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1 In tro duction

P article �ltering in high dimensional state-spaces can b e ine�cien t, b ecause

a large n um b er of samples are needed to represen t the p osterior. A standard

tec hnique to increase the e�ciency of sampling tec hniques is to reduce the

size of the state-space b y marginalizing out some of the v ariables analytically;

this is called Rao-Blac kw ellisation (Casella and Rob ert 1996). Com bining

these t w o tec hniques results in Rao-Blac kw ellised particle �ltering (RBPF)

(Doucet 1998, Doucet, de F reitas, Murph y and Russell 2000). In this c hapter,

w e explain RBPF, discuss when it can b e used, and giv e a detailed example

of its application to the problem of map learning for a mobile rob ot, whic h

has a v ery large ( � 2

100

) discrete state-space.

The k ey idea of RBPF is to partition the state-space Z

t

in to t w o sub-

spaces, R

t

and X

t

, suc h that the distribution P ( X

t

j R

1: t

; y

1: t

) can b e up dated

analytically and e�cien tly; the distribution P ( R

1: t

j y

1: t

) is up dated using par-

ticle �ltering. The justi�cation for this decomp osition follo ws from the c hain

rule of probabilit y:

P ( X

1: t

; R

1: t

j y

1: t

) = P ( X

1: t

j R

1: t

; y

1: t

) P ( R

1: t

j y

1: t

)

Sampling just R

t

will generally require man y few er particles (to reac h some

�xed accuracy threshold) than standard particle �ltering, whic h w ould sample

b oth R

t

and X

t

. (Please see the c hapter b y Doucet, de F reitas and Gordon

(2000: this v olume) for an in tro duction to standard PF.)

RBPF is v ery similar to standard PF, except that eac h particle no w main-

tains not just a sample from P ( R

1: t

j y

1: t

), whic h w e will denote b y r

( i )

1: t

, but

also a p ar ametric represen tation of P ( X

t

j r

( i )

1: t

; y

1: t

), whic h w e will denote b y

�

( i )

t

. (The parametric represen tation migh t b e a mean v ector and a co v ari-

ance matrix, for instance.) The R

t

samples are up dated as in standard PF,

and then the X

t

distributions are up dated using an exact �lter, conditional

on R

t

. The o v erall algorithm is sho wn in Figure 1.

In Section 2, w e discuss when this algorithm can b e usefully applied, whic h

is b est describ ed using the language of dynamic Ba y esian net w orks. In Sec-

tion 3, w e discuss in detail ho w to compute the equations used b y the al-

gorithm. Finally , in Section 4, w e discuss the application of RBPF to map

learning.
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Generic RBPF

1. Sequential imp o rtance sampling step

� F o r i = 1 ; : : : ; N , sample

�

b

r

( i )

t

�

� q ( r

t

; r

( i )

1: t � 1

; y

1: t

)

and set

�

b

r

( i )

1: t

�

def

= (

b

r

( i )

t

; r

( i )

1: t � 1

)

� F o r i = 1 ; : : : ; N , evaluate the imp o rtance w eights up to a no rmalising

constant:

w

( i )

t

/

p

�

y

t

j y

1: t � 1

; r

( i )

1: t

�

p

�

r

( i )

t

�

�

�

r

( i )

1: t � 1

; y

1: t � 1

�

q

�

r

t

; r

( i )

1: t � 1

; y

1: t

�

� F o r i = 1 ; : : : ; N , no rmalise the imp o rtance w eights:

e

w

( i )

t

= w

( i )

t

�

N

X

j =1

w

( j )

t

�

� 1

2. Selection step

� Resample N samples from (

b

r

( i )

1: t

) acco rding to the imp o rtance distribution

e

w

( i )

t

to obtain N random samples ( r

( i )

1: t

) app ro ximately distributed acco rding

to p ( r

( i )

1: t

j y

1: t

) .

3. Exact step

� Up date �

( i )

t

given �

( i )

t � 1

, r

( i )

t

, r

( i )

t � 1

, and y

t

.

Figure 1. Generic Rao-Blac kw ellised particle �ltering algorithm.

If w e replace references to r

t

with z

t

= ( x

t

; r

t

) and omit step 3, the

result is a \regular" (non Rao-Blac kw ellised) particle �lter. Note

that if w e are only in terested in �ltering, w e do not to store the

full tra jectory r

( i )

1: t

in eac h particle, just its most recen t comp onen t,

r

( i )

t

, since w e are up dating �

( i )

t

online. This �gure is adapted

from (Doucet et al. 2000).
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Figure 2 . (a) The canonical DBN to whic h RBPF can b e applied.

The shaded Y

t

no des denote observ ations. (b) A simpli�cation in

whic h w e ha v e remo v ed the \cross arcs." The R

t

no des are called

the ro ots, and the X

t

no des the lea v es. (c) W e ha v e partitioned the

ro ot no de in to t w o comp onen ts, R

t

(1), whic h a�ects the dynamics

of X

t

, and R

t

(2), whic h a�ects the observ ation mo del Y

t

.

2 RBPF in general

W e can most easily c haracterize the mo dels to whic h RBPF ma y b e e�-

cien tly applied b y represen ting them graphically as dynamic Ba y esian net-

w orks (DBNs), whic h w e no w brie
y explain. Ba y esian net w orks (P earl

1988, Co w ell, Da wid, Lauritzen and Spiegelhalter 1999) are directed acyclic

graphs, in whic h no des represen t random v ariables, and the lac k of arcs

represen ts conditional indep endencies. Dynamic Ba y esian net w orks extend

Ba y esian net w orks to probabilit y distributions that ev olv e o v er time. As in

a state-space mo del, w e m ust sp ecify the transition mo del, P ( Z

t

j Z

t � 1

), the

observ ation mo del, P ( Y

t

j Z

t

), and the prior, P ( Z

1

). W e use a \t w o slice"

graph to represen t the conditional indep endence relationships in P ( Z

t

j Z

t � 1

).

In addition to the graph structure, w e m ust sp ecify the conditional probabil-

it y distribution (CPD) of eac h no de giv en its paren ts. F or a more detailed

in tro duction to DBNs, please see Koller and Lerner (2000: this v olume).

RBPF can b e applied to an y DBN that can b e made top ologically equiv a-

len t to the mo del sho wn in Figure 2(a), clustering no des together if necessary .

Ho w ev er, to apply the algorithm in Figure 1, w e m ust compute the term

P ( R

t

j r

( i )

1: t � 1

; y

1: t � 1

) =

X

x

t � 1

P ( R

t

j r

( i )

t � 1

; x

t � 1

) P ( x

t � 1

j r

( i )

1: t � 1

; y

1: t � 1

) (2.1)

If X

t � 1

is a v ector in f 1 ; : : : ; k g

m

, i.e., the cross-pro duct of m discrete k-v alued

random v ariables, then this equation tak es O ( k

m

) time to compute, whic h is
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usually unacceptably high, esp ecially since it m ust b e computed once p er

particle. Lik ewise, if X

t � 1

is a v ector in I R

m

, the required in tegration often

cannot b e computed in closed form. Hence it is common to assume there is

no arc from X

t � 1

to R

t

, so that w e can eliminate the marginalization o v er

X

t � 1

. In other w ords, the equation b ecomes

P ( R

t

j r

( i )

1: t � 1

; y

1: t � 1

) = P ( R

t

j r

( i )

t � 1

)

If w e consider a single time slice, there are no w no arcs en tering R

t

, so w e

refer to it as a \ro ot." Similarly , X

t

will b e called a \leaf." It is also common

to assume there is no arc from R

t � 1

to X

t

, although this do es not c hange the

algorithm in an y signi�can t w a y .

1

After eliminating b oth of these in ter-slice

\cross arcs", w e end up with the DBN sho wn in Figure 2(b).

Giv en the simpli�ed mo del of Figure 2(b), w e are left with t w o tasks: to

sample the ro ot no des e�cien tly , and to up date the leaf distributions e�-

cien tly , giv en that the ro ots ha v e kno wn v alues (and are therefore e�ectiv ely

disconnected from the graph). Since the ro ots can b e sampled using a stan-

dard particle �lter, man y of the tec hniques discussed in this b o ok are directly

applicable. Hence w e fo cus on the latter issue here.

A simple example of when the lea v es can b e e�cien tly up dated is when

the CPDs for X

t

and Y

t

are linear-Gaussian, in whic h case the mo del is

called a conditionally linear-Gaussian state-space mo del. W e can compute

P ( X

t

j r

1: t

; y

1: t

) recursiv ely using a Kalman �lter. If R

t

is discrete, the mo del

is called a jump Mark o v linear system, or switc hing state-space mo del (Chen

and Liu 1999, Doucet, Gordon and Krishnam urth y 1999). In this case, it is

often useful to split the ro ot no de in to t w o indep enden t comp onen ts, as in

Figure 2(c). R

t

(1) is a paren t of X

t

, and can b e used to mo del discon tin uous

c hanges in state (c.f., McGinnit y and Irwin (2000: this v olume)). R

t

(2) is a

paren t of Y

t

, and can b e used to mo del outliers in the observ ations. Another

case when w e migh t ha v e m ultiple ro ot no des is when w e are doing online

parameter estimation: in the Ba y esian approac h, the parameters are just

additional random v ariables (no des in the graph) that can b e sampled using

particle �ltering.

In the jump Mark o v linear system, the jumps o ccur \sp on taneously", as

dictated b y the Mark o v transition matrix on the R

t

(1) no de. F or some mo dels,

it is useful to ha v e the system's state, X

t

, \trigger" the jump, whic h can

b e mo delled b y adding an arc from X

t � 1

to R

t

, and making R

t

's CPD a

logistic or softmax function. Unfortunately , Equation 2.1 b ecomes hard to

compute in this case, since w e ha v e a hidden con tin uous paren t connected to a

(hidden) discrete c hild. One p ossible approac h w ould b e to use the v ariational

appro ximation discussed in (Murph y 1999).

1

Sp eci�cally , it just means w e only ha v e to condition on r

( i )

t

, instead of b oth r

( i )

t

and

r

( i )

t � 1

, when up dating �

( i )

t

in step 3 of the algorithm in Figure 1.
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Figure 3 . The t w o-tank DBN, adapted from Koller and Lerner

(2000: this v olume). W e ha v e omitted the R F 12 and R 12 no des

to k eep the �gure simple. R F standards for resistance failure, and

represen ts a p ermanen t c hange in the resistivit y of a pip e. M F

stands for measuremen t failure, and represen ts a temp orary error

in the sensor. The M F and observ ed (shaded) no des are only

sho wn for slice 2, for simplicit y , since they are transien t v ariables,

i.e., they are not connected across time-slices.
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A more complex DBN is sho wn in Figure 3. W e w ould lik e to sam-

ple the discrete indicator v ariables (whic h mo del failures of v arious kinds)

sho wn inside the dotted b o xes, and apply exact inference on the remain-

ing, con tin uous-v alued no des, whic h w e can group in to a single v ector-v alued

no de, X

t

. Unfortunately , in this mo del, although the noise is Gaussian, the

dynamics are non-linear, making it hard to in tegrate out X

t

. W e could apply

an appro ximate inference tec hnique, suc h as the extended Kalman �lter, or

the unscen ted �lter (Julier and Uhlmann 1997), but w e w ould no longer b e

doing strict Rao-Blac kw ellisation. In particular, these appro ximations ma y

div erge. (Koller and Lerner apply particle �ltering to b oth R

t

and X

t

.)

Giv en an arbitrary DBN with a p oten tially complex top ology , whic h no des

should b e considered as ro ots, and whic h as lea v es? If w e disallo w arcs from

X

t � 1

to R

t

for the reasons discussed ab o v e, the answ er is fairly straigh tfor-

w ard. W e de�ne the set of no des whic h are eligible to b e ro ots, R , to b e all

the no des whic h either ha v e no paren ts, or whose paren ts are also in the set

R , p ossibly shifted bac k in time. W e initialize R to b e all the no des X

t

( i )

whic h ha v e no paren ts, or whose only paren t is X

t � 1

( i ). W e then add to R

all the no des, X

t

( i ), whose paren ts are in R [ f X

t � 1

( i ) g . F or example, in

the t w o-tank DBN in Figure 3, w e start with R

1

con taining all the no des in

dotted b o xes, and can then add R 1 o and R 2 o to get

R

2

= f R 1 o; R 2 o; R F 1 o; R F 2 o; M F 1 o; M F 2 o; M F 12 g :

The idea is to k eep gro wing the set R un til the set of remaining v ariables,

X

i

def

= S n R

i

, can b e up dated exactly and e�cien tly , where S represen ts all the

no des in a single slice of the DBN, and R

i

represen ts the ro ot set at iteration

i of the ab o v e ro ot-gro wing algorithm. In the t w o-tank case, R

2

is lo cally

maximal: there is no single no de that can b e added suc h that the desired

closure prop ert y w ould b e main tained. The next v alid ro ot set is R

3

= S ,

whic h corresp onds to sampling all the v ariables, as in standard PF.

No w supp ose the set of non-b o xed v ariables X

1

had line ar -Gaussian dy-

namics. In this case, w e could sample the discrete ro ot no des R

1

and apply

the Kalman �lter to the con tin uous no des X

1

, as w e discussed b efore. Ex-

panding from R

1

to R

2

, while legal, w ould probably not b e v ery helpful, since

R 1 o and R 2 o are join tly Gaussian with X

2

b y assumption, and hence can b e

marginalized out e�cien tly .

When all the (hidden) no des in a DBN are discrete, w e can alw a ys p erform

exact inference in closed form, using the HMM �lter or the junction tree

algorithm (Sm yth, Hec k erman and Jordan 1997, Co w ell et al. 1999). The

problem is that the complexit y is generally O ( k

n

), where n is the n um b er of

hidden no des, and k is the n um b er of v alues eac h no de can tak e on. (W e will

see an example of this in Section 4.) In this case, w e should k eep gro wing R

un til X b ecomes small enough that exact inference b ecomes computationally
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Figure 4 . (a) W e ha v e partitioned the lea v es and observ ations

in to t w o comp onen ts. (b) The dashed arcs en tering the ro ot no de

induce correlation b et w een the lea v es, as indicated b y the dotted

\path of in
uence." The ro ot no des are sho wn shaded since they

are instan tiated.

tractable.

2

Of course, the larger R , the more samples w e will need, so this

tradeo� m ust b e made carefully . W e hop e to examine this issue in the future.

In this c hapter, w e assume that the set R has b een pre-sp eci�ed.

In some cases, the non-ro ot no des migh t b e conditionally indep enden t

giv en the ro ots, as in Figure 4(a). W e will see an example of this in Section 4.

The adv an tage of this is that w e can up date eac h leaf indep enden tly , condi-

tioned on the ro ot, whic h is exp onen tially more e�cien t than up dating the

lea v es join tly . Note, ho w ev er, that, if w e had arcs from the lea v es en tering the

ro ot, as in Figure 4(b), w e w ould no longer b e able to up date the lea v es inde-

p enden tly . This is b ecause R

t

w ould act lik e a common observ ed c hild no de,

inducing correlation amongst its paren ts, a phenomenon called \explaining

a w a y" (P earl 1988).

2

F or example, applying the greedy ro ot-gro wing algorithm to the BA T DBN (Figure 6)

in the c hapter b y Koller and Lerner giv es the follo wing results, where w e use the notation

�

i

def

= R

i

n R

i � 1

to represen t the extra no des added at the i th iteration. R

1

= f LeftClr,

Righ tClr, EngStatus, BYdotDi�, SensorV alid, Bclr g , �

2

= f FYdotDi�, BXdot, Bclose-

F ast, Fclr g , �

3

= f FcloseSlo w g , �

4

= f F ron tBac kStatus g . T o con tin ue gro wing, w e

w ould ha v e to consider additions of t w o or more paren ts sim ultaneously , etc.
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3 The RBPF algorithm in detail

W e no w explain the RBPF algorithm, whic h is sk etc hed in Figure 1, in more

detail. W e assume there are no arcs from X

t � 1

to R

t

, and for simplicit y , that

there are also no arcs from R

t � 1

to X

t

, so the generic structure is one that is

isomorphic to Figure 2b.

As w e men tioned in the in tro duction, the b elief state, P ( X

t

; R

1: t

j y

1: t

), is

represen ted b y a set of N w eigh ted particles. The marginal distribution on

the ro ot no des is appro ximated as

P ( r

1: t

j y

1: t

) �

N

X

i =1

w

i

t

� ( r

( i )

1: t

; r

1: t

)

where w

i

t

is the w eigh t of the i 'th particle, and � ( x; y ) = 1 if x = y and is 0

otherwise. The marginal on the leaf is appro ximated as

P ( X

t

j y

1: t

) =

X

r

1: t

P ( X

t

j r

1: t

; y

1: t

) P ( r

1: t

j y

1: t

)

�

X

r

1: t

P ( X

t

j r

1: t

; y

1: t

)

N

X

i =1

w

i

t

� ( r

( i )

1: t

; r

1: t

)

=

N

X

i =1

w

i

t

P ( X

t

j r

( i )

1: t

; y

1: t

)

F or notational simplicit y , w e will assume that all no des are discrete, so w e

can represen t eac h leaf marginal as a v ector in [0 ; 1]

k

whic h sums to 1, where

k is the n um b er of p ossible v alues of the no de. In addition, since the no des

are discrete, all the CPDs can b e expressed as tables:

�

R

( r )

def

= P ( R

1

= r )

T

R

( r

0

; r )

def

= P ( R

t

= r j R

t � 1

= r

0

)

T

X

( x

0

; r ; x )

def

= P ( X

t

= x j R

t

= r ; X

t � 1

= x

0

)

O

Y

( x; r ; y )

def

= P ( Y

t

= y j X

t

= x; R

t

= r )

Since the leaf no des are discrete, w e can up date their distributions, con-

ditional on ha ving sampled R

t

, using the HMM �lter as follo ws. First w e

compute the one step-ahead prediction:

�

( i )

t j t � 1

( x )

def

= P ( X

t

= x j y

1: t � 1

; r

( i )

1: t

)

=

X

x

0

P ( X

t

= x j X

t � 1

= x

0

; r

( i )

t

) P ( X

t � 1

= x

0

j y

1: t � 1

; r

( i )

1: t � 1

)

=

X

x

0

T

X

( x

0

; r

( i )

t

; x ) �

( i )

t � 1

( x

0

)
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Then w e do Ba y esian up dating:

�

( i )

t

( x )

def

= P ( X

t

= x j y

1: t

; r

( i )

1: t

)

= (1 = Z

( i )

t

) P ( y

t

j X

t

= x; r

( i )

t

) P ( X

t

= x j y

1: t � 1

; r

( i )

1: t

)

= (1 = Z

( i )

t

) O

Y

( x; r

( i )

t

; y

t

) �

( i )

t j t � 1

( x )

where the denominator is equal to the lik eliho o d:

Z

( i )

t

def

= P ( y

t

j y

1: t � 1

; r

( i )

1: t

) =

X

x

O

Y

( x; r

( i )

t

; y

t

) �

( i )

t j t � 1

( x ) (3.1)

If w e ha v e L lea v es conditionally indep enden t lea v es, as in Figure 4(a), w e

apply these equations to eac h leaf separately . Eac h suc h up date will result in

a \lo cal lik eliho o d" term, Z

t

( j )

( i )

, lik e the one ab o v e. The o v erall lik eliho o d

then b ecomes a pro duct of the lo cal lik eliho o ds:

P ( y

t

j y

1: t � 1

; r

( i )

1: t

) =

X

x

1

;::: ;x

L

L

Y

j =1

h

P ( y

t

( j ) ; X

t

( j ) = x

j

j r

( i )

1: t

; y

1: t � 1

)

i

=

L

Y

j =1

"

X

x

P ( y

t

( j ) j X

t

( j ) = x; r

( i )

1: t

) P ( X

t

( j ) = x j r

( i )

1: t � 1

; y

1: t � 1

)

#

=

L

Y

j =1

Z

t

( j )

( i )

All that remains is to sp ecify ho w to do the follo wing standard PF steps:

� Sample new v alues of the ro ots.

� Compute the w eigh t of a particle.

� Resample the particles.

W e will no w explain these steps in detail. W e drop the i sup erscript for

brevit y .

As discussed in the c hapter b y Doucet, de F reitas and Gordon (2000: this

v olume), in sequen tial imp ortance sampling, if w e sample from the prop osal

distribution q ( R

t

; r

1: t � 1

; y

1: t

), w e m ust assign the particle w eigh t equal to the

ratio b et w een the true p osterior and the prop osal densit y:

w

t

/

P ( y

t

j y

1: t � 1

; r

1: t

) P ( R

t

j r

t � 1

)

q ( R

t

; r

1: t � 1

; y

1: t

)

The simplest case is if w e sample from the prior, q ( R

t

) = P ( R

t

j r

t � 1

). In this

case, the w eigh t is simply the lik eliho o d computed in Equation 3.1.
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The \optimal" prop osal distribution, in the sense of minimizing the v ari-

ance of the imp ortance w eigh ts (Doucet et al. 1999), is giv en b y

P ( R

t

j r

1: t � 1

; y

1: t

) =

P ( y

t

j y

1: t � 1

; r

1: t

) P ( R

t

j r

t � 1

)

P ( y

t

j y

1: t � 1

; r

1: t

)

where the denominator is the one step-ahead lik eliho o d

P ( y

t

j y

1: t � 1

; r

1: t

) =

j R

t

j

X

r =1

P ( y

t

j y

1: t � 1

; r

1: t � 1

; R

t

= r ) P ( R

t

= r j r

t � 1

)

This requires computing the lik eliho o d j R

t

j times, whic h can b e quite ex-

p ensiv e. Whether the computational exp ense is w orth while dep ends on the

relativ e reliabilit y of the observ ations and the transition prior: if the prior

is w eak (di�use) and the observ ation lik eliho o d is strong (sharply p eak ed),

man y particles ma y b e prop osed in a part of the state space that has lo w

lik eliho o d, whic h is w asteful. In this case, it migh t b e w orth while to tak e

the most recen t evidence, y

t

, in to accoun t b efore prop osing. See Pitt and

Shephard (2000: this v olume) for a more detailed discussion.

Finally , giv en a set of particles and w eigh ts, w e can resample a fresh set

using an y of the standard metho ds, suc h as residual resampling, discussed in

Doucet, de F reitas, and Gordon (2000: this v olume).

4 Application: Concurren t lo calisation and

map learning for a mobile rob ot

In this section, w e discuss an application of RBPF to a highly simpli�ed

v ersion of the problem of map learning for mobile rob ots (Murph y 2000).

The application of standard (non-RB) PF to the problem of rob ot lo calisation

(�nding the rob ot's p osition giv en a kno wn map) using real rob ots is discussed

in Thrun et al. (2000: this v olume).

Consider a rob ot whic h can mo v e on a discrete, t w o-dimensional grid.

The goal is to learn the color of eac h grid cell, whic h can b e either blac k or

white (sa y). The di�cult y is that the color sensors are not p erfect (they ma y

acciden tly 
ip bits with probabilit y p

o

), nor are the motors (the rob ot ma y

fail to mo v e in the desired direction with probabilit y p

a

, due e.g., to wheel

slippage). Consequen tly , it is easy for the rob ot to get lost. And when the

rob ot is lost, it do es not kno w what part of the map to up date. (Note that, if

the rob ot alw a ys knew its lo cation, e.g., b y using GPS, map learning w ould b e

easy; unfortunately , GPS do es not w ork indo ors, nor is it accurate enough.)

The optimal Ba y esian solution to this problem is to main tain a b elief state

o v er b oth the lo cation of the rob ot, L

t

2 f 1 ; : : : ; N

L

g , and the color of eac h

grid cell, M

t

( l ) 2 f 0 ; 1 g , l = 1 ; : : : ; N

L

, where N

L

is the n um b er of cells. F or
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notational simplicit y , in this subsection w e shall assume there are only t w o

colors; the tec hnique easily generalizes.

W e assume the color of the cells can c hange, to represen t the fact that

the en vironmen t can b e dynamic. F or example, in Section 4.2, w e use four

\colors" that represen t whether a cell is uno ccupied, or con tains a w all, or

an op en do or, or a closed do or, and w e allo w do ors to c hange b et w een op en

and closed. In this case, M

t

is lik e an o ccupancy grid (Mora v ec and Elfes

1985), whic h is a simple kind of m ap. F or simplicit y , w e assume the colors of

the cells c hange indep enden tly , but with an iden tical distribution, sp eci�ed

b y the matrix T

M

( c ; c

0

)

def

= P ( M

t

( l ) = c

0

j M

t � 1

( l ) = c ). If this is an iden tit y

matrix, it means that the colors do not c hange.

3

The observ ation mo del is that the rob ot sees the color of the grid cell at

its curren t lo cation, corrupted b y noise:

P ( y

t

j m

1

; : : : ; m

N

L

; L

t

= l )

def

= B ( m

l

; y

t

) =

(

1 � p

o

if y

t

= m

l

p

o

if y

t

6= m

l

where p

o

is the probabilit y that a color gets misread, and B is the 2 � 2

observ ation matrix with 1 � p

o

on the diagonal and p

o

o� the diagonal. A

more realistic mo del w ould capture the fact that the rob ot can see the color of

neigh b oring cells as w ell. This is not hard to do, but for notational simplicit y ,

w e shall stic k to the single-cell mo del for no w.

Let us assume for no w that the rob ot is in a one-dimensional grid w orld, so

it can only mo v e left or righ t, dep ending on the con trol input, U

t

. The rob ot

mo v es in the desired direction with probabilit y 1 � p

a

, and otherwise sta ys

put. In addition, it cannot mo v e o� the edges of the grid. Algebraically , this

b ecomes

P ( L

t

= l

0

j L

t � 1

= l ; U

t

= ! ) =

8

>

>

>

<

>

>

>

:

1 � p

a

if l

0

= l + 1 and 1 � l

0

< N

L

p

a

if l = l

0

and 1 � l

0

< N

L

1 if l = l

0

= N

L

0 otherwise

The equation for P ( L

t

= l

0

j L

t � 1

= l ; U

t

=  ) is analogous. In Section 4.2, w e

will consider the case of a rob ot mo ving in t w o dimensions. In that case, the

motion mo del will b e sligh tly more complex.

Finally , w e need to sp ecify the prior. The rob ot is assumed to kno w its

initial lo cation, so the prior P ( L

1

) is a delta function. If the rob ot did not

kno w its initial lo cation, there w ould b e no w ell-de�ned origin to the map; in

other w ords, the map is relativ e to the initial lo cation. Also, the rob ot has a

uniform prior o v er the colors of the cells. Ho w ev er, it kno ws the size of the

en vironmen t, so the state space has �xed size.

3

If the colors do not c hange, and if w e are satis�ed with learning a maxim um lik eliho o d

estimate of the map, instead of a full p osterior, w e can treat the M ( i )s as �xed parameters

and use EM to learn them (Thrun, Burgard and F o x 1998). Ho w ev er, doing this online

do es not w ork v ery w ell (Murph y 2000).
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U

M(2)

M(1)

L

Y

U

M(2)

M(1)

L

Y

U

M(2)

M(1)

L

Y

Figure 5 . The DBN used in the map learning problem. M

t

( l )

represen ts the color of grid cell l at time t , L

t

represen ts the rob ot's

lo cation, Y

t

the curren t observ ation, and U

t

is the curren t input

(con trol).

The DBN w e are using is sho wn in Figure 5. This kind of top ology (mo d-

ulo the observ ed input ndo es) is called a factorial HMM (Ghahramani and

Jordan 1997). Inference in these mo dels is computationally in tractable. T o

b e precise, if there are n c hains, eac h of whic h can tak e on k p ossible v alues,

then the b elief state has size O ( k

n

): all the c hains b ecome coupled b ecause

Y

t

is a common observ ed c hild. Exact inference, using the junction tree al-

gorithm (Sm yth et al. 1997, Co w ell et al. 1999), tak es O ( nk

n +1

) op erations

p er time step. In general, if the n um b er of v alues the no des in c hain j can

tak e on is k

j

, then the b elief state has size S =

Q

n

j =1

k

j

, and exact inference

tak es O ( S

P

n

j =1

k

j

) op erations p er time step. In our application, there are N

L

c hains with 2 p ossible v alues eac h, and one c hain with N

L

p ossible v alues,

so w e need 3 N

2

L

2

N

L

op erations p er time step. In Section 4, w e use a 10 � 10

grid, so this requires O (2

100

) op erations p er time step for exact inference.

In our case, ho w ev er, the observ ation mo del has the crucial prop ert y that

Y

t

only dep ends on a single elemen t of M

t

once L

t

is kno wn. Note that this

conditional indep endence prop ert y is not ob vious from the structure of the

graph, but is implicit in Y

t

's CPD c.f., (Boutilier, F riedman, Goldszmidt and

Koller 1996). The upshot is that w e can rewrite the mo del of Figure 5 to tak e

on the form of Figure 4(a) as follo ws: L

t

is equiv alen t to the ro ot R

t

, and the

map cells M

t

( j ) are equiv alen t to the lea v es X

t

( j ). (W e ignore the U

t

no des

for simplicit y .) The transition mo del for the ro ot is the motion mo del of the



13

Figure 6. A one-dimensional grid w orld.

rob ot, and the transition mo del of the lea v es is the matrix T

M

, de�ned to b e

indep enden t of L

t

. Finally , the observ ation no des are as follo ws. W e de�ne

P ( Y

t

( j ) = m

0

j M

t

( j ) = m; L

t

= l ) =

(

B ( m ; m

0

) if j = l

1 = 2 if j 6= l

where j; l 2 f 1 ; : : : ; N

L

g and m; m

0

2 f 0 ; 1 g . This observ ation mo del only

giv es information ab out the cell at the rob ot's curren t lo cation, L

t

= l , as

desired; all other cells (lea v es) will b e e�ectiv ely b e up dated with no obser-

v ations. It is no w straigh tforw ard to apply RBPF to this mo del.

4.1 Results on a one-dimensional grid

T o ev aluate the e�ectiv eness of this algorithm, w e �rst applied it to a problem

whic h w as su�cien tly small (8 cells) that w e could compute the \ground

truth" using exact inference. In particular, consider the one-dimensional grid

sho wn in Figure 6. W e ha v e N

L

= 8, so exact inference tak es ab out 50,000

op erations p er time step (!). F or simplicit y , w e will �x the con trol p olicy as

follo ws: the rob ot starts at the left, mo v es to the end, and then returns home.

Supp ose there are no sensor errors, but there is a single \slippage" error at

t = 4. W e summarize this b elo w, where U

t

represen ts the input (con trol

action) at time t .

t 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

L

t

1 2 3 4 4 5 6 7 8 7 6 5 4 3 2 1

Y

t

0 1 0 1 1 0 1 0 1 0 1 0 1 0 1 0

U

t

- ! ! ! ! ! ! !         

T o study the e�ect of this sequence, w e used exact inference to compute

P ( L

t

j y

1: t

) and P ( M

t

j y

1: t

): see Figure 7. A t eac h time step, the rob ot thinks it

is mo ving one step to the righ t, but the uncertain t y gradually increases. Ho w-

ev er, as the rob ot returns to \familiar territory", it is able to b etter lo calize

itself, and hence the map b ecomes \sharp er", ev en in distan t cells. Note that

this e�ect only o ccurs b ecause w e are mo delling the correlation b et w een cells

c.f., the sto c hastic map represen tation of (Smith, Self and Cheeseman 1988).

F or a more detailed in terpretation of this example, see (Murph y 2000).

In Figure 8, w e sho w the results obtained using RBPF. W e see that it

appro ximates the exact solution v ery closely , using only 50 particles. The



14

time t
g

ri
d

 c
e

ll 
i

Marginal map, i.e., P(M
i
(t) | y(1:t))

2 4 6 8 10 12 14 16

1

2

3

4

5

6

7

8 0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

time t

g
ri
d
 c

e
ll 

i

Prob. location, i.e., P(L(t)=i | y(1:t))

2 4 6 8 10 12 14 16

1

2

3

4

5

6

7

8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a) (b)

Figure 7. Results of exact inference on the 1D grid w orld. (a) A

plot of P ( M

t

( i ) = 1 j y

1: t

), where i is the v ertical axis and t is the

horizon tal axis; ligh ter cells are more lik ely to b e color 1 (white).

(b) A plot of P ( L

t

= i j y

1: t

), i.e., the estimated lo cation of the

rob ot at eac h time step.
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Figure 8. Results of the RBPF algorithm on the 1D grid w orld

using 50 particles.

results sho wn are for a particular random n um b er seed; other seeds pro duce

qualitativ ely v ery similar results, indicating that 50 particles are in fact su�-

cien t in this case. Ob viously , as w e increase the n um b er of particles, the error

and v ariance decrease, but the running time increases (linearly).

The question of ho w man y particles to use is a di�cult one: it dep ends

b oth on the noise parameters and the structure of the en vironmen t (if ev ery

cell has a unique color, lo calization, and hence map learning, is easy). Since

w e are sampling tra jectories, the n um b er of h yp otheses gro ws exp onen tially

with time (as in a jump Mark o v linear system). In the w orst case, the n um b er
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Figure 9. Results of the BK algorithm on the 1D grid w orld.

of particles needed ma y dep end on the length of the longest cycle in the

en vironmen t, since this determines ho w long it migh t tak e for the rob ot to

return to \familiar territory" and \kill o� " some of the h yp otheses (since a

uniform prior on the map cannot b e used to determine L

t

when the rob ot is

visiting places for the �rst time). In the ab o v e example, the rob ot w as able to

lo calize itself quite accurately when it reac hed the end of the corridor, since

it knew that this corresp onded to cell 8. In general, w e ma y need to use a

clev er con trol p olicy , suc h as the one w e discuss in the next section, to k eep

the n um b er of particles tractable.

F or comparison purp oses, w e also tried the Bo y en-Koller (BK) algorithm

(Bo y en and Koller 1998), whic h is another p opular appro ximate inference

algorithm for discrete DBNs. In its simplest, fully factorised form, BK rep-

resen ts the b elief state as a pro duct of marginals:

P ( M

t

; L

t

j y

1: t

) = P ( L

t

j y

1: t

)

N

L

Y

j =1

P ( M

t

( j ) j y

1: t

)

The results of using BK are sho wn in Figure 9. As w e can see, it p erforms

v ery p o orly in this case, b ecause it ignores correlation b et w een the cells. Of

course, it is p ossible to use pro ducts of pairwise or higher-order marginals for

tigh tly coupled sets of v ariables. Unfortunately , there is no natural subset of

v ariables to use in this case, since all the grid cells are p oten tially correlated.

4.2 Results on a t w o-dimensional grid

W e no w consider the 10 � 10 grid w orld in Figure 10. W e use four \colors",

whic h represen t closed do ors, op en do ors, w alls, and free space. Do ors can

toggle b et w een op en and closed indep enden tly with probabilit y p

c

= 0 : 1, but
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Figure 10. A simple 2D grid w orld. Grey cells denote do ors

(whic h are either op en or closed), blac k denotes w alls, and white

denotes free space.
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Figure 11. Results of RBPF on the 2D grid w orld using 200

particles.

the other \colors" remain static; hence the cell transition matrix T

M

is

0

B

B

B

@

1 � p

c

p

c

0 0

p

c

1 � p

c

0 0

0 0 1 0

0 0 0 1

1

C

C

C

A

The rob ot observ es a 3 � 3 neigh b orho o d cen tered on its curren t lo cation. The

total probabilit y that eac h pixel gets misclassi�ed is p

o

= 0 : 1. The rob ot can

mo v e north, east, south or w est; there is a p

a

= 0 : 1 c hance it will acciden taly

mo v e in a direction p erp endicular to the one sp eci�ed b y U

t

.

W e use a con trol p olicy that alternates b et w een exploring new territory

when it is con�den t of its lo cation, and returning to familiar territory to
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relo calize itself when the en trop y of P ( L

t

j y

1: t

) b ecomes to o high c.f., (F o x,

Burgard and Thrun 1998): see (Murph y 2000) for details.

The results of applying the RBPF algorithm to this problem, using 200

particles, are sho wn in Figure 11. W e see that b y time 50, it has learn t an

almost p erfect map, ev en though the state-space has size 2

100

.

5 Conclusions and future w ork

W e ha v e sho wn ho w to exploit \tractable substructure" in certain kinds of

DBNs b y com bining particle �ltering with exact inference. In the future, w e

hop e to �nd more applications of this tec hnique, and to extend the algorithm

to the batc h (o�ine) case.
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