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Abstract

In this paper, we augmentexisting techniquesfor simulating�e x-
ible objectsto includemodelsfor crackinitiation andpropagation
in three-dimensionalvolumes.By analyzingthestresstensorscom-
putedovera �nite elementmodel,thesimulationdetermineswhere
cracksshouldinitiateandin whatdirectionsthey shouldpropagate.
We demonstrateour resultswith animationsof breakingbowls,
crackingwalls, and objectsthat fracturewhen they collide. By
varying the shapeof the objects,the materialproperties,and the
initial conditionsof the simulations,we cancreatestrikingly dif-
ferenteffectsrangingfrom a wall that shatterswhenit is hit by a
wreckingball to a bowl that breaksin two whenit is droppedon
edge.

CR Categories: I.3.5 [Computer Graphics]: Computational
Geometry and Object Modeling—Physically based modeling;
I.3.7 [Computer Graphics]: Three-DimensionalGraphics and
Realism—Animation;I.6.8 [SimulationandModeling]: Typesof
Simulation—Animation

Keywords: Animation techniques,physicallybasedmodeling,
simulation,dynamics,fracture,cracking,deformation,�nite ele-
mentmethod.

1 Intr oduction

With the introductionin 1998 of simulatedwater in Antz [5, 14]
andclothingin Geri'sGame[4, 15], passive simulationwasclearly
demonstratedto be a viable techniquefor commercialanimation.
The appealof using simulation for objectswithout an internal
sourceof energy is not surprising,aspassive objectstendto have
many degreesof freedom,makingkeyframing or motion capture
dif�cult. Furthermore,while passive objectsareoften essentialto
theplot of ananimationandto theappearanceor moodof thepiece,
they arenotcharacterswith theirconcomitantrequirementsfor con-
trol over thesubtledetailsof themotion. Therefore,simulationsin
which themotion is controlledonly by initial conditions,physical
equations,andmaterialparametersareoften suf�cient to produce
appealinganimationsof passive objects.
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Figure1: Slabof simulatedglassthathasbeenshatteredby aheavy
weight.

Our approachto animatingbreakingobjects is basedon lin-
earelasticfracturemechanics.We model three-dimensionalvol-
umesusing a �nite elementmethodthat is basedon techniques
presentedin the computergraphicsand mechanicalengineering
literature[3, 6, 18]. By analyzingthe stressescreatedas a vol-
umetric object deforms,the simulationdetermineswherecracks
shouldbegin and in what directionsthey shouldpropagate.The
systemaccommodatesarbitrarypropagationdirectionsby dynami-
cally retesselatingthemesh.Becausecracksarenot limited to el-
ementboundaries,the modelscanform irregularly shapedshards
andedgesasthey shatter.

We demonstratethe power of this approachwith the following
examples:a glassslabthatshatterswhena weight is droppedonto
it (Figure 1), an adobewall that crumblesunderthe impact of a
wreckingball (Figure9), a seriesof bowls thatbreakwhenthey hit
the�oor (Figure11),andobjectsthatbreakwhenthey collidewith
eachother(Figure14). To assesstherealismof this approach,we
comparehigh-speedvideoimagesof aphysicalbowl droppingonto
concreteanda simulatedversionof thesameevent(Figure13).

2 Backgr ound

In the computergraphicsliterature,two previous techniqueshave
beendevelopedfor modelingdynamic,deformation-inducedfrac-
ture. In 1988, Terzopoulosand Fleischer[18, 19] presenteda
generaltechniquefor modelingviscoelasticand plastic deforma-
tions. Their methodusedthreefundamentalmetric tensorsto de-
�ne energy functionsthat measureddeformationover curves,sur-
faces,andvolumes.Theseenergy functionsprovided thebasisfor
a continuousdeformationmodel that they simulatedusing a va-
riety of discretizationmethods. One of their methodsmadeuse
of a �nite differencingtechniquede�ned by controlledcontinuity
splines[17]. This formulationallowed themto demonstratehow
certainfractureeffectscouldbemodeledby settingtheelasticco-
ef�cients betweenadjacentnodesto zero whenever the distance
betweenthe nodesexceededa threshold.They demonstratedthis
techniquewith sheetspaperandcloth thatcouldbetornapart.
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In 1991, Norton and his colleaguespresenteda techniquefor
animating 3D solid objects that broke when subjectedto large
strains[12]. They simulateda teapotthat shatteredwhendropped
onto a table. Their techniqueuseda spring and masssystemto
model the behavior of the object. When the distancebetween
two attachedmasspointsexceededa threshold,thesimulationsev-
eredthe springconnectionbetweenthem. To avoid having �e xi-
blestringsof partially connectedmaterialhangingfrom theobject,
their simulationbroke anentirecubeof springsat once.

Two limitations are inherentin both of thesemethods. First,
when the material fails, the exact locationand orientationof the
fracturearenot known. Ratherthe failure is de�ned asthe entire
connectionbetweentwo nodes,andthe orientationof the fracture
planeis left unde�ned. As a result,thesetechniquescanonly re-
alistically modeleffectsthatoccuron a scalemuchlarger thanthe
inter-nodespacing.

Thesecondlimitation is thatfracturesurfacesarerestrictedto the
boundariesin theinitial meshstructure.As aresult,thefracturepat-
ternexhibitsdirectionalartifacts,similar to the“jaggies” thatoccur
whenrasterizinga polygonaledge.Theseartifactsareparticularly
noticeablewhenthediscretizationfollowsaregularpattern.If anir-
regularmeshis used,thentheartifactsmaybepartiallymasked,but
thefractureswill still beforcedontoapaththatfollowstheelement
boundariessothattheobjectcanbreakapartonly alongprede�ned
facets.

Otherrelevantwork in thecomputergraphicsliteratureincludes
techniquesfor modelingstaticcrackpatternsandfracturesinduced
by explosions. Hirota andcolleaguesdescribedhow phenomena
suchasthestaticcrackpatternscreatedby dryingmudcanbemod-
eledusinga massandspringsystemattachedto an immobilesub-
strate[8]. Mazaraket al. usea voxel-basedapproachto model
solidobjectsthatbreakapartwhenthey encountera sphericalblast
wave [9]. Neff andFiumeusea recursive patterngeneratorto di-
videa planarregion into polygonalshardsthat�y apartwhenacted
onby a sphericalblastwave [10].

Fracturehasbeenstudiedmoreextensively in themechanicslit-
erature,andmany techniqueshave beendevelopedfor simulating
andanalyzingthebehavior of materialsasthey fail. A numberof
theoriesmaybeusedto describewhenandhow a fracturewill de-
velop or propagate,and thesetheorieshave beenemployed with
variousnumericalmethodsincluding �nite elementand�nite dif-
ferencemethods,boundaryintegralequations,andmolecularparti-
clesimulations.A comprehensive review of thiswork canbefound
in thebookbyAnderson[1] andthesurvey articleby Nishioka[11].

Althoughsimulationis usedto modelfracturebothin computer
graphicsandin engineering,therequirementsof thetwo �elds are
very different.Engineeringapplicationsrequirethatthesimulation
predictreal-world behaviors in anaccurateandreliablefashion.In
computeranimation,what mattersis how the fracturelooks, how
dif�cult it wasto make it look thatway, andhow long it took. Al-
thoughthe techniquepresentedin this paperwasdevelopedusing
traditionalengineeringtools,it is ananimationtechniqueandrelies
on a numberof simpli�cations that would be unacceptablein an
engineeringcontext.

3 Deformations

Fracturesarisein materialsdue to internalstressescreatedas the
materialdeforms. Our goal is to model thesefractures. In order
to do so,however, we must�rst beableto modelthedeformations
that causethem. To provide a suitableframework for modeling
fractures,thedeformationmethodmustprovide informationabout
themagnitudeandorientationof theinternalstresses,andwhether
they aretensileor compressive. We would alsolike to avoid defor-
mationmethodsin which directionalartifactsappearin the stress
patternsandpropagateto theresultingfracturepatterns.
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Figure2: Thematerialcoordinatesde�ne a 3D parameterizationof
theobject.Thefunction � ( � ) mapspointsfromtheir locationin the
materialcoordinateframeto their locationin theworld coordinates.
A fracturecorrespondsto a discontinuityin � ( � ).

We derive our deformationtechniqueby de�ning a setof differ-
entialequationsthatdescribetheaggregatebehavior of thematerial
in a continuousfashion,andthenusinga �nite elementmethodto
discretizetheseequationsfor computersimulation.This approach
is fairly standard,andmany differentdeformationmodelscanbe
derivedin this fashion.Theonepresentedherewasdesignedto be
simple,fast,andsuitablefor fracturemodeling.

3.1 Contin uous Model

Ourcontinuousmodelisbasedoncontinuummechanics,andanex-
cellentintroductionto thisareacanbefoundin thetext by Fung[7].
The primary assumptionin the continuumapproachis that the
scaleof the effectsbeingmodeledis signi�cantly greaterthanthe
scaleof thematerial's composition.Therefore,thebehavior of the
molecules,grains,or particlesthat composethe materialcan be
modeledasa continuousmedia.Althoughthis assumptionis often
valid for modelingdeformations,macroscopicfracturescanbesig-
ni�cantly in�uencedby effectsthatoccuratsmallscaleswherethis
assumptionmaynot bevalid. Becausewe areinterestedin graph-
ical appearanceratherthanrigorousphysicalcorrectness,we will
put this issueasideandassumethatacontinuummodelis adequate.

We begin the descriptionof the continuousmodel by de�ning
materialcoordinatesthat parameterizethe volumeof spaceoccu-
piedby theobjectbeingmodeled.Let � = [u; v; w]T bea vector
in < 3 that denotesa location in the materialcoordinateframeas
shown in Figure2. Thedeformationof the materialis de�ned by
the function � ( � ) = [x; y; z]T thatmapslocationsin thematerial
coordinateframeto locationsin world coordinates.In areaswhere
materialexists, � ( � ) is continuous,exceptacrossa �nite number
of surfaceswithin the volume that correspondto fracturesin the
material.In areaswherethereis no material,� ( � ) is unde�ned.

We make useof Green's strain tensor, � , to measurethe local
deformationof the material[6]. It canbe representedasa 3 � 3
symmetricmatrix de�ned by

� ij =

�
@�

@ui
�

@�

@uj

�
� � ij (1)

where� ij is theKronecker delta:

� ij =

�
1 : i = j
0 : i 6= j : (2)

Thisstrainmetriconlymeasuresdeformation;it is invariantwith re-
spectto rigid bodytransformationsappliedto � andvanisheswhen
the materialis not deformed. It hasbeenusedextensively in the
engineeringliterature. Becauseit is a tensor, its invariantsdo not
dependon theorientationof thematerialcoordinateor world sys-
tems.TheEuclideanmetrictensorusedby TerzopoulosandFleis-
cher[18] differsonly by the� ij term.

In addition to the strain tensor, we make useof the strain rate
tensor, � , which measurestherateat which thestrainis changing.

138



Computer Graphics Proceedings, Annual Conference Series, 1999

It canbederivedby takingthetime derivative of (1) andis de�ned
by

� ij =

�
@�

@ui
�

@_�

@uj

�
+

�
@_�

@ui
�

@�

@uj

�
(3)

wherean over dot indicatesa derivative with respectto time such
that _� is thematerialvelocityexpressedin world coordinates.

The strain and strain rate tensorsprovide the raw information
thatis requiredto computeinternalelasticanddampingforces,but
they do not take into accountthe propertiesof the material. The
stresstensor, � , combinesthebasicinformationfrom thestrainand
strainratewith thematerialpropertiesanddeterminesforcesinter-
nal to thematerial.Like thestrainandstrainratetensors,thestress
tensorcanberepresentedasa 3 � 3 symmetricmatrix. It hastwo
components:the elasticstressdueto strain, �

( � ) , andtheviscous
stressdueto strainrate, �

( � ) . The total internalstress,is thesum
of thesetwo componentswith

� = �

( � ) + �

( � ) : (4)

Theelasticstressandviscousstressarerespectively functionsof
the strainandstrainrate. In their mostgenerallinear forms, they
arede�ned as

� ( � )
ij =

3X

k =1

3X

l =1

Cij k l � k l (5)

� ( � )
ij =

3X

k =1

3X

l =1

D ij k l � k l (6)

where
�

is a setof the 81 elasticcoef�cients that relatethe ele-
mentsof � to theelements�

( � ) , and � is a setof the81 damping
coef�cients.1

Becauseboth � and �

( � ) aresymmetric,many of thecoef�cients
in

�

areeitherredundantor constrained,and
�

canbereducedto
36 independentvaluesthatrelatethesix independentvaluesof � to
thesix independentvaluesof �

( � ) . If weimposetheadditionalcon-
straintthatthematerialis isotropic,then

�

collapsesfurtherto only
two independentvalues,� and� , which aretheLamé constantsof
thematerial.Equation(5) thenreducesto

� ( � )
ij =

3X

k =1

�� k k � ij + 2�� ij : (7)

The material's rigidity is determinedby the value of � , and the
resistanceto changesin volume(dilation) is controlledby � .

Similarly, � canbereducedto two independentvalues,� and 
and(6) thenreducesto

� ( � )
ij =

3X

k =1

�� k k � ij + 2 � ij : (8)

Theparameters� and� will controlhow quickly thematerialdis-
sipatesinternalkinetic energy. Since �

( � ) is derivedfrom therate
at which � is changing,�

( � ) will notdampmotionsthatarelocally
rigid, andhasthedesirablepropertyof dissipatingonly internalvi-
brations.

Oncewe have the strain,strainrate,andstresstensors,we can
computetheelasticpotentialdensity, � , andthedampingpotential
density, � , at any point in thematerialusing

� =
1
2

3X

i =1

3X

j =1

� ( � )
ij � ij ; (9)

1Actually � and � arethemselvesrankfour tensors,and(5) and(6) are
normallyexpressedin this form so that � and � will follow thestandard
rulesfor coordinatetransforms.
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Figure3: Given a point in the material,the traction, � , that acts
on thesurfaceelement,dS, of a differentialvolume,dV, centered
aroundthepointwith outwardunit normal,^� , is givenby � = � ^� .

� =
1
2

3X

i =1

3X

j =1

� ( � )
ij � ij : (10)

Thesequantitiescanbeintegratedoverthevolumeof thematerialto
obtainthetotalelasticanddampingpotentials.Theelasticpotential
is theinternalelasticenergy of thematerial.Thedampingpotential
is relatedto thekinetic energy of thematerialaftersubtractingany
rigid bodymotionandnormalizingfor thematerial's density.

Thestresscanalsobeusedto computetheforcesactinginternal
to the materialat any location. Let ^� be an outward unit normal
directionof a differentialvolumecenteredabouta point in thema-
terial. (SeeFigure3.) The traction(forceper unit area),� , acting
ona faceperpendicularto thenormalis thengivenby

� = �

^� : (11)

The examplesin this paperweregeneratedusingthis isotropic
formulation. However, thesetechniquesdo not make useof the
strain or strain rate tensorsdirectly; ratherthey rely only on the
stress.Switchingto theanisotropicformulation,or even to a non-
linear stressto strain relation, would not requireany signi�cant
changes.

3.2 Finite Element Discretization

Beforewe canmodela material's behavior using this continuous
model,it mustbediscretizedin a way that is suitablefor computer
simulation.Twocommonlyusedtechniquesarethe�nite difference
and�nite elementmethods.

A �nite differencemethoddivides the domainof the material
into a regular lattice and then usesnumericaldifferencingto ap-
proximatethespatialderivativesrequiredto computethestrainand
strainratetensors.This approachis well suitedfor problemswith
a regular structurebut becomescomplicatedwhenthestructureis
irregular.

A �nite elementmethodpartitionsthe domainof the material
into distinctsub-domains,or elementsasshown in Figure4. Within
eachelement,the materialis describedlocally by a function with
some�nite numberof parameters.Thefunctionis decomposedinto
a setof orthogonalshape,or basis,functionsthatareeachassoci-
atedwith oneof thenodeson theboundaryof theelement.Adja-
centelementswill have nodesin common,sothatthemeshde�nes
apiecewisefunctionover theentirematerialdomain.

Ourdiscretizationemploystetrahedral�nite elementswith linear
polynomialshapefunctions.By usinga �nite elementmethod,the
meshcanbelocally alignedwith the fracturesurfaces,thusavoid-
ing thepreviouslymentionedartifacts.Justastrianglescanbeused
to approximateany surface,tetrahedracanbeusedto approximate
arbitraryvolumes.Additionally, whentetrahedraaresplit alonga
fractureplane,theresultingpiecescanbedecomposedexactly into
moretetrahedra.

We choseto uselinearelementsbecausehigher-orderelements
arenot costeffective for modelingfractureboundaries.Although
higher-order polynomialsprovide individual elementswith many
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(a) ( b)

Figure4: Tetrahedralmeshfor a simpleobject.In (a), only theex-
ternalfacesof thetetrahedraaredrawn; in (b) theinternalstructure
is shown.
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Figure5: A tetrahedralelementis de�ned by its four nodes.Each
nodehas(a) a locationin thematerialcoordinatesystemand(b) a
positionandvelocity in theworld coordinatesystem.

degreesof freedomfor deformation,they have few degreesof free-
domfor modelingfracturebecausetheshapeof afractureis de�ned
asaboundaryin materialcoordinates.In contrast,with lineartetra-
hedra,eachdegreeof freedomin theworld spacecorrespondsto a
degreeof freedomin thematerialcoordinates.Furthermore,when-
ever an elementis created,its basisfunctionsmustbe computed.
For high-degreepolynomials,this computationis relatively expen-
sive. For systemswherethemeshis constant,thecostis amortized
over the courseof the simulation. However, as fracturesdevelop
andpartsof theobjectareremeshed,thecomputationof basisma-
tricescanbecomesigni�cant.

Eachtetrahedralelementis de�ned by four nodes.A nodehas
a positionin the materialcoordinates,� , a positionin the world
coordinates,� , andavelocityin world coordinates,� . Wewill refer
to thenodesof a given elementby indexing with squarebrackets.
For example, � [2] is the position in materialcoordinatesof the
element's secondnode.(SeeFigure5.)

Barycentriccoordinatesprovideanaturalwaytode�ne thelinear
shapefunctionswithin an element. Let � = [b1 ; b2 ; b3 ; b4 ]T be
barycentriccoordinatesde�ned in termsof the element's material
coordinatessothat

h
�

1

i
=

h
� [1]

1
� [2]

1
� [3]

1
� [4]

1

i
� : (12)

Thesebarycentriccoordinatesmay alsobe usedto interpolatethe
node's world positionandvelocitywith

h
�

1

i
=

h
� [1]

1
� [2]

1
� [3]

1
� [4]

1

i
� (13)

h _�

1

i
=

h
� [1]

1
� [2]

1
� [3]

1
� [4]

1

i
� : (14)

To determinethe barycentriccoordinatesof a point within the
elementspeci�ed by its materialcoordinates,we invert (12) and
obtain

� = �

h
�

1

i
(15)

where� is de�ned by

� =
h

� [1]

1
� [2]

1
� [3]

1
� [4]

1

i � 1

: (16)

Combining(15)with (13)and(14)yieldsfunctionsthatinterpolate
theworld positionandvelocity within theelementin termsof the
materialcoordinates:

� ( � ) = ���

h
�

1

i
(17)

_� ( � ) = ���

h
�

1

i
(18)

where� and � arede�ned as

� =
�

� [1] � [2] � [3] � [4]

�
(19)

� =
�

� [1] � [2] � [3] � [4]

�
: (20)

Notethattherows of � arethecoef�cients of theshapefunctions,
and � needsto becomputedonly whenanelementis createdor the
materialcoordinatesof its nodeschange.For non-degenerateele-
ments,thematrix in (16) is guaranteedto benon-singular, however
elementsthatarenearlyco-planarwill cause� to beill-conditioned
andadverselyaffect thenumericalstability of thesystem.

Computingthevaluesof � and � within theelementrequiresthe
�rst partialsof � with respectto � :

@�

@ui
= �	��
 i (21)

@_�

@ui
= ����
 i (22)

where

 i = [� i 1 � i 2 � i 3 0]T : (23)

Becausetheelement's shapefunctionsarelinear, thesepartialsare
constantwithin theelement.

Theelementwill exert elasticanddampingforceson its nodes.
The elasticforce on the i th node, 


( � )
[ i ] , is de�ned asthe negative

partial of the elasticpotentialdensity, � , with respectto � [ i ] inte-

gratedover thevolumeof theelement.Given �

( � ) , � , andthepo-
sitionsin world spaceof thefour nodeswe cancomputetheelastic
forceby




( � )
[ i ] = �

vol
2

4X

j =1

� [ j ]

3X

k =1

3X

l =1

� j l � ik � ( � )
k l (24)

where

vol =
1
6

[( � [2] � � [1] ) � ( � [3] � � [1] )] � ( � [4] � � [1] ) : (25)

Similarly, the dampingforce on the i th node, 


( � )
[ i ] , is de�ned as

thepartialof thedampingpotentialdensity, � , with respectto � [ i ]
integratedover the volume of the element. This quantity can be
computedwith




( � )
[ i ] = �

vol
2

4X

j =1

� [ j ]

3X

k =1

3X

l =1

� j l � ik � ( � )
k l : (26)

Summingthesetwo forces,the total internalforcethatanelement
exertson a nodeis




el
[i ] = �

vol
2

4X

j =1

� [ j ]

3X

k =1

3X

l =1

� j l � ik � k l ; (27)
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andthe total internalforceactingon thenodeis obtainedby sum-
mingtheforcesexertedby all elementsthatareattachedto thenode.

As theelementis compressedto lessthanabout30% of its ma-
terial volume, the gradientof � and � start to vanishcausingthe
resistingforcesto fall off. We have not foundthis to bea problem
as even the more squishyof the materialsthat we have modeled
conserve their volumeto within a few percent.

Using a lumpedmassformulation, the masscontributedby an
elementto eachoneof its nodesis determinedby integratingthe
materialdensity, � , over theelementshapefunctionassociatedwith
that node. In the caseof tetrahedralelementswith linear shape
functions,this masscontribution is simply � vol=4.

Thederivationsabove aresuf�cient for asimulationthatusesan
explicit integrationscheme.Additional work, includingcomputing
theJacobianof theinternalforces,is necessaryfor implicit integra-
tion scheme.(Seefor example[2] and[3].)

3.3 Collisions

In additionto the forcesinternal to the material,the systemcom-
putescollision forces. The collision forcesarecomputedusinga
penaltymethodthatis appliedwhentwo elementsintersector if an
elementviolatesanotherconstraintsuchasthe ground. Although
penaltymethodsareoftencriticizedfor creatingstiff equations,we
havefoundthatfor thematerialswearemodelingtheinternalforces
areat leastasstiff as the penaltyforces. Penaltyforceshave the
advantageof beingvery fast to compute. We have experimented
with two different penaltycriteria: nodepenetrationand overlap
volume.Theexamplespresentedin thispaperwerecomputedwith
thenodepenetrationcriteria;additionalexamplesontheconference
proceedingsCD-ROM werecomputedwith theoverlapvolumecri-
teria.

The nodepenetrationcriteria setsthe penaltyforce to be pro-
portional to the distancethat a nodehaspenetratedinto another
element.Thepenaltyforceactsin thedirectionnormalto thepene-
tratedsurface.Thereactionforceis distributedover thepenetrated
element'snodessothatthenetforceandmomentarethenegationof
thepenaltyforceandmomentactingat thepenetratingnode.This
testwill not catchall collisions,andundetectedintersectingtetra-
hedramaybecomelockedtogether. It is however, fastto compute,
easyto implement,andadequatefor situationsthatdo not involve
complex collision interactions.

Theoverlapvolumecriteria is morerobust thanthenodepene-
trationmethod,but it is alsoslower to computeandmorecomplex
to implement.Theintersectionof two tetrahedralelementsis com-
putedby clipping the facesof eachtetrahedronagainstthe other.
The resultingpolyhedronis thenusedto computethevolumeand
centerof massof the intersectingregion. The areaweightednor-
malsof the facesof thepolyhedronthatarecontributedby oneof
thetetrahedraaresummedto computethedirectionthatthepenalty
forceactsin. A similarcomputationcanbeperformedfor theother
tetrahedra,or equivalently the directioncanbe negated. Provided
thatneithertetrahedrais completelycontainedwithin theother, this
criteriais morerobustthanthenodepenetrationcriteria.Addition-
ally, the forcescomputedwith this methoddo not dependon the
objecttessellation.

Computingtheintersectionswithin themeshcanbeveryexpen-
sive, andwe usea boundinghierarchyschemewith cachedtraver-
salsto helpreducethiscost.

4 Fracture Modeling

Our fracturemodelis basedon thetheoryof linearelasticfracture
mechanics[1]. Theprimarydistinctionbetweenthis andotherthe-

I IIIII

Figure6: Threeloadingmodesthatcanbeexperiencedby a crack.
ModeI: Opening,ModeII: In-PlaneShear, andModeIII: Out-of-
PlaneShear. Adaptedfrom Anderson[1].

oriesof fractureis thattheregion of plasticitynearthecracktip2 is
neglected.Becausewe arenot modelingthe energy dissipatedby
thisplasticregion,modeledmaterialswill bebrittle. Thisstatement
doesnotmeanthatthey areweak;rathertheterm“brittle” refersto
the fact that oncethe materialhasbegun to fail, the fractureswill
have a strongtendency to propagateacrossthematerialasthey are
drivenby theinternallystoredelasticenergy.

Therearethreeloadingmodesby which forcescanbeappliedto
a crackcausingit to openfurther. (SeeFigure6.) In mostcircum-
stances,somecombinationof thesemodeswill beactive,producing
a mixedmodeloadat thecracktip. For all threecases,aswell as
mixed modesituations,the behavior of the crackcanbe resolved
by analyzingthe forcesactingat the cracktip: tensileforcesthat
areopposedby othertensileforceswill causethecrackto continue
in adirectionthatis perpendicularto thedirectionof largesttensile
load,andconversely, compressive loadswill tendto arresta crack
to which they areperpendicular.

The�nite elementmodeldescribesthesurfaceof a fracturewith
elementsthat areadjacentin materialcoordinatesbut that do not
sharenodesacrossthe internalsurface. The curve that represents
thecracktip is thenimplicitly de�ned in apiecewiselinearfashion
by thenodesthatborderthefracturesurface,andfurtherextension
of the crack may be determinedby analyzingthe internal forces
actingon thesenodes.

We will alsousetheelementnodesto determinewherea crack
shouldbe initiated. While this strategy couldpotentiallyintroduce
unpleasantartifacts,wenotethatbecausethesurfaceof anobjectis
de�ned by a polygonalboundary(theouterfacesof thetetrahedra)
therewill alwaysbeanodelocatedatany concavities. Becausecon-
cavities arepreciselythe locationswherecrackscommonlybegin,
webelieve thatthisdecisionis acceptable.

Our fracturealgorithmis asfollows: after every time step,the
systemresolvestheinternalforcesactingonall nodesinto their ten-
sile andcompressive components,discardingany unbalancedpor-
tions.At eachnode,theresultingforcesarethenusedto form aten-
sorthatdescribeshow theinternalforcesareactingto separatethat
node.If theactionis suf�ciently large,thenodeis split into two dis-
tinct nodesanda fractureplaneis computed.All elementsattached
to the nodearedivided alongthe planewith the resultingtetrahe-
draassignedto oneor theotherincarnationsof thesplit node,thus
creatingadiscontinuityin thematerial.Any cachedvalues,suchas
thenodemassor theelementshapefunctions,arerecomputedfor
theaffectedelementsandnodes.With this technique,the location
of a fractureor cracktip neednotbeexplicitly recordedunlessthis
informationis usefulfor someotherpurpose,suchasrendering.

2The term “crack tip” implies that the fracturewill have a singlepoint
at its tip. In general,thefront of thecrackwill not bea singlepoint; rather
it will be a curve thatde�nes the boundaryof the surfacediscontinuityin
materialcoordinates.(SeeFigure 4.) Nevertheless,we will refer to this
front asthecracktip.
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4.1 Force Decomposition

The forcesacting on a nodeare decomposedby �rst separating
theelementstresstensorsinto tensileandcompressivecomponents.
Foragivenelementin themesh,let vi ( � ), with i 2 f 1; 2; 3g, bethe
i th eigenvalueof � , andlet n̂i ( � ) bethecorrespondingunit length
eigenvector. Positiveeigenvaluescorrespondto tensilestressesand
negative onesto compressive stresses.Since� is realandsymmet-
ric, it will have threereal,not necessarilyunique,eigenvalues. In
thecasewhereaneigenvaluehasmultiplicity greaterthanone,the
eigenvectorsareselectedarbitrarily to orthogonallyspantheappro-
priatesubspace[13].

Givenavector � in < 3 , wecanconstructa3 � 3 symmetricma-
trix, m( � ) thathasj � j asaneigenvaluewith � asthecorresponding
eigenvector, andwith theothertwo eigenvaluesequalto zero.This
matrix is de�ned by

m( � ) =

�
���

T =j � j : � 6= 0
0 : � = 0 :

(28)

The tensilecomponent,�

+ , andcompressive component,�

� ,
of thestresswithin theelementcannow becomputedby

�

+ =
3X

i =1

max(0; vi ( � )) m(n̂i ( � )) (29)

�

� =
3X

i =1

min(0 ; vi ( � )) m(n̂i ( � )) : (30)

Using this decomposition,the force thatanelementexertson a
nodecanbe separatedinto a tensilecomponent,


+
[i ] , anda com-

pressive component,


�
[ i ] . This separationis doneby reevaluating

theinternalforcesexertedon thenodesusing(27) with �

+ or �

�

substitutedfor � . Thusthetensilecomponentis




+
[i ] = �

vol
2

4X

j =1

� [ j ]

3X

k =1

3X

l =1

� j l � ik � +
k l : (31)

The compressive componentcan be computedsimilarly, but be-
cause� = �

+ + �

� , it canbe computedmoreef�ciently using

 [ i ] = 


+
[i ] + 


�
[ i ] .

Eachnodewill now haveasetof tensileandasetof compressive
forcesthat areexertedby the elementsattachedto it. For a given
node,we denotethesesetsasf 


+ g andf 


� g respectively. The
unbalancedtensileload, 


+ is simply thesumover f 


+ g, andthe
unbalancedcompressive load, 


� , is thesumover f 


� g.

4.2 The Separation Tensor

Wedescribetheforcesactingat thenodesusingastressvariantthat
we call the separationtensor, � . The separationtensoris formed
from the balancedtensileand compressive forcesacting at each
nodeandis computedby

� =
1
2

0

@� m( 


+ )+
X

�

2f
� + g

m( 
 ) + m( 


� ) �
X

�

2f
� � g

m( 
 )

1

A : (32)

It doesnotrespondto unbalancedactionsthatwouldproducearigid
translation,andis invariantwith respectto transformationsof both
thematerialandworld coordinatesystems.

The separationtensoris useddirectly to determinewhethera
fractureshouldoccuratanode.Letv+ bethelargestpositiveeigen-
valueof � . If v+ is greaterthanthematerialtoughness,� , thenthe

(a) (c)( b)

Figure7: Diagramshowing how anelementis split by thefracture
plane. (a) The initial tetrahedralelement. (b) The splitting node
andfractureplaneareshown in blue. (c) Theelementis split along
thefractureplaneinto two polyhedrathatarethendecomposedinto
tetrahedra.Notethatthetwo nodescreatedfrom thesplitting node
areco-located,thegeometricdisplacementshown in (c) only illus-
tratesthelocationof thefracturediscontinuity.

(a) ( b) (c)

Figure8: Elementsthat areadjacentto an elementthat hasbeen
split by a fractureplanemustalsobesplit to maintainmeshconsis-
tency. (a) Neighboringtetrahedraprior to split. (b) Faceneighbor
aftersplit. (c) Edgeneighboraftersplit.

materialwill fail at thenode.Theorientationin world coordinates
of the fractureplaneis perpendicularto n̂+ , the eigenvectorof �

thatcorrespondsto v+ . In thecasewheremultiple eigenvaluesare
greaterthan� , multiple fractureplanesmay be generatedby �rst
generatingthe planefor the largestvalue,remeshing(seebelow),
andthenrecomputingthenew valuefor � andproceedingasabove.

4.3 Local Remeshing

Oncethesimulationhasdeterminedthelocationandorientationof
a new fractureplane,themeshmustbemodi�ed to re�ect thenew
discontinuity. It is importantthat theorientationof the fracturebe
preserved,asapproximatingit with theexistingelementboundaries
wouldcreateundesirableartifacts.To avoid thispotentialdif�culty ,
thealgorithmremeshesthelocal areasurroundingthenew fracture
by splittingelementsthatintersectthefractureplaneandmodifying
neighboringelementsto ensurethatthemeshstaysself-consistent.

First, thenodewherethefractureoriginatesis replicatedsothat
therearenow two nodes,n+ andn � with thesamematerialposi-
tion, world position,andvelocity. Themasseswill berecalculated
later. Thediscontinuitypasses“between”thetwo co-locatednodes.
Thepositivesideof thefractureplaneis associatedwith n+ andthe
negative sidewith n � .

Next, all elementsthatwereattachedto theoriginalnodeareex-
amined,comparingtheworld locationof theirnodesto thefracture
plane. If an elementis not intersectedby the fractureplane,then
it is reassignedto eithern+ or n � dependingon which sideof the
planeit lies.

If theelementis intersectedby thefractureplane,it is split along
theplane. (SeeFigure7.) A new nodeis createdalongeachedge
thatintersectstheplane.Becauseall elementsmustbetetrahedra,in
generaleachintersectedelementwill besplit into threetetrahedra.
Oneof thetetrahedrawill beassignedto onesideof theplaneand
the other two to the other side. Becausethe two tetrahedrathat
areon thesamesideof the planeboth shareeithern+ or n � , the
discontinuitydoesnotpassbetweenthem.

In addition to the elementsthat were attachedto the original
node,it maybe necessaryto split otherelementsso that themesh
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Figure9: Two adobewalls thatarestruckby wreckingballs. Both walls areattachedto the ground. The ball in the secondrow has50�
the massof the �rst. Imagesarespacedapart133:3 ms in the �rst row and66:6ms in the second.The rightmostimagesshow the �nal
con�gurations.

a b

dc

Figure10: Meshfor adobewall. (a) Thefacingsurfaceof theinitial
meshusedto generatethewall shown in Figure9. (b) Themeshaf-
terbeingstruckby thewreckingball, reassembled.(c) Sameas(b),
with thecracksemphasized.(d) Internalfracturesshown aswire-
frame.

staysconsistent.In particular, anelementmustbesplit if thefaceor
edgebetweenit andanotherelementthatwasattachedto theorig-
inal nodehasbeensplit. (SeeFigure8.) To prevent theremeshing
from cascadingacrosstheentiremesh,thesesplitsaredonesothat
the new tetrahedrauseonly the original nodesandthe nodescre-
atedby the intersectionsplits. Becauseno new nodesarecreated,
theeffect of the local remeshingis limited to theelementsthatare
attachedto thenodewherethefractureoriginatedandtheir imme-
diateneighbors.Becausethe tetrahedraformedby the secondary
splits do not attachto eithern+ or n � , thediscontinuitydoesnot
passbetweenthem.

Finally, after the local remeshinghas been completed,any
cachedvaluesthat have becomeinvalid mustbe recomputed.In
our implementation,thesevaluesincludetheelementbasismatrix,
� , andthenodemasses.

Two additional subtletiesmust also be considered. The �rst
subtlety occurswhen an intersectionsplit involves an edgethat
is formedonly by tetrahedraattachedto thenodewherethecrack
originated.Whenthishappens,thefracturehasreachedaboundary
in thematerial,andthediscontinuityshouldpassthroughtheedge.
Remeshingoccursasabove, exceptthat two nodesarecreatedon
theedgeandoneis assignedto eachsideof thediscontinuity.

Second,thefractureplanemaypassarbitrarily closeto anexist-
ing nodeproducingarbitrarily ill-conditionedtetrahedra.To avoid
this,we employ two thresholds,onethedistancebetweenthefrac-

tureplaneandanexistingnode,andtheotheron theanglebetween
the fractureplaneanda line from the nodewherethe split origi-
natedto theexistingnode.If eitherof thesethresholdsarenotmet,
thenthe intersectionsplit is snappedto the existing node. In our
results,we have usedthresholdsof 5mm and0:1 radians.

5 Results and Discussion

To demonstratesomeof theeffectsthatcanbegeneratedwith this
fracturetechnique,we have animateda numberof scenesthat in-
volveobjectsbreaking.Figure1 shows aplateof glassthathashad
a heavy weight droppedon it. The areain the immediatevicinity
of theimpacthasbeencrushedinto many smallfragments.Further
away from theweight,a patternof radialcrackshasdeveloped.

Figure 9 shows two walls being struck by wrecking balls. In
the �rst sequence,the wall developsa network of cracksasit ab-
sorbsmostof theball'senergy duringtheinitial impact.In thesec-
ondsequence,theball's massis 50� greater, andthewall shatters
whenit is struck.Themeshusedto generatethewall sequencesis
shown in Figure10. Theinitial meshcontainsonly 338nodesand
1109 elements.By the endof the sequence,the meshhasgrown
to 6892nodesand8275elements.Theseadditionalnodesandel-
ementsarecreatedwherefracturesoccur; a uniform meshwould
requiremany timesthisnumberof nodesandelementsto achieve a
similar result.

Figure11 shows the�nal framesfrom four animationsof bowls
that weredroppedonto a hardsurface. Otherthanthe toughness,
� , of thematerial,thefour simulationsareidentical.The�rst bowl
developsonly a few cracks;theweakestbreaksinto many pieces.

Becausethissystemworkswith solid tetrahedralvolumesrather
thanwith thepolygonalboundaryrepresentationscreatedby most
modeling packages,boundarymodelsmust be converted before
they canbe used. A numberof systemsareavailablefor creating
tetrahedralmeshesfrom polygonalboundaries.The modelsthat
we usedin theseexamplesweregeneratedeitherfrom a CSGde-
scriptionor a polygonalboundaryrepresentationusingNETGEN,
apublicly availablemeshgenerationpackage[16].

Although our approachavoids the “jaggy” artifactsin the frac-
turepatternscausedby theunderlyingmesh,thereremainwaysin
which theresultsof a simulationarein�uencedby themeshstruc-
ture. The mostobvious is that the deformationof the materialis
limited by thedegreesof freedomin themesh,which in turn limits
how thematerialcanfracture. This limitation will occurwith any
discretesystem.Thetechniquealsolimits whereafracturemayini-
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Figure11: Bowls with successively lower toughnessvalues,� . Eachof the bowls weredroppedfrom the sameheight. Otherthan� , the
bowls have samematerialproperties.

qopen

qturn qturn

qopen

(a) ( b)

Figure12: Back-crackingduringfractureadvance.Thedashedline
is the axis of the existing crack. Cracksadvanceby splitting ele-
mentsalonga fractureplane,shown asasolid line, computedfrom
the separationtensor. (a) If the crackdoesnot turn sharply, then
only elementsin front of thetip will besplit. (b) If thecrackturns
at too sharpan angle,then the backwardsdirection may not fall
insideof theexisting failureanda spuriousbifurcationwill occur.

tiateby examiningonly theexistingnodes.Thisassumptionmeans
that very coarsemeshsizesmight behave in an unintuitive fash-
ion. However, nodescorrespondto the locationswherea fracture
is mostlikely to begin; therefore,with a reasonablegrid size,this
limitation is nota serioushandicap.

A moreseriouslimitation is relatedto thespeedatwhichacrack
propagates.Currently, thedistancethatafracturemaytravel during
a timestepis determinedby thesizeof theexistingmeshelements.
Thecrackmayeithersplit anelementor not; it cannottravel only
a fractionof thedistanceacrossanelement.If a crackwerebeing
openedslowly by anappliedloadon a modelwith a coarseresolu-
tion mesh,this limitation would leadto a “button popping” effect
wherethe crackwould travel acrossoneelement,pauseuntil the
stressbuilt up again,and then move acrossthe next element. A
secondtype of artifact may occur if the crack's speedshouldbe
signi�cantly greaterthantheelementwidth dividedby thesimula-
tion time step. In this case,a high stressareawill raceaheadof
thecracktip, causingspontaneousfailuresto occurin thematerial.
Althoughwe have not observedthesephenomenain our examples,
developinganalgorithmthatallowsafracturetopropagatearbitrary
distancesis anareafor futurework.

Another limitation stemsfrom the fact that while the fracture
plane's orientationis well de�ned, thecracktip's forwarddirection
is not. As shown in Figure12,if thecracksturnsatananglegreater
thanhalf the angleat the cracktip, thena secondaryfracturewill
developin theoppositedirectionto thecrack'sadvance.While this
effect is likely presentin someof our examples,it doesnot appear
to have a signi�cant impacton thequality of theresults.If thearti-
factswereto bea problem,they couldbesuppressedby explicitly
trackingthefracturepropagationdirectionswithin themesh.

Thesimulationparametersusedto generatetheexamplesin this
paperarelistedin Table1 alongwith thecomputationtimerequired
to generateonesecondof animation. While the materialdensity
values,� , areappropriatefor glass,stone,or ceramic,we usedval-
uesfor theLamé constants,� and� , thataresigni�cantly lessthan
thoseof real materials. Larger valueswould make the simulated
materialsappearstiffer, but would alsorequiresmallertime steps.

Thevaluesthatwe have selectedrepresenta compromisebetween
realisticbehavior andreasonablecomputationtime.

Ourcurrentimplementationcanswitchbetweeneitheraforward
Euler integrationschemeor a secondorderTaylor integrator. Both
of thesetechniquesareexplicit integrationschemes,andsubjectto
stability limits that requirevery small time stepsfor stiff materi-
als. Althoughsemi-implicit integrationmethodshave errorbounds
similar to thoseof explicit methods,the semi-implicit integrators
tendto drive errorstowardszeroratherthanin�nity sothatthey are
stableatmuchlargertimesteps.Otherresearchershaveshown that
by takingadvantageof this property, a semi-implicit integratorcan
be usedto realizespeedupsof two or threeordersof magnitude
whenmodelingobjectdeformation[2]. Unfortunately, it may be
dif�cult to realizethesesameimprovementswhen fractureprop-
agationis part of the simulation. As discussedabove, the crack
speedis limited in inverseproportionto thetime stepsize,andthe
largetimestepsthatmightbeaffordedby asemi-implicitintegrator
couldcausespontaneousmaterialfailureto proceedcrackadvance.
We arecurrently investigatinghow our methodsmay be modi�ed
to becompatiblewith largetimestepintegrationschemes.

Many materialsandobjectsin the real world arenot homoge-
neous,andit would be interestingto developgraphicalmodelsfor
animatingthem as they fail. For example,a brick wall is made
up of mortarandbricksarrangedin a regular fashion,andif simu-
latedin a situationlike our wall example,a distinctpatternwould
becreated.Similarly, theconnectionbetweena handmadecupand
its handleis oftenweakbecauseof theway in which thehandleis
attached.

Oneway to assessthe realismof an animationtechniqueis by
comparingit with therealworld. Figure13showshigh-speedvideo
footageof a physicalbowl asit falls ontoits edgecomparedto our
imitationof thereal-world scene.Althoughthetwo setsof fracture
patternsareclearlydifferent,thesimulatedbowl hassomequalita-
tive similaritiesto therealone.Both initially fail alongtheleading
edgewherethey strike theground,andsubsequentlydevelopverti-
calcracksbeforebreakinginto severallargepieces.
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Minutesof Computation
MaterialParameters TimeperSimulationSecond

Example Figure � (N =m 2 ) � (N =m 2 ) � (N s=m 2 )  (N s=m 2 ) � (kg=m 3 ) � (N =m 2 ) Minimum Maximum Average

Glass 1 1:04 � 108 1:04 � 108 0 6760 2588 10140 75 667 273

Wall #1 9.a 6:03 � 108 1:21 � 108 3015 6030 2309 6030 75 562 399

Wall #2 9.b 0 1:81 � 108 0 18090 2309 6030 75 2317 1098

Bowl #1 11.a 2:65 � 106 3:97 � 106 264 397 1013 52:9 90 120 109

Bowl #2 11.b 2:65 � 106 3:97 � 106 264 397 1013 39:6 82 135 115

Bowl #3 11.c 2:65 � 106 3:97 � 106 264 397 1013 33:1 90 150 127

Bowl #4 11.d 2:65 � 106 3:97 � 106 264 397 1013 13:2 82 187 156

Comp.Bowl 13 0 5:29 � 107 0 198 1013 106 247 390 347

TheEnd 14 0 9:21 � 106 0 9:2 705 73:6 622 6667 4665

Table1: Materialparametersandsimulationtimesfor examples.Thetimeslistedre�ect thetotalnumberof minutesrequiredto computeone
secondof simulateddata,includinggraphicsand�le I/O. Timesweremeasuredon anSGIO2with a195MHz MIPSR10K processor.

Figure13: Comparisonof areal-world eventandsimulation.Thetoprow showshigh-speedvideoimagesof aphysicalceramicbowl dropped
from approximatelyonemeterontoa hardsurface.Thebottomrow is theoutputfrom a simulationwherewe attemptedto matchtheinitial
conditionsof thephysicalbowl. Videoimagesare8msapart.Simulationimagesare13msapart.
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