thereasoningn the proof of the next lemmagoesasfollows. We considera nite coverof F .
Pick ary two almost-minimizersvhich arefarapart. They belongto two coveringballswith centers
far apart. Becausehe two almost-minimizersoelongto theseballs, the in ma of the empirical
risks over thesetwo ballsareclose. This is translatednto the eventthatthe supremaof the shifted
empiricalprocessover thesetwo balls areclose. By looking at the Gaussiarimit processwe are
ableto exploit the covariancestructureto shav thatthe supremaof the Gaussiamprocessver balls
with centerdar apartareunlikely to beclose.
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Proof [Lemmal4]

boundedin k k norm (seepage89, van der Vaartand Wellner, 1996). For ary f; %2 Mé s.t.
kf f%> C, thereexistk andl suchthatkf fk e C=4,kf% fik e C=4. By triangle
inequalityit followsthatkfy fik C=2.

Moreover
iEfP” B}rgkf;e)Pn P, f ilr:1an+x
and
inf Py Bi(r?l]:e)Pn P fO infPy+ X
Therefore,

inf P, inf P, Xx:
B(fx;e) B(fi;e)

Thelastrelationcanberestatedn termsof theempiricalprocess,:

supf nj pﬁPg supf ny pﬁPg xpﬁ d:
B(fie) B(fi;e)

Pr diamMZ>C =Pr 9f;f%2MZ; f °>cC

Pr 9l;k st kfy fik C=2; supf nj pﬁPg supf np pﬁPg d

B(fx;e) B(fi;e)
By unionbound
Pr diamMJ > C
N (e:f Kk k) p_ p_ !
a Pr supf np nPg supf ny nPg d
k=1 B(fx;e) B(fie)
kf, fik C=2
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We now wantto boundthe termsin the sumabove. Assumingwithout lossof generalitythat

kfkk  kfk, weobtain
!

Pr supf np pﬁPg supf ny IOﬁPg d

B(fk;e) B(f| ;e) I
_ o P- o P
= Pr supf ny nPg supf n, nPg d
B(fc:e) B(f;e)

=Pr supf n° PP+ no g supf n° PP+ o ng d
B(fe) B(fi;e)

Pr j supf n° pﬁPg supf n® pﬁng 2supn® n® d
B(fk:e) B(fi:e) F

Pr 2supn? n® d_  supf n® pﬁPg supf n° pﬁPg 2d
F B(fke) B(fie)

Pr  supf n° pﬁPg supf n° pﬁPg 2d +Pr supn® n® d=
B(fke) B(fig) F

12&
ot P slgpnﬂ n  d=2 ;

wherethe rst inequality resultsfrom a union boundamgumentwhile the secondone results
fr%m Lemma22 noticingthat n® " nPis a Gaussiarprocesswith covariancehf; f4 andmean

nP, andsinceby constructiore  C3=128.

Finally, the claimedresultfollows from thetwo lastrelations. |

We now prove, Corollary 11, the extensionof Theoreml0to L, diametersThe proofrelieson
theobsenationthata P-Donsler classis alsoGlivenko-Cantelli.
Proof [Corollary 11] Notethat
2 _

P00 = f 0% Pt 19 %

The expectederrorsof almost-minimizersover a Glivenko-Cantelli (and thereforeover Donsler)
classareclosebecausempiricalaveragesiniformly corvergeto the expectations.

2

Pr of; 22 MW st £ fO ,>C
Pr of;f%2 M"Y st Pf PfO> c="2 +pr diarri\/lsx(n)>C=p§ :
The rst termcanbeboundedas
Pr 9f; %2 MX" st Pf PfO>c= 2

Pr of;f92 F; P,f P,f% x(n); Pf PfO> c=p§
|

Pr  supj(P, P)(f f‘)j>jc:p§ x(n)j
f:f’2F
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which goesto 0 becausgheclassf f  f§f; f°2 F gis Glivenko-Cantelli. The secondermgoesto
0 by Theorem10. |

Appendix B.

In this appendixwe reportthe proof of Theorem20 statedin Section6. We rst needto derive a
preliminarylemma.

Lemma23 Let F be P-Donsler class with envelope function G 1. AssumeN (gF) =
sulmN (g F;L1(Q)) < ¥ for0< g 1andQ rangingover all discrete probability measues. Let

MSX(n> be de ned as above with x(n) = o(n ™) and assumethat for somesequencef positive
numbes| (n) = o(n'™)

p*

I(n) sup Pf 471 o (1)
f;2MZ"
Supposdurther thatfor somel=2<r < 1
[ (n% ! IogN(%n 2" LF) +¥: 2)
Then 0 1

pr@n sup jP(f 19 Pixm+ 131 () A1 o
f;£2M2™

Proof Dene G=ff f0 f;f%2 FgandG°=1jf f9:f;f% Fg. By Example2.10.70f vander
VaartandWellner (1996),G= (F)+ ( F) andG®= jGj (G~ 0)_( G~ 0) areDonsler as
well. Moreover, N (2 G) N (g F)? andtheervelopeof GisG 2. Applying Propositionl9to
theclassG, we obtain
!
Pa(f £9 P(f 9 2
Pr su . . > 26 32N (g=2;F )“exp( neg:
SR Pt 19+ Fjf 19)+ 59 (G2 F)"ee( neg

Theinequalitythereforeholdsif the supis takenover a smaller(random)subclasdVi Sx(n).
0 1

iP(f 95 x(n)
Pr@ su _ _ > 268 32N (g=2,F )%exp( neg:
f;f/ZMz((n) e(Pan fq + ij fq) + 59 (g: ) p( Q

, A AX)  _ SUBA
Slncesug(% sup, SUR(Q(X) = 23&8&3,

0 1

Pr@ sup jP(f f9 x(n >26 sup ePRjf f9+Pjf f+59A (3
f;f2M" f;f2M"

32N (g=2;F )%exp( neo:
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By assumption,

I(n) sup Pjf 47T

f;f2M

(0%

Becausd3°is Donslerandl (n) = o(n¥?),

I(n) sup Pijf 9 Pjf 9 T

f;2M"

0:

Thus,
I(n) sup Pijf f3+pPif 37 o
f;£2M™

Lettinge= &(n) := n ¥ (n)", thisimpliesthatfor ary d > 0, thereexist Ny suchthatfor all
n> Nd, 0 1

pr@n sup 26e(n) Pjf f9+Pif f§ >1(n)" A<d

f;£2MZM

Now, chooseg= g(n) := n 72 (n)" ! (notethatsincer < 1, eventually0< g(n) < 1), thelast
inequalitycanberewrittenin thefollowing form

0 1

pr @ sup 26 e(n) Pijf 4+ Pjf f9 +59n) > 131 (n)" A< d:
f;£2M"

Combiningtherelationabore with Equation3,

0 1
p— ; S ro1
Pr@ n sup jP(f 9 " nx(n)+ 131 (n)" A
f,f2M2™
1 2
1 32N SN 2Im)" LF exp( 1M Y d

Theresultfollows by theassumptioron the entrogy andby arbitrarines®f d.

We arenow readyto prove Theorem20.
Proof [Theorem20] By Corollary 18,

ndiamMZ™ T 0

for ary g< min mmin(a;h);lzz . Letl (n) = n% andnotethat! (n) = o(pm, whichis a

conditionin Lemma23. First,we shawv thata power decayof thek k diameteimpliesthesamerate
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of decayof the L, diameter henceverifying condition(1) in Lemma23. Proofof this factis very
similarto the proofof Corollary11, exceptthatC is replacedoy Cl (n) 1.

Proof;f%2MI"™ st f ° >ci(n)?
Pr of; f92 MX™ st Pf Pf%>Cl(n) 1.3
+Pr diamMd"™ > CI (n) 173 .

P

Thesecondermgoesto zerosincel (n)diani\/lsx(”) T 0. Moreover, sincel (n) = o(IO n) andGis

Donsler, the rst termcanbeboundedas
Pr 9f; f92 MX" st Pf PfO>Cl(n) 1.3

Pr 9f;f%2 F; P,f P.f® x(n); Pf Pf%>ClI(n) 1:pé
!

Pr supjP(f f9 Py(f f9j> p&l(n) L x(n)
f:f2F 2 |

=Pr | (n)supiPg Pyg > f—:& x(ml(n) ! 0
92G 2

proving condition(1) in Lemma23.
We now verify condition(2) in Lemma23. SinceF is aVC-subgrapletlassof dimensiorv, its
entropy numberdogN (e F ) behaelikeV Iog% (Alis aconstant)thatis

logN %n 221" LF  cong+ %Vlogn+ (1 r)Vliogl (n):

Condition(2) of Lemma23will thereforeholdwhenerer| (n) grovsfasterthan(logn) 2%11 for ary
1>r > % In our problem,| (n) grows polynomially, so condition (2) is satis ed for ary x ed
1>r > 1=2.
Hence by Lemma23
0 1

pr @ sup jP(f 9 pﬁx(n)+ 1319 VA1 o
f,12M2™

Chooseary 0< k < g=2 andmultiply bothsidesof theinequalityby nk. We obtain
0 1

pr @’ n sup jP(f f9 pﬁx(n)n"+ 13197 VKA1 o
f;12M2™

Now x ar suchthatl=2<r <1 k=g Becausé < k < g=2, thereis alwayssucha choiceof
r. Furthermorel> r > 1=2 sothatthe above con/ergenﬁeholds. Our choiceof r impliesthat
or 1)+ k< Oandsond” U+k1 0.Sincek < g=2< h," nx(n)n*! 0. Hence,

=2tk gup jP(f 9 T 0
f;£2M2"

n

2581



CAPONNETTO AND RAKHLIN

for ary k < min mmin(a;h);lzz . [ |
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