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Abstract

A robust linear binary classification problem will be considered. Robust-
ness will be for data with interval uncertainty, i.e., data points are unknown
but their mean and bounds on their components are known. Convex opti-
mization formulation for the problem is derived and the method is applied
to a genomic micro-array data. An extension for this framework will be de-
veloped for data with uncertainties due to label errors. For this problem,
the convex optimization formulation is derived. The implementation of this
method is postponed due to lack of a useful data set.

1 Introduction

A linear binary classification problem will be considered. In order to measure
the quality of the candidate classifier, b), an objective function, namely loss

function,
N

Lw,b) = 3 oys(wz; + b))

=1



is minimized. The purpose is to minimize the misclassification error. An ideal
loss function is a step function, zero for the correctly classified data and one for
misclassified data. However, for numerical optimization purposes such a functions
leads to hard problems. Usually convex upper bounds are used. These upper
bounds look like in Fig. (1).
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Figure 1: Ideal loss function and convex upper bounds.

Two types of loss function, logistic regression loss function and support vector
machine loss function, will be used [1]. These loss functions are also used in [4].

1. Logistic regression loss function:

N
Lig(w,b, X,y) Zlog <1+€ yi(w wﬁ-b))’ (1)

1=1

2. The soft-margin support vector machine loss function:

N
Ly (w,b, X, y) : Z 1 —yi(w'z; + b)), (2)
=1

where the functiori-), is defined ag-), : R — [0, c0) is defined as, =
max(a,0) forae R.



Above, z; denotesi-th data point and;; denotes corresponding labe}, = +1

or —1, X is the matrix whose columns are the data pointandy is the column
vector of labels. The linear classification functiomi$z + b, wherew andb

are the parameters. For the details of notation and formal problem description
see section 2L gy ), provides an upper bound on the number of misclassification
errors. Indeed, for a misclassified data pdint v;), (1 — yi(w?z; + b)) > 1.

In [4], it was stated thaf.;r also provides an upper bound to the number of
misclassification errors.

Robustness to the uncertainties in the dataand to the uncertainties in the
label vector will be considered. In the former it is assumed:thetnot known but
only the mean value of each component and a confidence level for each component
is known. Next section provides a formal description of the problem of interest.
An extension to this problem will be considered, in which data points will assumed
to be known and the uncertainty will be due the possible errors in the label vector,
more specifically, it will be assumed thabf V labels are incorrect. This problem
is solved in [4] for the SVM loss function and formulated as linear programming
problem. One of the contributions of this project is to extend the derivation to
logistic regression loss function.

In all these cases, problems are established as robust optimization problems.
Roughly, robust optimization involves optimization of a cost function under "bounded”
uncertainties in the problem data, eg. those;iandy;. Then, the goal is to op-
timize the cost function not only for a specific instance of the problem but for
all possible instances, eg. for all possible values0dndy;. To this end, the
worst case cost function is optimized. For more detailed information on robust
optimization, see [10, 12, 11].

2 Setup

Setup and notation will be parallel to those in [4] as explained in this subsec-
tion. Let X € R andy € RY denote the matrix of data points and corre-
sponding vector of labels. The vector of labels consists bfand —1, for short

y € {~1,1}". Letp > 0 be a real number and € R"*", whereR, is the re-
striction of the real line to the positive reals. The interval matrix model introduced
in [4] is based on the following set description of the uncertainty of the data points

X(p) ={Z R : X —pX < Z < X+ p2h. (3)



Here and later usual inequalities, i.€.,>, <, >, denote componentwise inequal-
ities. In [4], X was referred to as nominal data matiikjs called standard error
matrix andp is a scaling associated with the standardized errat.irin words,
data points, entries df are known up to their mean, corresponding entrieX pf
and their bounds, corresponding entriepbf, see Fig. (2). For later reference,
denotei-th column of X, Z andX by z;, z; ando; respectively and define

N
g = E 0;.
i=1

Here we consider linear classifiers in the form

classification boundaryw”z + b = 0.
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Figure 2: Classification of data with interval uncertainty.

Using this setup the robust classification problem can be stated as

min max LSVM or LR(wa b> Za y)
wb  ZeX(p)

Note that the purpose is not to minimize the loss function for a specific data matrix
but for all possible data matrices described by (3).
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For the setup of the problem for the classification robust to the uncertainties
due to label errors, see the corresponding section.

Note: Although, whenever appropriate, it is stated that most of the results
derived in this project are either from [4] or parallel to those in there, | would
like to make a short summary about the content. Results derived in section 3 are
completely from [4] with a exception that the derivation is in a slightly and triv-
ially more general setting (one of the parameters is let to be any positive number
instead of 1). By "from [4]", | mean results are stated there. All the results are
re-derived and details are filled whenever necessary. Results in section 4.1 are
re-derivation of those in [4]. Results in section 4.2 are totally new although the
idea is a generalization of that in [4] for the SVM setting.

3 Classification robust to interval uncertainties in
the data points

3.1 Robust logistic regression

In this section, the following problem is considered

i log (1+ e =4 4 (1 =)o 4
min Zg(afpzog +e + (1= w)o"wl, 4)

where0 < x < 1 and forw € R" |w|; = |w;. The derivation in this section will

be more general than that in [4]. There, the derivation was givep ferl (the

final result was stated for the general case). Here it is developed for pgsitive
Introduction of the extra term leads to a more general loss function and in fact the
worst-case value of this more general loss function provides an upper bound for
that straightforwardly obtainable from the logistic regression loss function, i.e.,

1 (1 yl(w zl—&—b)) < 1 (1 yl(w zl—l-b)) 1— T
ZI?AE}X Z og(l+e” Zg}(azfp Z og(l+e” +(1—k)o" |w|

sincex = 1 recovers the expression of the left hand side. Actually, allowing
non-unityx provides a relaxation for the regular logistic regression problem.

The problem in (4) is an infinite dimensional optimization problem. However
it can reduced to finite dimensional one by noting that

log <1 + e*yi(wTZ”b)) <log (1 + e’yi(wT"’fﬁbH“P"?\w\) :
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This leads to the problem
N
. 1 <1 7yi(wai+b)+/$pa'iT|w|> 1 — T )
min E_l og(l+e + (1= K)o |w| (5)

By introducing positive vectors),, andw,, such thatv = w, — w,, this problem
can be written as

N
_min_ > log (1 + e‘yi((“’p—wn)%ﬁb)ﬂpf’?(wﬁw")) +(1=r)o" (wy+w,).
Wp=Tn =R
(6)

Note that this last problem is a convex optimization problem. It is amenable to
interior point algorithms [2]. Next, the dual problem for the problem in (6) will
be derived. This formulation will be amenable to the readily available convex
optimization solvers [5]. For this some more notation is needed. Let

wy o
E=|w, |, vi=k-1) o |, M:= 00
b 0 010

PROG; — YiZ;
a; ;= | pro + yix; fori=1,...,N, A=:(a;---ay).
—Yi
Using this notation, the problem in (6) can be written as

N
max v’ & — Z log(1 + €™) subject ton = AT¢, M¢E = 0. (7)

&m 1

Then, the Lagrangian for this constrained optimization problem is

N
L(Em, A v) =06 =) log(L+e") + A"(n — AT +v"ME (8)

=1
Invoking the first order optimality conditions we obtain

OL
8—520:>U—A)\+MT1/:0:>2;:A)\—MTV



and oL . .
O g @ i nz0ma=—
on 1+ em 1+ em

More conveniently these can be written as

1 i
14 e = =1 ).
+e T x and n; og(l_)\i)

Noting that the dual variable drops from the optimal Lagrangian due to cance-
lations, the dual function can be written as

g(A) =— sz\il log (ﬁ) + sz\il log (1i31>

9)
= ATlog(A\) + (1 — X\)Tlog(1 — \),

wherel is the vector of ones of appropriate size, for a veaterR? , [log(a)]; =
log(a;). Then, the dual optimization problem becomes

min)\zoyzo )\T log)\ + (1 — )\)T log(l — )\)
sit. A< 1 (10)
AN = MTv + 0.

In [4] the following trick is used to eliminate the dual variabldrom the pre-
ceding optimization problem: Partitionasr = (v,,v,). Then, the condition
AN = MTv + v implies

N
Z(p/wi —yixi)\i = —(1 — K)o + v, (11)
i=1
N
Z(pfwi +yixi)Ni = —(1 — K)o + vy, (12)

=1
Then, itis easy to show that there exist non-negative vecjoaady,, if and only
if the following condition holds

| XY A < prEX+ (1 — K)o,
whereY = diag(y). Finally, the problem in (10) leads to

miny>g Al log A+ (1 — A)T log(1 — \)
S.t. I XY A < prEX+ (1 — K)o
A<1
y"A =0,

(13)
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where the last constraint directly follows from\ = M7 +v. This last problem
is an entropy problem and it is convex. Moreover, it can directly be solved by
using Mosek [5].

Note that the variablé is the dual variable corresponding to the the dual con-
straintA\ = MTv + v. Thereforew, is dual to (11)w, is dual to (12), and is
dual to the dual constraint’ A\ = 0. One property of Mosek is it solves the dual
problem (primal problem in this case because we are trying to solve what was
called the the dual problem) along with the primal problem (in this case called the
dual problem) and outputs the optimal dual variables as well [5]. Hence, Mosek’s
output also contains the optimal values of the variables of interest, nameahyl
b.

3.2 Robust SVM

Robust SVM problem is the minimization of the worst-case SVM loss function,

namely,
N

min max (1—yi(w 2+ b))+ . (14)

Noting that the entries of; are non-negative and the functi¢f, is monotonic
this problem can be written as

N
. T T
min > (1 —yi(w"z; +b) + po; |w|)Jr : (15)
Introducing slack variables;, i = 1,..., N, the following problem is obtained
from the previous one

mMin, p el'1
s.t. yi(wle; +b) > 1 —e; + pol|lw|fori=1,... N (16)
e>0

In order to take care of the terms involvihg|, introduce two non-negative vectors
w, andw,, that decompose asw = w, — w,. Using this, the problem in (16)
leads to

Mily, 1w, be el
s.t. yi((wp — wp)Ta; +0) > 1—€; + pol (w, + w,) fori=1,...,N
e>0, w, >0, w, >0.
(17)



The problem in (17) is a linear programming problem. As in the logistic regres-
sion case, a more general problem is also considered in [4]. This is based on the
following observation

maxzex (p) Zi\;l (1 —yi(w"z + b))+
=2y (1= ya(w" @i + b) + po Jwl)
<3 (1= ys(w"a; +b) + rpol [w]) , + (1= k)po™|wl,

(18)
where0) < x < 1. The equality follows from the monotonicity of the function
()1 and the inequality follows from the fact that — x)po”|w| > 0 and hence
(1 = w)pot|w])y = (1 — k)poT|w|. To see the latter, lek € [0,1]. Then,
(Aa+ (1 = A)b)+ = max(Aa + (1 — A)b,0) < Amax(a,0) + (1 — A) max(b) =
Aay + (1 — A)b,. Using the upper bound on the worst-case loss function an
alternative more general formulation robust SVM problem is obtained as

ming, . €'1+ p(l—k)|wl
S.t. yi(wla; +b) > 1 —e; + prol|wl|, fori=1,...,N (19)
e>0

Again, introduce two non-negative vectars andw,, that decompose asw =
w, — wy, to obtain

Mg, w,pe € 1+ (1—kK)o? (w, + wy,)
S.t. yi((wp — wy) Ty +0) > 1 —e; + prol (w, +w,) fori=1,....N
e>0, w, >0, w, >0.
(20)
The last optimization problem is a linear programming problem and there are
many efficient solvers even for large scale problems. The implementation of this
problem in [8] using Mosek will be used in this project.

4 Robust Classification with Label Errors

In this section the following optimization problem will be considered

min  max Lsyy or Lr(w, b, X, 2), (21)
w,b  zeY(y,k)

where

Yy, k)={z : zi=(1-28)y;, i=1,...,N, 6 € [01]", 175 < k}.
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In this model, the uncertainty is in the label vector and we assume that akmbst

N labels are incorrect. The aim is to obtain a classifier robust to the uncertainties
described in (21). This problem was studied in [4] for the SVM loss function
and the problem was reduced to a linear program. Here, this linear program will
be re-derived. A contribution of this project is deriving a convex formulation for
the logistic regression problem. The formulation of these optimization problems
follows.

4.1 Label errors with SVM loss function

The formulation in this subsection is from [4].First the following subproblem is

considered.
N

= Imax 1—Oél'Zi y
o= max > (1 - iz

whereq; = zI'w + b. This problem can be written as

¢ = maxXp<i<i MAXzey(yk) ZL ti(1 — aiz;)
N
= maXo<i<1 MaAXse(p 1N ,1To<k P i (Li(1 — quyi) + 205t sy;;)
= maXogtgl(lT(t —n)+ maXse[o 1)V, 176<k 5T777

wheren is such that); = t;«;y;. Now, focus on the following subproblem

max 6Tn.
5€[0 1N 1T5<k

This is an LP and by LP duality it can be equivalently written as

min 1T)\+/Lk771+)\1,z—)\2,z+/l:07 fOTZ.:lu"'?Nv
A1,A2,u>0
where\;, A, andy are dual variables of appropriate size. Note that, there exist
A4, A2, o > O such that the last constraint holds if and only if there exist 1 >
0 such that-n; + A1 ; + ©+ > 0. Combining these results, the subproblem can be
written as

min pk + 17 (n — pd) .
n>0

Now the optimization problem for the worst case loss function can be written as
N

¢ = max min 2 (t:i(1 — quyi) + pk + (uyiti — p)+)-
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By weak duality [3], the following holds

¢ < ming>o maxo<i<1 :i]il(ti(l — agy;) + pk 4 (uyits — 1) +)
. N
=ming>o 1 kN + 32,0, ((1 = aqyi) + (cuyi — 1) 4)+-

Consequently, the robust classification problem can be written as

min kN + Y (1= ys(w @i + b)) + (g (w"z; +b) — 1) 4)4,

>0,w,b
H= =1

which is amenable to linear programming solvers. To see this, replacéz; +

b) — p by & and1 — y;(wx; + ) + & by ¢; and enforce the extra constraints
yi(whe; +0) — < &,0 <&, 1 —y(wha; +b) + & < G, and0 < .

4.2 Label errors with logistic regression loss function

The key problem in this derivation is the following problem

max log(1 + e
sefo 1N 1T5<kz & )

whereo; = wz; + bandz € Y(y, k) with Y(y, k) as defined in the previous
section. This problem can be written as

max log 1 + e —Yix z+26LyLO¢z)
€0 1N 1T 5<k Z

Dualizing with respect to the second constraint, i.e., with respetctdo< &, the
following series of equivalent formulations are obtained.

min,,>g 1k + Zfil maxgs,eo 1] log(l + e vicit20iwion) — 5,

min,so pk + S0, max{log(1 4+ e~¥%) log(1 + e¥%) — u}
Finally, the following convex optimization problem is obtained.

mingsoxe Mk + IEDY
s.t. Ai > log(1 4 e~ vivi) (22)
i > log(1 + e¥%®) — p.
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Using this formulation of the worst case loss function, the robust classification
problem with logistic regression loss function and with at mosK N label
errors can be formulated as

minuzo,)wuhb ,uk‘ + ]_T>\
s.t. Ai > log(1+ e’yi(wai+b)) (23)
Ai = log(1+ eweitt)) — .

The problem in (23) is a convex optimization problem since its cost function is
linear in the variables and the constraints are convex. Indeed, the fugction
log(1 + €%) is convex and the terms in the constraints are the composition of
linear functions with a convex function; hence, they are convex. This problem is
amenable to interior-point methods [2]. However, by some simple manipulation, it
can be transfered to a form which can be readily tackled using Mosek. To this end,
since the exponential function is monotonic the feasible set of the last problem is
the set ofu > 0, A > 0 (this was implicit in the previous formulation; hence,
nothing new)w andb satisfying

1> e N o oYW zitb)=A;

and
1> e Nimh g gruilwhaitt)=dizp,

Also, minimizinge**+1"* instead ofuk + 17\ coes not change the optimal value
due to the monotonicity of the exponential function. Consequently, the following
optimization problem is obtained
: uk+1T )
min,>ox>owb €
s.t. 1> e 4 e vilwiaitb)=A; (24)
1> e NiH g e~ vi(wlzitb)=Xi—u.

This last problem is called exponential optimization problem [7] and there are
readily available routines in Mosek [5] to solve this problem.
5 Implementation, data set and experimentation

For the implementation robust classification with interval uncertainty problem a
toolbox written by L. EI Ghaoui [8] is used. This toolbox is based on Matlab
and uses Mosek [5] as the convex optimization solver. For the implementation
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of the robust SVM problem the formulation in (20) with= 1 is used. The
implementation of the robust logistic regression is based on (13)anithl. One

of the main reasons to choose Mosek [5] as the convex optimization solver is that
it supports the entropy problems as in 13. The implementation for the robust SVM
problem can be efficiently performed with any state-of-the-art linear programming
solver as well.

Data set used in [4] and also in this project is a genomic micro-array data ob-
tained by Iconix Pharmaceuticals [6]. For a similar application, see [9]. The data
is composed of a matriX containing the log-ratios of responsesrof= 8565
genes to different drugs and a corresponding standard error matrix obtained with
3 replicates for each experiment. ThereNis= 193 experiments in total. In this
project, a label vector to classify a specific drug class class (namely statin class)
from all other drugs (classes). Statin class cont8inpoints. The underlying
biological problem is to be able to separate this class (station class) from all other
experiments with as few genes as possible with a good "enough” predictive per-
formance [4].

5.1 Results for robust logistic regression loss function

In this implementation 8-to-2 training-test data ratio is used with 3 random par-
titions for cross validation. Results are shown in Tables (5.1)-(5.6). Results are
averages over the partitions. For the regular logistic regression results are ob-
tained in [8] by implementing a two-class logistic regression model witbrerm

norm in the objective added for sparsity purposes. As seen in the tables, as the
uncertainty level increasep (ncreases), the performance of the robust logistic
regression implementation improves, whereas that for the regular logistic regres-
sion classifier gets worse. Regular logistic regression tends to predict everything
to belong to the negative family asncreases. The performance of robust logistic
regression classifier degrades later than that of the regular logistic regression clas-
sifier. Of course this improvement is not for free: computation times for robust
implementation is higher than the regular implementation. However, this gap does
not render the robust implementation impractical. The computation times for the
robust implementation are still reasonable (see Table (5.7)). Furthermore, robust
implementation results in larger classifiers, i.e., more of the genes are involved.
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Table 1: Average values over test datajor 0.05

robust logistic regression

logistic regression

pre. positive| pre. negative pre. positive| pre. negative
true positive 3.33 9.67 true positive 8.67 4.33
true negative 0 65 true negative 0.33 64.67

Table 2: Average values over test dataor 0.1

robust logistic regression

logistic regression

pre. positive| pre. negative pre. positive| pre. negative
true positive 6.33 6.67 true positive 7.33 5.67
true negative 1 64 true negative 0 65

Table 3: Average values over test datajct 0.2

robust logistic regression

logistic regression

pre. positive| pre. negative pre. positive| pre. negative
true positive 8.33 4.67 true positive 6 7
true negative 0 65 true negative 0 65

Table 4: Average values over test datajor 0.4

robust logistic regression

logistic regression

pre. positive| pre. negative pre. positive| pre. negative
true positive 10.67 2.33 true positive 3.67 9.33
true negative 0 65 true negative 0 65

Table 5: Average values over test datajoe 0.7

robust logistic regression

logistic regression

pre. positive| pre. negative pre. positive| pre. negative
true positive 10 3 true positive 0 13
true negative 0.33 64.67 true negative 0 65

Table 6: Average values over test datajor 1

robust logistic regression

logistic regression

pre. positive| pre. negative pre. positive| pre. negative
true positive 7.67 5.33 true positive 0 13
true negative 0 65 true negative 0 65
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Table 7: Computation times (seconds) and length of the classifier.

robust logistic regression logistic regression

p | computation time classifier length computation timeg classifier length
0.05 75 80 42 23
0.1 82 147 43 18
0.2 139 111 38 1
0.4 139 110 38 1
0.7 93 26 25 1
1 72 12 48 1

5.2 Results for robust logistic regression loss function

Implementation is done as in the logistic regression case. Results are shown in
Tables (5.8)-(5.14). In the table "SVM” stands for the linear, soft-margin support
vector machine classifier and "ROB-SVM” stands for the formulation in section 3.
In the logistic regression case, the robust classifier was outperforming the regular
one as the uncertainty level increases. In SVM case, although the performance
of the robust classifier improves asncreases up to some level, it almost never
outperforms the regular one. On the negative points robust one does better job.
Computation times for the robust classifier are smaller than those for the regular
one.

Summary: The performance of the robust logistic regression classifier per-
forms better than the regular sparse classifier as the level of uncertainty increases
at the expense of longer (but tractable) computationally times. However, the per-
formance of the robust classifier based on SVM loss function performs slightly
worse than the regular one. One reason might be that the dimension of the data
space is very high (more than 8000 dimensions) compared to the number of ex-
periment (193). One can claim that simply there is not enough data to exploit the
features of the robust classifier. On the other hand, one useful extension might be
applying some kind of dimensionality reduction before classification. However,
this might not be as straightforward as in the common case where the data points
are known. At this point, no dimensionality reduction technique exploiting the
structure of the data (uncertain) is known to me.
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Table 8: Average values over test datajct 0.2

ROB-SVM SVM

pre. positive| pre. negative pre. positive| pre. negative
true positive 3 10 true positive 10.33 2.67
true negative 0 65 true negative 0.77 64.33

Table 9: Average values over test datafor 0.35

ROB-SVM SVM

pre. positive| pre. negative pre. positive| pre. negative
true positive 10 3 true positive 11.33 1.67
true negative 0 65 true negative 1.33 63.67

Table 10: Average values over test datadct 0.5

ROB-SVM SVM

pre. positive| pre. negative pre. positive| pre. negative
true positive 10.33 2.67 true positive 11 2
true negative 0.33 64.67 true negative 1.33 63.67

Table 11: Average values over test datagot 0.75

ROB-SVM SVM
pre. positive| pre. negative pre. positive| pre. negative
true positive 11 2 true positive 10 3
true negative 1.33 63.67 true negative 1 64
Table 12: Average values over test datagot 1
ROB-SVM SVM
pre. positive| pre. negative pre. positive| pre. negative
true positive 9.67 3.33 true positive 10 3
true negative 1 64 true negative 2 63

Table 13: Average values over test datadct 1.5

ROB-SVM SVM

pre. positive| pre. negative pre. positive| pre. negative
true positive 7.67 5.33 true positive 9.67 3.33
true negative 0.67 64.33 true negative 0.67 64.33
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Table 14: Computation times (seconds) and length of the classifier.

ROB-SVM SVM

p | computation time classifier length computation timeg classifier length
0.2 75 188 110 44
0.35 79 155 110 31

0.5 72 71 106 27
0.75 116 23 98 16

1 91 13 74 12

15 114 5 25 9

6 Future work

The following list of extensions seem to be useful for this methodology:

1. Combine two type of uncertainties, namely interval uncertainty for the data
points and uncertainties due to errors in the label vector. In [4], it was
claimed that this can be done. However, this needs to be worked out.

2. The part on the label errors should be studied more in order to understand
most effective formulation for computational purposes and be implemented.

3. In [4], the sparsity properties of the resulting classifier was discussed. A
complete understanding of this issue deserves to be developed.

4. Effects of non-unityx on the implementation and performance are to be
studied.

Acknowledgement: prof. Laurent EI Ghaoui from EECS depart-
ment has been very helpful by discussions on robust optimization and robust clas-
sification and by providing the his toolbox for implementation part of this project.
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