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Abstract

Safe state abstraction in reinforcement learning allows an
agent to ignore aspects of its current state that are irrele-
vant to its current decision, and therefore speeds up dynamic
programming and learning. This paper explores safe state
abstraction in hierarchical reinforcement learning, where
learned behaviors must conform to a given partial, hierarchi-
cal program. Unlike previous approaches to this problem, our
methods yield significant state abstraction while maintain-
ing hierarchical optimality, i.e., optimality among all poli-
cies consistent with the partial program. We show how to
achieve this for a partial programming language that is essen-
tially Lisp augmented with nondeterministic constructs. We
demonstrate our methods on two variants of Dietterich’s taxi
domain, showing how state abstraction and hierarchical op-
timality result in faster learning of better policies and enable
the transfer of learned skills from one problem to another.

Intr oduction
The ability to make decisionsbasedon only relevant fea-
turesis a critical aspectof intelligence.For example,if one
is driving a taxi from A to B, decisionsaboutwhichstreetto
take shouldnot dependon thecurrentpriceof teain China;
whenchanginglanes,thetraf�c conditionsmatterbutnotthe
nameof thestreet;andsoon. State abstraction is theprocess
of eliminating featuresto reducethe effective statespace;
suchreductionscanspeedupdynamicprogrammingandre-
inforcementlearning(RL) algorithmsconsiderably. Without
stateabstraction,every trip from A to B is a new trip; every
lanechangeis a new taskto belearnedfrom scratch.

An abstractionis called safe if optimal solutionsin the
abstractspacearealsooptimal in the original space.Safe
abstractionswereintroducedby Amarel(1968)for theMis-
sionariesandCannibalsproblem. In our example,the taxi
drivercansafelyomit thepriceof teain Chinafrom thestate
spacefor navigatingfrom A to B. More formally, thevalue
of every state(or of every state-actionpair) is independent
of thepriceof tea,sothepriceof teais irrelevantin selecting
optimalactions.Boutilier et al. (1995)developeda general
methodfor derivingsuchirrelevanceassertionsfrom thefor-
malspeci�cationof adecisionproblem.
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It hasbeennoted(Dietterich2000)thata variablecanbe
irrelevantto theoptimaldecisionin a stateeven if it affects
the value of that state. For example,supposethatthetaxi is
driving from A to B to pick up a passengerwhosedestina-
tion is C. Now, C is part of the state,but is not relevant to
navigationdecisionsbetweenA andB. This is becausethe
value(sumof futurerewardsor costs)of eachstatebetween
A andB canbedecomposed into apartdealingwith thecost
of gettingto B anda partdealingwith thecostfrom B to C.
The latterpart is unaffectedby thechoiceof A; the former
partis unaffectedby thechoiceof C.

This idea—thata variablecanbeirrelevantto part of the
valueof a state—isclosely connectedto the areaof hier-
archical reinforcement learning, in which learnedbehaviors
mustconformto a givenpartial,hierarchicalprogram.The
connectionarisesbecausethe partial programnaturallydi-
videsstatesequencesinto parts. For example,the taskde-
scribedabovemaybeachievedby executingtwo subroutine
calls, oneto drive from A to B andoneto deliver the pas-
sengerfrom B to C. Thepartialprogrammermaystate(or a
Boutilier-stylealgorithmmay derive) the fact that the nav-
igation choicesin the �rst subroutinecall are independent
of thepassenger's �nal destination.More generally, theno-
tion of modularity for behavioral subroutinesis preciselythe
requirementthat decisionsinternalto the subroutinebe in-
dependentof all externalvariablesotherthanthosepassed
asargumentsto thesubroutine.

Several different partial programminglanguageshave
beenproposed,with varying degreesof expressive power.
Expressivenessis important for two reasons:�rst, an ex-
pressive languagemakesit possibleto statecomplex partial
speci�cationsconcisely;second,it enablesirrelevanceas-
sertionsto bemadeat a high level of abstractionratherthan
repeatedacrossmany instancesof what is conceptuallythe
samesubroutine.The �rst contribution of this paperis an
agentprogramminglanguage,ALisp, thatis essentiallyLisp
augmentedwith nondeterministicconstructs;the language
subsumesMAXQ (Dietterich2000),options(Precup& Sut-
ton1998),andthePHAM language(Andre& Russell2001).

Givenapartialprogram,ahierarchicalRL algorithm�nds
apolicy thatis consistentwith theprogram.Thepolicy may
be hierarchically optimal—i.e., optimal amongall policies
consistentwith the program;or it may be recursively opti-
mal, i.e., thepolicy within eachsubroutineis optimizedig-
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(defun root () (if (not (have-pass)) (get)) (put))
(defun get () (choice get-choice

(action 'load)
(call navigate (pickup))))

(defun put () (choice put-choice
(action 'unload)
(call navigate (dest))))

(defun navigate(t)
(loop until (at t) do

(choice nav (action 'N)
(action 'E)
(action 'S)
(action 'W))))

Figure1: The taxi world. It is a 5x5 world with 4 special cells (RGBY) where passengers are loaded and unloaded. There are 4 features,
x,y,pickup,dest . In each episode, the taxi starts in a randomly chosen square, and there is a passenger at a random special cell with
a random destination. The taxi must travel to, pick up, and deliver the passenger, using the commands N,S,E,W,load ,unload . The taxi
receives a reward of -1 for every action, +20 for successfully delivering the passenger, -10 for attempting to load or unload the passenger at
incorrect locations. The discount factor is 1.0. The partial program shown is an ALisp program expressing the same constraints as Dietterich’s
taxi MAXQ program. It breaks the problem down into the tasks of getting and putting the passenger, and further isolates navigation.

noring the calling context. Recursivelyoptimalpoliciesmay
be worsethanhierarchicallyoptimalpoliciesif thecontext
is relevant. Dietterich2000shows how a two-partdecom-
positionof the valuefunction allows stateabstractionsthat
aresafewith respectto recursiveoptimality, andarguesthat
“Stateabstractions[of this kind] cannotbeemployedwith-
out losing hierarchicaloptimality.” The second,andmore
important,contribution of our paperis a three-partdecom-
positionof thevaluefunctionallowingstateabstractionsthat
aresafewith respectto hierarchicaloptimality.

Theremainderof thepaperbeginswith backgroundma-
terial on Markov decisionprocessesand hierarchicalRL,
and a brief descriptionof the ALisp language. Then we
presentthethree-partvaluefunctiondecompositionandas-
sociatedBellman equations. We explain how ALisp pro-
gramsare annotatedwith (ir)relevanceassertions,andde-
scribea model-freehierarchicalRL algorithmfor annotated
ALisp programsthatis guaranteedto convergeto hierarchi-
cally optimal solutions1. Finally, we describeexperimental
resultsfor this algorithm using two domains: Dietterich's
original taxi domainanda variantof it that illustratesthe
differencesbetweenhierarchicalandrecursiveoptimality.

Background
Our framework for MDPs is standard(Kaelbling, Littman,
& Moore1996).An MDP is a 4-tuple, ���������	�
����
 , where� is a set of states, � a set of actions, � a probabilistic
transitionfunction mapping������������� ������� , and � a re-
ward function mapping��������� to the reals. We focuson
in�nite-horizon MDPswith a discountfactor � . A solution
to an MDP is an optimal policy ��� mappingfrom � �!�
andachievesthemaximumexpecteddiscountedreward.An
SMDP (semi-MDP)allows for actionsthat take morethan
onetimestep. � isnow amappingfrom �"�$#%�&�"�$�'�(� ������� ,
where # is thenaturalnumbers;i.e., it speci�esa distribu-
tion over bothoutcomestatesandactiondurations. � then
mapsfrom �)�*#+�,�-�*� to the reals. The expecteddis-
countedreward for taking action . in state / andthenfol-
lowing policy � is known asthe 0 value,andis de�ned as

1Proofs of all theorems are omitted and can be found in an ac-
companying technical report (Andre & Russell 2002).
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In mostlanguagesfor partialreinforcementlearningpro-

grams, the programmerspeci�es a program containing
choicepoints. A choice point is a place in the program
wherethe learningalgorithmmustchooseamonga set of
providedoptions(which maybeprimitivesor subroutines).
Formally, the programcanbe viewed asa �nite statema-
chine with statespace g (consistingof the stack, heap,
andprogrampointer). Let us de�ne a joint statespaceh
for a program i as the crossproductof g andthe states,j

, in an MDP k . Let us also de�ne l as the set of
choice states, that is, l is the subsetof h wherethe ma-
chinestateis at a choicepoint. With mosthierarchicallan-
guagesfor reinforcementlearning,one can then construct
a joint SMDP inmok where ipm�k has statespace l
andthe actionsat eachstatein l arethe choicesspeci�ed
by the partial program i . For several simple RL-speci�c
languages,it has beenshown that policies optimal underiqm4k correspondto thebestpoliciesachievablein k given
the constraintsexpressedby i (Andre & Russell 2001;
Parr& Russell1998).

The ALisp language
TheALisp programminglanguageconsistsof theLisp lan-
guageaugmentedwith threespecialmacros:
m (choice r label str form0 sur form1 suC�CBC ) takes 2

or more arguments, where r formN s is a Lisp S-
expression.Theagentlearnswhich form to execute.m (call r subroutine s(r arg0 s+r arg1 s ) calls a sub-
routinewith its argumentsandalertsthelearningmech-
anismthatasubroutinehasbeencalled.m (action r action-name s ) executesa “primiti ve” ac-
tion in theMDP.

An ALisp programconsistsof anarbitraryLisp programthat
is allowedto usethesemacrosandobeys theconstraintthat
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Figure2: Decomposing the value function for the shaded state,� . Each circle is a choice state of the SMDP visited by the agent,
where the vertical axis represents depth in the hierarchy. The tra-
jectory is broken into 3 parts: the reward “R” for executing the
macro action at � , the completion value “C”, for finishing the sub-
routine, and “E”, the external value.

all subroutinesthatincludethechoicemacro(eitherdirectly,
or indirectly, throughnestedsubroutinecalls)arecalledwith
the call macro. An exampleALisp programis shown in
Figure1 for Dietterich's Taxi world (Dietterich2000). It
can be shown that, underappropriaterestrictions(suchas
thatthenumberof machinestatesh staysboundedin every
run of the environment),that optimal policiesfor the joint
SMDP i(m k for anALisp programi areoptimalfor the
MDP k amongthosepoliciesallowedby i (Andre& Rus-
sell 2002).

ValueFunction Decomposition
A value function decompositionsplits the value of a
state/actionpair into multiple additive components.Mod-
ularity in the hierarchicalstructureof a programallows us
to dothisdecompositionalongsubroutineboundaries.Con-
sider, for example,Figure2. The threepartsof thedecom-
positioncorrespondto executingthe currentaction(which
might itself bea subroutine),completingtherestof thecur-
rent subroutine,andall actionsoutsidethe currentsubrou-
tine. More formally, we canwrite theQ-valuefor executing
action . in � Vql asfollows:

����� ���
	���
 � ���� ������� ��� ���

�� �! #"%$'&� ����� � �(� � �*) � �+ -,.$'&����  #" �

��� � �/) � � �����  �, �
�(� � �


 � �0 � ���!	�� ) � �1 � ���
	�� ) � �2 � ���
	��
where Po= is the numberof primitive stepsto �nish action. , P @ is thenumberof primitive stepsto �nish thecurrent
subroutine,andthe expectationis over trajectoriesstarting
in � with action . and following � . P�= , P @ , and the re-
wards, :43 , arede�ned by the trajectory. 0/5 thusexpresses
theexpecteddiscountedrewardfor doingthecurrentaction
(“R” from Figure2), 076 for completingrestof the current
subroutine(“C”), and 078 for all the reward externalto the
currentsubroutine(“E”).

It is importantto seehow this three-partdecomposition
allows greaterstateabstraction.Considerthe taxi domain,

x y pickup dest 0 0 5 0/6 0 8
3 3 R G 0.23 -7.5 -1.0 8.74
3 3 R B 1.13 -7.5 -1.0 9.63
3 2 R G 1.29 -6.45 -1.0 8.74

Table1: Table of Q values and decomposed Q values for 3 states
and action 	9
 (nav pickup) , where the machine state is equal
to : get-choice ; . The first four columns specify the environ-
ment state. Note that although none of the

�
values listed are iden-

tical,
� 1 is the same for all three cases, and

� 2
is the same for 2

out of 3, and
� 0

is the same for 2 out of 3.

wheretherearemany opportunitiesfor stateabstraction(as
pointedout by Dietterich(2000)for his two-partdecompo-
sition). While completingthe get subroutine,the passen-
ger'sdestinationis not relevantto decisionsaboutgettingto
the passenger's location. Similarly, whennavigating, only
thecurrentx/y locationandthetargetlocationareimportant
– whetherthe taxi is carrying a passengeris not relevant.
Takingadvantageof theseintuitively appealingabstractions
requiresavaluefunctiondecomposition,asTable1 shows.

Beforepresentingthe Bellmanequationsfor the decom-
posedvalue function, we must �rst de�ne transitionprob-
ability measuresthat take the program's hierarchyinto ac-
count. First, we have the SMDP transition probability< ��� N �	P>= � ��.f
 , which is the probability of an SMDP tran-
sition to � N taking P stepsgiventhataction . is takenin � .
Next, let

j
bea setof states,andlet ?*1@ ��� N �	P>= � ��.f
 bethe

probabilitythat � N is the�rst elementof
j

reachedandthat
this occursin P primitive steps,given that . is taken in �
and � is followedthereafter. Two suchdistributionsareuse-
ful, ?21@4@BADC�E and ?*1FHG ADC�E , where

jTj ��� 
 arethosestatesin the
samesubroutineas � and 8*I �J� 
 arethosestatesthat are
exit points for the subroutinecontaining � . We can now
write the Bellman equationsusing our decomposedvalue
function, as shown in Equations1, 2, and 3 in Figure 3,
whereK5��� 
 returnsthenext choicestateattheparentlevelof
thehierarchy, LScf��� 
 returnsthe�rst choicestateat thechild
level, givenaction . 2, and MON is thesetof actionsthatare
not calls to subroutines.With somealgebra,we canthen
provethefollowing results.

Theorem 1 If 0 �5 , 0 �6 , and 0 �8 are solutions to Equations 1,
2, and 3 for �X� , then 0 � 6 0 �5 < 0 �6 < 0 �8 is a solution to
the standard Bellman equation.

Theorem 2 Decomposed value iteration and policy itera-
tion algorithms (Andre & Russell 2002) derived from Equa-
tions 1, 2, and 3 converge to 0 �5 , 0 �6 , 0 �8 , and ��� .
Extending policy iteration and value iteration to work
with thesedecomposedequationsis straightforward, but
it doesrequire that the full model is known – including? 1@P@PADC�E �J� N ��PQ= � ��.5
 and ? 1FHG ADC�E ��� N �	P>= � ��.f
 , which canbe
foundthroughdynamicprogramming.After explaininghow

2We make a trivial assumption that calls to subroutines are sur-
rounded by choice points with no intervening primitive actions at
the calling level. RJS � ��� and T � ��� are thus simple deterministic
functions, determined from the program structure.
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Figure3: Top: Bellman equations for the three-part decomposed value function. Bottom: Bellman equations for the abstracted case.

thedecompositionenablesstateabstraction,we will present
anonlinelearningmethodwhichavoidstheproblemof hav-
ing to specifyor determinea complex model.

StateAbstraction
Onemethodfor doinglearningwith ALisp programswould
beto �atten thesubroutinesout into thefull joint statespace
of theSMDP. This hastheresultof creatinga copy of each
subroutinefor every placewhereit is calledwith different
parameters.For example,in theTaxi problem,the �attened
programwould have8 copies(4 destinations,2 callingcon-
texts) of thenavigate subroutine,eachof which have to
be learnedseparately. Becauseof the three-partdecompo-
sition discussedabove, we cantake advantageof stateab-
stractionandavoid �attening thestatespace.

To dothis,werequirethattheuserspecifywhichfeatures
matterfor eachof thecomponentsof thevaluefunction.The
usermustdo this for eachactionat eachchoicepoint in the
program.We thusannotatethelanguagewith :depends-
on keywords. For example,in thenavigate subroutine,
the(action 'N) choiceis changedto

((action 'N)
:reward-depends-on nil
:completion-depends-on '(x y t)
:external-depends-on '(pickup dest))

Note that t is the parameterfor the target locationpassed
into navigate . The 0/5 -valuefor this action is constant
– it doesn't dependon any featuresat all (becauseall ac-
tionsin theTaxi domainhave�x edcost).The 0 6 valueonly
dependsonwherethetaxi currentlyis andonthetargetloca-
tion. The 078 valueonly dependsonthepassenger'slocation
(eitherin theTaxi or atR,G,B,or Y) andthepassenger'sdes-
tination. Thus,whereasa programwith no stateabstraction
would be requiredto store800 values,here,we only must
store117.

Safe state abstraction
Now thatwehavetheprogrammaticmachineryto de�ne ab-
stractions,we'd liketo know whenagivensetof abstraction

functionsis safefor a given problem. To do this, we �rst
needaformalnotationfor de�ning abstractions.Let I N � J��	.4� ,IP5&� J���.4� , I 6 � J��	.4� , and IB8Z� J���.&� beabstractionfunctionsspec-
ifying thesetof relevantmachineandenvironmentfeatures
for eachchoicepoint J andaction . for theprimitivereward,
non-primitivereward,completioncost,andexternalcostre-
spectively. In the exampleabove, I 6 � K�.ML �	PQ� 6 �)N �2O��2P � .
Note that this function I groupsstatestogetherinto equiv-
alenceclasses(for example,all statesthatagreeon assign-
mentsto

N
, O , and P would be in anequivalenceclass).LetI?�J� �	.5
 bea mappingfrom a state-actionpair to a canonical

memberof theequivalenceclassto which it belongsunder
theabstractionI . We mustalsodiscusshow policiesinter-
act with abstractions.We will say that a policy � and an
abstractionI areconsistentif f Y C K c �T��� 
,6 �T��I ��� �	.5
	
 andY c K Q I?�J� �	.5
 6RI ��� �TS�
 . We will denotethesetof suchpoli-
ciesas U.V .

Now, wecanbegin to examinewhenabstractionsaresafe.
To do this,we de�ne severalnotionsof equivalence.

De�nition 1 (P-equivalence) I N is P-equivalent (Primitive
equivalent) iff Y C K c)W?X + , 0 5 ��� ��.f
T6 0 5 �#I N5�J� �	.5
 ��.f
 .
De�nition 2 (R-equivalence) IB5 is R-equivalent iffY C K c?YW?X + K 1 W4Z\[#] , 0 5 �J� �	.5
T6 0 5 ��I 5 �J� 
 ��.f
 .
Thesetwo specifythat statesareabstractedtogetherunderI.N and I 5 only if their 0 5 valuesareequal. C-equivalence
canbede�ned similarly.

For the E component,we canbe moreaggressive. The
exact value of the external reward isn't what's important,
rather, it' s the behavior that it imposeson the subroutine.
For example,in the Taxi problem,the externalvalueafter
reachingtheendof thenavigate subroutinewill bevery
differentwhenthe passengeris in the taxi andwhenshe's
not– but theoptimalbehavior for navigate is thesamein
bothcases.Let ^ beasubroutineof aprogrami , andlet l%_
bethesetof choicestatesreachablewhile controlremainsin^ . Then,we cande�ne E-equivalenceasfollows:

De�nition 3 (E-equivalence) I 8 is E-equivalent iff

1. Y`_?W4a[Y C " K C , W?bdcMIB8Z� �T=���6eIB8Z� � @ � and



2. Y C \^]�_T`�\>b�c"0 �5 ��� �	.5
q< 0 �6 �J� �	.5
q<�0 �8 ��� ��.5
G6\^]�_T`�\>b�c"0 �5 ��� �	.5
�< 0 �6 ��� �	.5
A< 0 �8 ��IB8>��� ��.5
 �	.5
 .
The last condition saysthat statesare abstractedtogether
only if they have the samesetof optimal actionsin theset
of optimal policies. It could alsobe describedas“passing
in enoughinformationto determinethepolicy”. This is the
critical constraintthatallowsusto maintainhierarchicalop-
timality while still performingstateabstraction.

We can show that if abstractionfunctionssatisfy these
four properties,thenthe optimal policieswhenusingthese
abstractionsare the sameas the optimal policies without
them. To do this, we �rst expressthe abstractedBellman
equationsasshown in Equations4 - 7 in Figure 3. Now,
if I N I 5 , I 6 , and IB8 areP-, R-,C-,andE-equivalent,respec-
tively, thenwecanshow thatwe haveasafeabstraction.

Theorem 3 If I N is P-equivalent, IB5 is R-equivalent, I 6 is
C-equivalent, and I 8 is E-equivalent, then, if 0 �5 , 0 �6 , and0 �8 are solutions to Equations 4 - 7, for MDP k and ALisp
program i , then � such that �T�J� 
�V)\^]�_T`�\>b c 0 �&��� ��.f
 is
an optimal policy for i m[k .

Theorem 4 Decomposed abstracted value iteration and
policy iteration algorithms (Andre & Russell 2002) derived
from Equations 4 - 7 converge to 0 �5 , 0 �6 , 0 �8 , and ��� .
Proving thesevariousforms of equivalencemight be dif�-
cult for a given problem. It would be easierto createab-
stractionsbasedon conditionsaboutthemodel,ratherthan
conditionson the value function. Dietterich (2000) de-
�nes four conditionsfor safestateabstractionunderrecur-
sive optimality. For each,we cande�ne a similar condition
for hierarchicaloptimality andshow how it impliesabstrac-
tions that satisfytheequivalenceconditionswe've de�ned.
Theseconditionsare leaf abstraction(essentiallythe same
asP-equivalence),subroutineirrelevance(featuresthat are
totally irrelevant to a subroutine),result-distribution irrele-
vance(featuresareirrelevant to the ? @P@ distribution for all
policies),andtermination(all actionsfrom astateleadto an
exit state,so 076 is 0). We canencompassthelastthreecon-
ditionsinto astrongform of equivalence,de�nedasfollows.

De�nition 4 (SSR-equivalence) An abstraction function I 6
is strongly subroutine (SSR) equivalent for an ALisp pro-
gram i iff the following conditions hold for all � and poli-
cies � that are consistent with I 6 .

1. Equivalent states under I 6 have equivalent transition
probabilities: Y C J�K c K c J K M? @4@ ��� N �	PQ= � �	.5
T6 ? @P@ ��I 6 ��� N �	. N 
 ��PQ= I 6 ��� ��.5
 �	.5
 3

2. Equivalent states have equivalent rewards: Y C J K c K c J K M:5��� N �	Pq� � �	.5
T6 :f�#IB6Z��� N �	. N 
��	PQ� IB6��J� �	.5
 ��.5

3. The variables in I 6 are enough to determine the opti-

mal policy: Y c �X�^�J� 
76 �X�4��IB6���� ��.f
	

The last conditionis the samesort of conditionas the last
conditionof E-equivalence,andis whatenablesusto main-
tain hierarchicaloptimality. NotethatSSR-equivalenceim-
pliesC-equivalence.

3We can actually use a weaker condition: Dietterich’s (2000)
factored condition for subtask irrelevance

The ALispQ learning algorithm
We presenta simplemodel-freestateabstractedlearningal-
gorithm basedon MAXQ (Dietterich2000)for our three-
partvaluefunctiondecomposition.We assumethattheuser
providesthe threeabstractionfunctions I N , I 6 , and IB8 . We
storeandupdate

�0 6 ��I 6 �J� �	.5
 ��.5
 and
�078>��IB8Z��� ��.5
 �	.5
 for all.�V M , and

�:���I N �J� �	.5
 ��.f
 for .
V M N . We calculate
�0��J� �	.5
T6 �0/5^��� ��.f
�< �0 6 ��I 6 ��� 
��	.5
�< �0/8>��IB8Z�J� �	.5
 ��.f
�C

Note that, as in Dietterich's work,
�0*54��� ��.f
 is recursively

calculatedas
�:��#I N���� �	.5
��	.5
 if .QV M N for thebasecaseand

otherwiseas
�0 5 ��� ��.f
T6 �0 5 �(L c ��� 
 ��. N 
A< �0/6���IB6O�JL c ��� 
	
 ��. N 
��

where . N 6 \^]�_T`�\>b Q �0o�(L c �J� 
 �TS�
 . This meansthatthat the
userneednot specify IB5 . We assumethat the agentusesa
GLIE (Greedyin theLimit with In�nite Exploration)explo-
rationpolicy.

Imagine the situationwhere the agenttransitionsto � N
containedin subroutinê , wherethe mostrecentlyvisited
choicestatein ^ was � , wherewe tookaction . , andit tookP primitivestepsto reach� N . Let � 6 bethelastchoicestate
visited (it may or may not be equalto � , seeFigure2 for
an example),let . N 6 \^]�_T`�\>b Q �0��J� N �TS�
 , andlet : I be the
discountedreward accumulatedbetween� and � N . Then,
ALispQ learningperformsthefollowing updates:

m if .
V M N , �:���I N �J� �	.5
 ��.5
 � �������"
 �:���I N ��� ��.f
��	.5
f<��A: I
m �0 6 �#I 6 �J� 
 ��.f
 � �����	��
 �0 6 ��I 6 ��� 
 ��.5
A<
�X� M � �0 5 �#I 6O�J� N 
��	. N 
�< �076B�#I 6O�J� N 
��	. N 
 �
m �0 8 ��I 8 ��� ��.5
 �	.5
 ��S�
�	��
 �0/8>��IB8Z�J� �	.5
 ��.f
X<��X� M �0/8Z��IB8Z�J� N ��. N 
��	. N 

m if ��6 is an exit stateand I 6B�J��6R
*6 � 6 (andlet . be the

soleactionthere)then
�0/8Z��IB8>�J� 6 �	.5
 ��.5
 �

�S�
�	��
 �0/8>��IB8Z�J� 6 �	.5
 ��.5
A<�\&]	_a`�\^b Q �0���� N � SB
 4

Theorem 5 (Convergence of ALispQ-learning) If I 5 , I I ,
and I 8 are R-,SSP-, and E- Equivalent, respectively, then
the above learning algorithm will converge (with appropri-
ately decaying learning rates and exploration method) to a
hierarchically optimal policy.

Experiments
Figure 5 shows the performanceof � ve different learning
methodson Dietterich's taxi-world problem. The learning
ratesand Boltzmannexploration constantswere tunedfor
eachmethod.NotethatstandardQ-learningperformsbetter
than “ALisp programw/o SA” – this is becausethe prob-
lem is episodic,andtheALisp programhasjoint statesthat

4Note that this only updates the
� 2

values when the exit state
is the distinguished state in the equivalence class. Two algorithmic
improvements are possible: using all exits states and thus basing� 2

on an average of the exit states, and modifying the distinguished
state so that it is one of the most likely to be visited.



-5000

-4500

-4000

-3500

-3000

-2500

-2000

-1500

-1000

-500

0

500

0 5 10 15 20 25 30

S
co

re
 (

A
ve

ra
ge

 o
f 1

0 
tr

ia
ls

)

Num Primitive Steps, in 10,000s

Results on Taxi World

Q-Learning (3000)
Alisp program w/o SA (2710)

Alisp program w/ SA (745)
Better Alisp program w/o SA (1920)

Better Alisp program w/ SA (520)
-25

-20

-15

-10

-5

0

5

0 5 10 15 20 25

S
co

re
 (

A
ve

ra
ge

 o
f 1

00
 tr

ia
ls

)

Num Primitive Steps, in 10,000s

Results on Extended Taxi World

Recursive-optimality (705)
Hierarchical-optimality (1001)

Hierarchical-optimality with transfer (257)

Figure5: Learning curves for the taxi domain (left) and the extended taxi domain with time and arrival distribution (right), averaged over 50
training runs. Every 10000 primitive steps (x-axis), the greedy policy was evaluated for 10 trials, and the score (y-axis) was averaged. The
number of parameters for each method is shown in parentheses after its name.

(defun root () (progn (guess) (wait) (get) (put)))
(defun guess () (choice guess-choice

(nav R)
(nav G)
(nav B)
(nav Y)))

(defun wait () (loop while (not (pass-exists)) do
(action 'wait)))

Figure4: New subroutines added for the extended taxi domain.

areonly visited onceper episode,whereasQ learningcan
visit statesmultiple timesperrun. PerformingbetterthanQ
learningis the“Better ALisp programw/o SA”, which is an
ALisp programwhereextraconstraintshavebeenexpressed,
namelythat the load (unload ) actionshouldonly beap-
plied whenthe taxi is co-locatedwith thepassenger(desti-
nation).Secondbestis the“ALisp programw/ SA” method,
andbestis the “Better ALisp programw/SA” method. We
also tried running our algorithm with recursive optimality
on this problem,andfoundthattheperformancewasessen-
tially unchanged,althoughthehierarchicallyoptimalmeth-
ods used745 parameters,while recursive optimality used
632. The similarity in performanceon this problemis due
to thefactthateverysubroutinehasadeterministicexit state
giventheinput state.

We also testedour methodson an extensionof the taxi
problemwherethetaxi initially doesn't know wherethepas-
sengerwill show up. Thetaxi mustguesswhich of thepri-
mary destinationsto go to andwait for the passenger. We
alsoaddtheconceptof timeto theworld: thepassengerwill
show up at oneof thefour distinguisheddestinationswith a
distributiondependingonwhattimeof dayit is (morningor
afternoon).We modify the root subroutinefor the domain
andaddtwo new subroutines,asshown in Figure4.

Theright sideof Figure5 showstheresultsof runningour
algorithmwith hierarchicalversusrecursiveoptimality. Be-
causethearrival distribution of thepassengersis not known
in advance,andtheeffectsof thisdistribution on rewardare
delayeduntil after the guesssubroutine�nishes, the recur-
sively optimalsolutioncannottake advantageof thediffer-

entdistributionsin themorningandafternoonto choosethe
bestplaceto wait for the arrival, and thus cannotachieve
theoptimalscore.Noneof therecursively optimalsolutions
achieveda policy having valuehigherthan6.3,whereasev-
ery run with hierarchicaloptimality found a solution with
valuehigherthan6.9.

Thereadermaywonderif, by rearrangingthehierarchyof
arecursively optimalprogramto have“morning” and`after-
noon”guess functions,onecouldavoid thede�cienciesof
recursiveoptimality. Althoughpossiblefor thetaxi domain,
in general,this methodcanresultin addingan exponential
numberof subroutines(essentially, one for eachpossible
subroutinepolicy). Even if enoughcopiesof subroutines
areadded,with recursive optimality, the programmermust
still preciselychoosethe valuesfor the pseudo-rewardsin
eachsubroutine.Hierarchicaloptimality freestheprogram-
merfrom thisburden.

Figure 5 also shows the results of transferring the
navigate subroutinefrom thesimpleversionof theprob-
lem to the more complex version. By analyzingthe do-
main,we wereableto determinethatanoptimalpolicy for
navigate from the simple taxi domainwould have the
correct local sub-policy in the new domain, and thus we
wereableto guaranteethattransferringit wouldbesafe.

Discussionand Future Work
This paperhaspresentedALisp, shown how to achievesafe
stateabstractionfor ALisp programswhile maintaininghi-
erarchicaloptimality, anddemonstratedthatdoingsospeeds
learningconsiderably. Although policies for (discrete,�-
nite) fully observableworldsareexpressiblein principleas
lookuptables,webelievethatthetheexpressivenessof afull
programminglanguageenablesabstractionandmodulariza-
tion thatwouldbedif�cult or impossibleto createotherwise.

Thereareseveraldirectionsin whichthiswork canbeex-
tended.

� Partial observability is probablythemostimportantout-
standingissue. The requiredmodi�cations to the theory



are relatively straightforward andhave alreadybeenin-
vestigated,for thecaseof MAXQ andrecursive optimal-
ity, by Makaret al. (2001).

� Average-reward learning over an in�nite horizon is
moreappropriatethandiscountingfor many applications.
GhavamzadehandMahadevan(2002)have extendedour
three-partdecompositionapproachto theaverage-reward
caseanddemonstratedexcellent resultson a real-world
manufacturingtask.

� Shaping (Ng, Harada,& Russell1999) is an effective
techniquefor adding“pseudorewards”to anRL problem
to improve therateof learningwithout affectingthe�nal
learnedpolicy. Thereis a natural�t betweenshapingand
hierarchicalRL, in that shapingrewardscanbeaddedto
eachsubroutinefor thecompletionof subgoals;thestruc-
tureof theALisp programprovidesa naturalscaffolding
for theinsertionof suchrewards.

� Function approximation is essentialfor scalinghierarchi-
cal RL to very large problems. In this context, function
approximationcan be appliedto any of the threevalue
functioncomponents.Althoughwe have not yet demon-
stratedthis,webelievethattherewill becaseswherecom-
ponentwiseapproximationis muchmorenaturalandac-
curate. We arecurrently trying this out on an extended
taxi world with continuousdynamics.

� Automatic derivation of safe state abstractions shouldbe
feasibleusingthebasicideaof backchainingfrom theutil-
ity functionthroughthetransitionmodelto identify rele-
vantvariables(Boutilier et al. 2000).It is straightforward
to extendthis methodto handlethe three-partvaluede-
composition.

In this paper, we demonstratedthat transferring en-
tire subroutinesto a new problem can yield a signi�cant
speedup. However, several interestingquestionsremain.
Cansubroutinesbe transferredonly partially, asmoreof a
shapingsuggestionthana full speci�cation of the subrou-
tine? Can we automatethe processof choosingwhat to
transferanddecidinghow to integrateit into thepartialspec-
i�cation for the new problem?We arepresentlyexploring
variousmethodsfor partial transferandinvestigatingusing
logicalderivationsbasedonweakdomainknowledgeto help
automatetransferandthecreationof partialspeci�cations.
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