
Minimizing the Squared Mean Curvature Integral
for Surfaces in Space Forms
Lucas Hsu, Rob Kusner and John Sullivan

CONTENTS

1. Introduction
2. Experimental Setup
3. Minimizing Spheres
4. Minimizing Tori
5. Higher-Genus Minimizing Surfaces
6. Further Work
Acknowledgements
References

����� ���	�
�	���
�	�������
�����������������
��������� ����!#"�$&%('*)����
�����+-, %#.0/#1 2#1�1
1 2�354�����67�
��� +-, %#.0/�8
2�/
2�9
:;35<&���	���
��6>=�!�"��
�?$@%�'A ���	�����(�B������� CD'��
C C �E���	�����F35<&�������
��6>=�� ���?!�";�����HG&�
��IJ�B����";K7�
�����
�30%(��C C�� L
� ��6>M7KN��IJ������� ��� ����� CPOQ�
�
� C�� ��� �
���N�
�	�-���	�EL(� ���
�D=�� �?��� ����=�!�"�
����� ��� ����� CR$&%�'*�
��� +-S&T )���� �#���
=��
����!#"��U)
�
���
�	�
����C����
��OQ�	��I%(� C�� �
���VG&��� ����� �
��=�WX����M

We minimize a discrete version of the squared mean curvature
integral for polyhedral surfaces in three-space, using Brakke’s
Surface Evolver [Brakke 1992]. Our experimental results sup-
port the conjecture that the smooth minimizers exist for each
genus and are stereographic projections of certain minimal sur-
faces in the three-sphere.
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g�e�x£fd[R\^5q [~w�jkZ�}Nnoe�b�^0qk]#e�b
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�ÔÌÕ < A �B���B�	��=�ÖP���DM×B2(1
/E.09
:(1 /#Ø 8#ÙHÚE2�M 1 2U���
�����
)
�



192 Experimental Mathematics, Vol. 1 (1992), No. 3
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	��H[Rldb([Dq�l|e�e��ta�[D](^5j|q
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g�e�\�^5q]#g�e�[Ri�\
e�q�_�ehj|c~[�¢|jkZ5a�noe�_�j|q�\ ]#b([R^0qk]P�$#
c`zVehb�em_�[dZ0Z]#g�[P]�´ ¾±Ð&%µ�')( � 
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e�e¹]�g�[P]]#g�^0\§^0\�[`c	j|aNb
]#g7s
jdb#xNe�bmfRq�j|q�ZX^5q�eP[DbmfRe�ZXZX^5wN]#^X_�w�[Db
](^X[dZ7xN^0c�sc�e�b
e�qk](^�[RZ¤e��ta�[P](^5j|qH�.#�c§]�g�eu\
a�b�c�[d_�e�� g�[R\*i�j|aNq�x�[Db
}kfzVe�\
g�jda�Z0xy^Xnow@j|\
eh[�w�[d^5buj|c¹i@j|aNq�x�[Rb
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}kfr]�g�e~_�a�b
¢d[D]�a�b�e*j|cJ�{w�e�b
w@e�q�x�^0_�a�ZX[Rb?]�ju]#gNei@j|aNq�x�[Rb
}�^X\~\�w�em_�^0Î�e�x¯^0q�\ ]#eP[Rx£� � ]#g�^0b#x�w@jk\�\�^0i�^XZ0^5]E}^X\F]#j½\�w�em_�^0c	}�´ [dZ5j|q�l�]#gNe�i@jda�q�x�[Rb }-È�]#g�^X\`^0\*[Rq�[�¢tse�b([Dl|epj|c§]#gNeu_�ZX[dnow@e�x�[Dq�x�g�^0qNl|emx�_m[R\�e�\��Ó��®¯e�\�g�[dZ0Z[d\�\
a�noe¼^0q�\ ]�eP[dx½]#g�[D]���^X\�[o_�Z0j|\
emxh\
a�b�c�[d_�ekf7z�^�]#ghq�ji@j|aNq�x�[Rb
}k�@ i�\
e�b ¢ke;]#g�[P]U]#g�e?_�jte2A�_�^5e�qt]J·�j|c�¸¦x7jre�\UqNjd]Je�qk]#e�b^0qt]�j*]�g�e¹Y�a�Z0e�b
	��H[Rldb([Dq�l|eVem�ka�[P](^0jdqH� Ä j|^X\�\
j|quqNjd](^0_�e�x]#g�^0\~[Db�jda�q�x����N�CBrf-x7em_m[RxNe�\*i�e�c�jdb�e���[Ra�\�\�[Rq�xD��j|q7sq�e�]V\
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¿ À ¸�ÁtÂÍ¾F�HGJI?�
��� �

zFg�e�b�eKI?�
���¹^X\�]�g�eoY�a�Z0e�b�_#g�[Db([d_�]#e�b#^X\ ]#^X_¼j|c?�V�*¥¡gra�\^5]�\
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c~³�¾ �Nf�]#gNe�e�q�e�b
ld}�^X\ � a�\ ] [¯npa�Z�](^0w�Z0ehj|c�\
a�b sc>[d_�e�[Rb�em[Nf£c�jdb~zFg�^X_(g�]�g�e�Y�a�Z0e�b
	��H[Rldb([Dq�l|eoem�ka�[D]#^0jdqb�emx7a�_�em\~]#j�]#g�e�_�jdq�xN^5](^5j|q¯jdc¡_�jdq�\ ]�[Dqt]�noem[Rq«_�a�b ¢|[Ps]#a�b
ek�H®¯e¹[Rb
eVq�jR]�^0qk]#e�b�em\ ]�emx�^0q�]�g�^0\§x7e�l|e�q�e�b([D]�eV_m[d\
e|f\�j�z?e½[R\�\�a�noeo]#g�[D]p³NM±�h[Rq�x£fH^0q�c>[R_�]Pf-it}�\�_m[dZ0^0qNl�f]#g�[P]h³¯¾ �d�Ê®«e�[dZ0\�j�[R\#\
a�nve�]#g�[D]�°�^X\�em�ka�[dZ¹]#j]#g�e¯_�a�b ¢|[P]#a�b
e�j|c�]�g�e{[Rn�i�^0e�qt]h]�g�b
e�e�s
n�[Rq�^5c�j|ZXx±��\
j°¦¾ �df¡�7f`Ðp�h^0c�zVe�[Rb�e�zVj|b
Æ7^5q�l«^5q»¬ © f ¨�© f¡­ © ���
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ek�#
cF]�g�e�[dnpi�^0e�qk]�\
w�[d_�e�^X\vY�a�_�Z0^XxNem[Rq�PÌ]�g�e�_�[d\
e½]#g�[P]g�[d\vwNgt}N\�^0_m[dZ¡\�^0l|q�^0Î�_m[Rq�_�e PÌ]�g�^0\o_(g�j|^X_�e�jdc*°ynoeP[Rq�\]�g�e�b
e ^0\�q�j�\
a�b
c>[d_�e�]�e�q�\�^5j|qH�¶¥Vg�e½w�b
j|i�Z5emn ^0\¼]#g�e�q_�Z0eP[Db#Z�}*\#_�[dZ5e�s�^5qt¢d[Rb#^X[Rqk]QE�]�g�e�e�q�e�b�ld}�^0\£aNq�_#g�[RqNl|e�x�a�q7sx7e�b�Y§a�_�ZX^0xNeP[Dqv\�^Xnv^XZX[Rb#^�](^5em\��¤¥Vgra�\mfR]�j¼noj7x7emZ�[`w�gk}N\�^5s_�[dZ�wNb�em\�\
a�b
e*[R_�b
jk\�\�]�g�e�\
a�b�c�[d_�ekfdzVeFzVjda�Z0x�qNjPzÌg�[�¢|e]�jo^0now@jk\
e�q�jd] � a�\ ]¡[¼¢kj|Z0a�noe*_�jdq�\ ]#b#[d^5qt]Pfki�a7]F[p_�j|q7s\ ]#b#[d^5qt]�j|qÌ]�g�e�b#[D](^5j«i@e�]EzVe�e�q ¢|jkZ0a�noe�[Dq�x¦\
aNb�c>[R_�e[Db�eP[7�J®¯e�zF^XZ0Z£[d\�\
a�noe�]�g�e�b
e¼^0\¹qNj�\
a�_#g�_�j|q�\ ]�b([d^5qt]m�#
]�^X\�[�b�emn�[Db�Æd[Di�Z5e�c>[R_�]¼]#g�[P]pz¹g�e�q{°�^0\¼e��ta�[RZ�]�j]�g�e?[Rn�i�^0e�qt]¤_�aNb
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a�noemx-fm]#gNe;e�q7se�b�ld}RO ^0\S/�TH<QU�T6� 5V361W1YXZ;=<7[636� ;\36<^]>f�]�g�[P]*^X\�f_O �
���V¾O �a`��B�����@c�jdbJ[Dqt}~_�j|qNc�jdb#n�[dZd]�b([Dq�\
c�jdb#n�[D]#^0j|qb`oj|cr]#gNe[Rn�i�^0e�qt]`\
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