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Abstract
In this paper, we describea methodfor realisticallyanimatingduc-
tile fracturein commonsolidmaterialssuchasplasticsandmetals.
The effects that characterizeductile fractureoccurdueto interac-
tion betweenplasticyieldingandthefractureprocess.By modeling
this interaction,our ductile fracturemethodcangeneraterealistic
motion for a much wider rangeof materialsthan could be real-
izedwith a purelybrittle model. This methoddirectly extendsour
prior work on brittle fracture[O'Brien andHodgins,SIGGRAPH
99]. We show thatadaptingthatmethodto ductileaswell asbrit-
tle materialsrequiresonly a simpleto implementmodi�cation that
is computationallyinexpensive. This paperdescribesthis modi�-
cationandpresentsresultsdemonstratingsomeof the effects that
mayberealizedwith it.

CR Categories: I.3.5 [Computer Graphics]: Computational
Geometry and Object Modeling—Physically based modeling;
I.3.7 [Computer Graphics]: Three-DimensionalGraphics and
Realism—Animation;I.6.8 [SimulationandModeling]: Typesof
Simulation—Animation

Keywords: Animation techniques,physicallybasedmodeling,
simulation,dynamics,fracture,cracking,deformation,�nite ele-
mentmethod,ductilefracture,plasticity.

1 Intr oduction
As techniquesfor generatingphotorealisticcomputerrenderedim-
ageshave improved,theuseof physicallybasedanimationto gen-
eratespecialeffectsin �lm, television, andgameshasbecomein-
creasinglycommon. Physicallybasedanimationtechniqueshave
proven to be particularly useful for violent or destructive effects
thatwouldbeimpracticalor expensive to achieveusingothermeth-
ods. For example,whencreatingeffects for the �lm Pearl Har-
bor, IndustrialLight andMagic madeextensive useof simulation
methodsfor modelingthe destructionof ships,planes,andother
structures[Duncan,2001].

Animatingobjectsasthey break,crack,tear, or in generalfrac-
ture appearsto be an obvious placewherephysicallybasedmod-
eling shouldbe useful, particularly if the object is expensive, ir-
replaceable,or if breakingit would be hazardous.However even
the mostgeneralof currenttechniquesfor animatingfractureare
limited to modelingonly brittle materials.

Thetermbrittle doesnotmeanthatamaterialis fragile. It means
that thematerialexperiencesonly elasticdeformationbeforefrac-
ture. Few real materialsaretruly brittle. In contrast,ductile ma-
terials behave elasticallyup to a point and thenexperiencesome
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Figure1: Four hollow balls that have beendroppedonto a hard
surface.Theball in (a) �attens outandvisibly demonstratesplastic
yielding. The other threedo not show an appreciableamountof
plasticdeformation,but themannerin which they split andtear, as
opposedto shattering,arisesfrom of theinteractionbetweenplastic
yieldingandthefractureprocess.

amountof plasticdeformationbeforefracture.Whenbrittle materi-
alsfracture,they shatter. However, ductilematerialsdemonstratea
muchwiderrangeof fracturebehaviors. (See�gures 1 and3.) This
wider rangeof behaviors arisesdueto theinteractionof plasticen-
ergy absorptionwith thefractureprocess.

Thispaperdescribesamethodsuitablefor modelingductilefrac-
ture in commonsolid materialssuchas plasticsor metals. This
methoddirectly extendsour prior techniquepresentedin [O'Brien
and Hodgins,1999] for modelingbrittle fracture. Adapting that
techniqueto ductileaswell asbrittle materialsrequiresonly a sim-
ple to implementand computationallyinexpensive modi�cation.
Thisextensiondramaticallyexpandstherangeof materialsthatmay
bemodeled.For thesake of brevity, this paperdescribesonly this
modi�cation andpresentsresultsdemonstratingsomeof theeffects
thatmayberealizedwith it.

2 Related Work
The primary contribution of this paperis extending[O'Brien and
Hodgins, 1999] to include ductile fracture by adding a plastic-
ity model to the underlying �nite-element method. The plastic-
ity modelwe describeis not novel. It consistsof the von Mises
yield criterion,simplekinematicwork hardening,anda �nite yield
limit [Fung,1965]. This plasticitymodelis similar to theoneused
in [TerzopoulosandFleischer, 1988a] and[TerzopoulosandFleis-
cher, 1988b]. Theprimarydifferencesbetweentheirmodelandthe
onepresentedhereare that this model realisticallypreservesvol-
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ume and it includesa secondelasticregime oncea limit on the
amountof plastic�o w hasbeenexceeded.

Although ductile fracturehasnot beenwidely addressedin the
graphicsliterature,severalothergraphicsresearchershave investi-
gatedbrittle fracture. In [TerzopoulosandFleischer, 1988a] and
[Terzopoulosand Fleischer, 1988b] a �nite differencingscheme
was usedto model tearing sheetsof cloth-like material. Work
by [Norton et al., 1991] useda mass/springsystemto model a
breakingteapot.Fracturein thecontext of explosionswasexplored
by [Mazaraket al., 1999], [Neff and Fiume, 1999], and [Yngve
et al., 2000]. Most recently[Smith et al., 2001] usedconstraint-
basedmethodsfor modelingbrittle fracture.

Outsidethe graphicsliterature,both brittle andductile fracture
havebeeninvestigatedextensively. A comprehensive review of this
work canbefoundin [Anderson,1995].

3 Ductile vs. Brittle Fracture
Thecommonusageof thetermselasticandbrittle differssubstan-
tially from their technicalmeanings.For example,elasticis often
usedincorrectlyasa synonym for �exible, andthetermbrittle asa
synonym for fragile [Merriam-Webster, 1998]. Thetechnicallycor-
rectde�nition of anelasticmaterialrefersto a materialthatreturns
to its original con�guration whendeformingforceshave beenre-
moved.Theratiobetweenthemagnitudeof a forceandtheamount
of deformationit induces,thatis how easilythematerialdeforms,is
thecomplianceof thematerialandit is irrelevantto whetheror not
thematerialis elastic.Althoughno realmaterialis perfectlyelas-
tic, bothnaturalrubberandcommonglassareexamplesof nearly
elasticmaterials.Rubber's elasticbehavior is obvious while glass
appearsto be rigid. A brittle materialis simply onethat behaves
elasticallyupuntil thepointwhereit fractures.

In contrastto an elasticmaterial,a plasticmaterialwill not re-
turn to its original con�guration oncedeformingforceshave been
removed. Whena material,suchaslead,bendsandthenholdsits
new shape,it demonstratesplasticbehavior. As previously stated,
real materialsdo not behave perfectlyelastically. Realmaterials
canbedeformedonly to a limited extentbeforethey will no longer
returnto theiroriginalcon�guration.This limit is known asthema-
terial's elasticlimit or yield point. Whentheelasticlimit hasbeen
exceeded,thematerialentersa plasticregimeandbeginsto experi-
enceplastic�o w. Eventually, at thefailurethreshold,it fractures.

The termsbrittle andductile relateto the relative valuesof the
elasticlimit and failure threshold. If the failure thresholdnearly
coincideswith the elasticlimit, then the materialwill experience
only negligible plasticdeformationbeforefracture.Thetermbrit-
tle refersto sucha material. In contrast,for a ductilematerialthe
failurethresholdis signi�cantly largerthantheelasticlimit sothat
asthematerialdeformsit experiencesanelasticregime,followeda
plasticregime,andthen�nally fracture.

The signi�cance of the distinction betweenductile and brittle
materialsarisesbecauseelasticdeformationstoresenergy whereas
plastic deformationdissipatesit. When a brittle material is de-
formedto its failure threshold,the majority of the energy usedto
deformit hasbeenstoredaselasticpotential. When fractureoc-
curs,theenergy is releasedandit tendsto drive thefracturefurther
into the material. Thus, even thougha large or small force may
be requiredto starta crack in a brittle material(dependingon its
toughness),oncethecrackis startedonly asmallamountof energy
is requiredto pushit further. In contrast,aductilematerialrequires
signi�cantly morework to propagatea crackbecauseenergy is be-
ing absorbedby plasticdeformation.As a result,brittle materials
tendto shatter, whereasductileonestendto tear.

In generaltheunderlyingcausesof plasticityarefairly compli-
catedandthey give rise to a numberof phenomena.For example,
theenergy absorbedby plasticdeformationdoesnotsimply vanish
andit mayresultin effectssuchasfatigueweakening.However for
the purposesof animatingfailure eventsthatoccurover relatively
shortperiodsof time,themostsigni�cant effectof plasticityis how
it directly effectsfracturepropagation,andthe methodsdiscussed
herefocuson modelingthoseeffectsef�ciently . Additional infor-
mation aboutmathematicalmodelsof deformationand plasticity
can be found in [Fung,1965; Fung, 1969] and [Han andReddy,

1999]. Additional informationconcerningboth brittle andductile
fracturemaybefoundin [Anderson,1995].

4 Modeling Ductility
Thedynamicfracturepropagationtechniquedescribedin [O'Brien
and Hodgins, 1999] modelsthe fracture processusing a simple
tetrahedral�nite-elementmethod,rules for fractureinitiation and
propagation,and proceduresfor automaticremeshingas a crack
advances. The quality of the resultsproducedwith that method
is suf�cient for graphicalapplications,andtheonly limitation that
makesit unsuitablefor modelingfracturein ductilematerialsis that
thecontinuummodeldoesnotaccountfor plasticdeformation.

Extendingthat model to accountfor plasticity may be accom-
plishedby simply rede�ning thestrainmetricusedto computeele-
mentstresses.This changehasonly a local impacton the fracture
algorithm,andsowewill notrepeatthedetailsof themethodwhich
appearin [O'Brien andHodgins,1999]. Insteadwe describeonly
themodi�cationsthatshouldbemadeto thealgorithm:

� Theelasticstrain, � e de�ned in section4.1of thispaper, takes
the placeof the total strain, � , when computingthe elastic
stress.

� A routine for updatingthe plastic strain, describedin sec-
tion 4.2of this paper, mustbecalledduringevery integration
step.

Eventhoughthisextensionrequiresonly incrementalmodi�cations
to thepreviousmethod,it signi�cantly extendstherangeof materi-
alsthatmayberealisticallymodeled.Furthermore,asourexamples
will demonstrate,small amountsof plastic yielding can dramati-
cally effect theoverallappearanceof fracturepatternsin amaterial,
even thoughthe plasticdeformationitself cannotbe observed di-
rectly. We feel that the signi�cant relationshipbetweenplasticity
andthe appearanceof fracturein mostmaterialsmakesmodeling
plasticitya requiredcomponentof any generalsystemfor animat-
ing fracture.

4.1 Decomposing Strain
The�rst steptowardsmodelingplasticdeformationrequiressepa-
ratingthestraininto two components:

� = �

p + �

e (1)

where � is the total strain, � p is the strain due to plastic defor-
mation,and � e is the straindue to elasticdeformation. The total
strain is a purely geometricmeasure,it indicateshow much the
local shapeof an objecthaschangedfrom someinitial reference
con�guration andit may be computedfrom the material's current
con�guration. (See[O'Brien andHodgins,1999] for computation
of Green'sstrain.)Theplasticstrainre�ects how thematerial's rest
shapehasbeenpermanentlydistortedandit is partof thematerial's
state.Initially, theplasticstrainis zero1 andit will evolve accord-
ing to anupdateruleasthesimulationprogresses.Becausethetotal
andplasticstrainsareknown at any given time, equation(1) may
beusedto computetheelasticstrain.

4.2 Plastic Update
Thealgorithmfor modelingtheevolution of theplasticstraincon-
sistsof a yield conditionthatmustbemetbeforeplasticdeforma-
tion occursand a rule for computingplastic �o w oncethe yield
criterionhasbeenmet. We employ von Mises's yield criterion for
theconditionunderwhichplastic�o w will begin [Fung,1965]. Our
methodfor updatingtheplasticstrainassumesthattherateof plas-
tic �o w in thematerialis closeenoughto its rateof deformationso
thatplastic�o w canbe updatedinstantaneously. This assumption
precludesmodelingphenomenasuchascreepandrelaxation,but

1 A non-zeroinitial valuefor the plasticstraincouldbe usedto model
anobjectthathasalreadyexperiencedplasticdeformation.
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Plastic Limit, 

Zero strain point

Plastic strain,

Current total strain deviation, 

(a) (b) (d)(c)

Figure2: Thesediagramsillustratethe behavior of theplasticity
model. (a) Elasticdeformation. (b) and (c) Plasticdeformation.
(d) Limit of plasticyield. (Seeexplanationin thetext.)

undermostcircumstancesthesephenomenadonotsigni�cantly ef-
fect fracturebehavior. We alsoignoretheweakeningof a material
due to repeatedplasticdeformationknown as fatigue. While fa-
tigueoftenplaysasigni�cant role in thefailureof mechanismsand
structures,a previously fatiguedobjectmaybemodeledby locally
adjustingits toughnessandplasticlimits.

The von Misesyield criterion is basedon the deviation of the
elasticstraingivenby

�

0 = �

e �
Tr ( � e)

3
�

(2)

whereTr (�) is the traceof a matrix and
�

is the identity matrix.
By averagingout the sumof the diagonalterms,the elasticstrain
deviation re�ects only theportionof theelasticstrainthatis dueto
shapedistortionandit excludesdilation. Excludingdilation makes
theplasticdeformationinsensitive to hydrostaticpressureandwill
preventthematerialfrom changingits volumewhich would gener-
ateunnaturalbehavior.

Theyield criterioncomparesthemagnitudeof theelasticstrain
deviation (Frobeniusnorm)to a materialconstant,
 1 :


 1 < jj �

0jj : (3)

Togetherequations(2) and (3) de�ne the von Mises yield crite-
rion [Fung,1965]. If this conditionis metthenplasticdeformation
will occur. We computethebasechangein plasticdeformationac-
cordingto:

� �

p =
jj � 0jj � 
 1

jj � 0jj
�

0 : (4)

A limit on thetotalamountof plasticdeformationthatcanbewith-
stoodby thematerial,
 2 , is enforcedby updatingtheplasticstrain
at every time-stepaccordingto:

�

p := ( �

p + � �

p ) min

�
1;


 2

jj � p + � � p jj

�
: (5)

The behavior of this plasticity model is illustratedby �gure 2.
The imageplane representsa two-dimensionalprojectionof the
� ve-dimensionalspaceof straindeviations.2 Theplasticstrainbe-
havesasif it werebeingdraggedby thetotal strainusinga ropeof
length
 1 . Thedifferencebetweentheplasticstrain's andthe total

2 For three-dimensionalobjects,strainis a3 � 3 symmetrictensorwith
ninecomponents.Becauseof symmetry, only six of thesecomponentsare
independent.Equation(2) removesonedegreeof freedom,leaving � ve.

g1=0.00   g2=0.00

g1=0.0044   g2=0.486

g1=0.0022   g2=0.486

g1=0.00044   g2=0.486 g1=0.001   g2=0.486

g1=0.001   g2=0.162

g1=0.001   g2=0.018

g1=0.001   g2=0.006

Figure3: Imagesshowing the resultsof simulatinga setof eight
thin wallswith differentmaterialparametersasthey areeachstruck
by a heavy projectile.A purelybrittle materialis shown in thetop-
left. Theothersimagesdemonstratehow varying the plasticity of
thematerialcanproducea rangeof effects.

strain's locationsrepresentsthe currentelasticstrain. A barrierat
radius
 2 restrictsthemotionof theplasticstrain,but not the total
strain. An elasticforce (stress)attractsthe total strainto theplas-
tic strain,but not theplasticstrainto the total strain. As shown in
�gure 2.c, theplasticdeformationwill dependon thehistoryof the
total strain's movement.

5 Results and Discussion
Figure3 shows a setof thin walls thathave beenstruckby a heavy
weight. The walls are clampedat the bottom, and they experi-
encecollision forcesdue to contactswith the groundplane, the
weight, and self-collisions. The top-left image in �gure 3 with
(
 1 = 
 2 = 0) shows thebehavior of a purelybrittle material.The
otherimagesin �gure 3 show someexamplesthatdemonstratethe
effectsof differentplasticparametervalues.In the left column
 1
hasbeenvariedwhile 
 2 washeld�x ed.Theright columndemon-
stratestheresultof varying
 2 while 
 1 washeld�x ed.Someof the
images,suchasthebottom-rightwith (
 1 = 0:001; 
 2 = 0:486),
demonstrateobviousamountsof plasticyielding. However, plastic-
ity alsoplaysasigni�cant role in theimageswhereplasticyielding
is not obviously visible. For example,(
 1 = 0:001; 
 2 = 0:162)
shows only a smallpartof thewall beingtorn away largely intact,
and(
 1 = 0:001; 
 2 = 0:006) shows thewall breakinginto several
largepieces.Both of thesebehaviors demonstratehow thefracture
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Figure4: A solidcylinder thatexperiencesductilefracturewhenit
is pulledapart.

Figure5: A thin sheetthathasbeentorn apart.

processcanbeaffectedby otherwiseunnoticeableamountsof plas-
tic deformation. The proceedingsDVD containsanimationsthat
further illustrate the behaviors depictedin �gure 3 aswell as the
behaviors shown in theother�gures.

Figure4 showsasolidcylinder tearingasit is pulledandtwisted
apart. Figures5 and7 show the ductile fracturethat resultswhen
otherobjectsarerippedapart.

Oneway to assessthe realismof an animationtechniqueis by
comparingit with the real world. Figure6 shows a real clay slab
thathasbeenstruckby a sphericalprojectileanda simulatedslab
of plasticmaterialthathasalsobestruckby a sphericalprojectile.
Although the two imageshave obvious differences,the holesleft
by theprojectilesdemonstratequalitative similarities.

While modifying thecomputationof theelementstressesto use
the elastic strain insteadof the total strain requiresonly minor
changesto an existing code,the changemay also have an effect
on theintegrationscheme.Our implementationusesanexplicit in-
tegratorthat takesadaptive time steps.Thestepsizeis determined
by monitoringthe total energy to ensurethat thesystemis not go-
ing unstable.Wecomparedthesizeof stepstakenwhensimulating
a purelyelasticmaterialto thosetakenwhensimulatinga material
thatwasidenticalexceptthattheplasticitycodehadbeenenabled.
During periodswhencollisions wereoccurring,both simulations
took similar-sizedintegrationsteps. At other times,however, the
averagestepsizefor the plasticmaterialwasapproximatelytwice
thatof thepurelyelasticone. This resultis not surprisingbecause
plasticdeformationabsorbsenergy implying that it shouldtendto
helpstabilizethesystem,but it is only a singleteston a singleset
of parametersandfurther testswould needto be donebeforeany
moregeneralstatementcouldbemade.

Thedeformationmodelweimplementedallowsaregimeof elas-
tic deformation,followed by a plastic regime, and then possibly
followedby a secondelasticregime. While this modelsuf�ces for
many materials,other materials,suchas woven fabrics,may go
throughmultiple cycles of elasticandplastic behavior. We have
alsoworked only with a linear relationshipbetweenelasticstrain
andstress.While a linearmodeladequatelydescribesmany materi-
als,othermaterialssuchasbiologicaltissuesdemonstratedistinctly
non-linearelasticbehavior. Developingadequategraphicalmodels
for thesetypesof materialsremainsanareafor futurework.
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