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CS281A/Stat241A Lecture 24
Variational Methods

Peter Bartlett



Announcements

- .

# Poster sessions will be on Tue Dec 1 (Stat241A) and
Thu Dec 3 (CS281A), here, 11-12:30. Please attend
both sessions.

#® Project reports are due at 5pm on Friday December 4.
In the box outside 723 SD Hall. This deadline is firm.

o -

CS281A/Stat?241A Lecture 24 — p. 2/<



Key ideas of thislecture
f.’ Variational approach: Inference as optimization. T
# Mean field algorithm.

s Approximate M with smaller set M.
s Coordinate ascent is mean field algorithm.
s M is not convex.

s Equivalent to finding closest (KL) y in M.
» Example: Gaussian mean field.

o Loopy belief propagation.

s Approximate M with larger tree-based M.
s Approximate H (u) wWith Hgehe (1)

s Updates to find stationary points of Lagrangian:
L Loopy belief propagation. J
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Variational Methods

-

#® Represent quantity of interest as solution to
(or value of) an optimization problem.

# Then approximate the optimization problem:

s Approximate the constraint set.
s Approximate the criterion.

-
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Variational Approach: Ingredients
. Exponential family representation of graphical model. T

2. Mean parameters ;. correspond to desired marginal
(conditional) cligue probabilities.

3. Realizable mean parameter set M (marginal polytope).

4. Inference as optimization problem via conjugate dual
representation of log normalization.

o -
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Variational Approach: Ingredients

-

Exponential family:

p(x) = h(z)exp ({0, o(x)) — A(0)) .
Example: pairwise MRF (z, € {0,1, ..., r—1}).

p(z) = exp (ZZeml

veV 1

T S: S:Qu,i;v,jl[xu = i|1l|z, = J]) 7

{uw}eE 1)

ford e Q= {0:A(0) < o} =RNVIIE

o

=



Variational Approach: Ingredients
. Exponential family representation of graphical model. T

2. Mean parameters ;. correspond to desired marginal
(conditional) cligue probabilities.

3. Realizable mean parameter set M (marginal polytope).

4. Inference as optimization problem via conjugate dual
representation of log normalization.
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Variational Approach: Ingredients

- .

o Define the set M of realizable mean parameters
(marginal polytope) as

M={peR?: Ip st Vo, By[pa(X)] = pia
If X is finite: = CO{¢(x) : z € X},

where co represents the convex hull.
o Example: pairwise MRF (z, € {0,1,...,r —1}).

py = Ey11X, =i = Pr(X, =1)
tyn = Epllz, = i1z, = j] = Pr(X, =1, Xy = ).

o -
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Variational Approach: Ingredients
. Exponential family representation of graphical model. T

2. Mean parameters ;. correspond to desired marginal
(conditional) cligue probabilities.

3. Realizable mean parameter set M (marginal polytope).

4. Inference as optimization problem via conjugate dual
representation of log normalization.
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Variational Approach: Ingredients

-

The conjugate dual of the log normalization A is

A* () = sup ((u,0) — A(0)) = —H (po)),

=

where 1 € R? for Q € R? and H(p) is the entropy.
For 6 < (),

A(0) = sup ((0, ) — A™ (1))

— Ius:_}\)/l (<(9,,u> + H(pQ(,u))) '
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Variational Approach: Ingredients
- o

A(0) = sup (€0, 1) + H(pog)) -

# Solving this optimization problem gives the value A(9)
and the mean parameters p = Eg|o(X)].

# These correspond to the expectation of the sufficient
statistics. (conditional expectation, if evidence has been
Incorporated).

#® For example, for discrete pairwise MRFs, they give the
marginal singleton and pairwise distributions.

o -
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Variational Methods

- .

#® Represent quantity of interest as solution to (or value
of) an optimization problem:

A(0) = sup (0, 1) + H(py(y))) -

# Then approximate the optimization problem:
s Approximate the constraint set, M.
» Approximate the criterion, (0, u) + H(pg(,,))-

o -
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Key ideas of thislecture
f.’ Variational approach: Inference as optimization. T
# Mean field algorithm.

s Approximate M with smaller set M.
s Coordinate ascent is mean field algorithm.
s M is not convex.

s Equivalent to finding closest (KL) y in M.
» Example: Gaussian mean field.

o Loopy belief propagation.

s Approximate M with larger tree-based M.
s Approximate H (u) wWith Hgehe (1)

s Updates to find stationary points of Lagrangian:
L Loopy belief propagation. J
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Mean Field Algorithm
5

Consider the Ising model:

T, € {0,1}.

wu,v (qua xv) — €XP (Qu,vxuwv) ;

Uy () = exp (Byxy) -

p(x) = exp (Z Oy Ly + Z O v TuTy — A(@)) .

veV {uw}ekE



Mean Field Algorithm
=

# Consider Gibbs sampling, and replace X, by its
expectation:

1
[y 1= .
1 + exp (_ev - ZueN(rU) ev,uﬂu)

# Naive mean field algorithm for the Ising model.



Variational | nterpretation

-

# Consider the optimization problem

A(0) = sup (0, 1) + H(py())) -

# If we approximate M with the smaller set:

M:{HEM3Mu,v:MuM’U}-

® Then we have

A(Q) > SUp (Z Ov by + Z Qu,v,uu,uv

peEM \ veV {uw}eE

B — > (o log py + (1 — p1) log(1 — m))) -

veV
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Variational | nterpretation

- .

# Coordinate ascent in p, gives

1
Ho =
1 + exp (_9’0 — ZuEN(v) eu,vﬂu)

Y,

which is the mean field update.
# The criterion is strictly concave in each coordinate .
# But it is not a concave maximization problem...

o -
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Mean Field M is Not Convex
B -

M =cof{o(x) : x € X},

M:{NEM3HU,UZHUNU}-

& MC M.

® &(z) e M:
Place all mass on x. For such a distribution, u, € {0, 1},
and SO iy, = fyfby-

® But M is the convex hull of these points in M.

® Soif M is a proper subset of M, it must be nonconvex.

o -

CS281A/Stat?241A Lecture 24 —n. 18/¢



Key ideas of thislecture
f.’ Variational approach: Inference as optimization. T
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Mean Field and KL -Divergence
-

For the exponential family
p(x) = h(z)exp ({0, d(x)) — A(0)).

consider two parameters ' and 6>
The KL-divergence between the distributions py: and py:

(with mean parameters ;' and #?) is

por (X)
py2(X)
= (u', 6" — 6%) — A(0") + A(6?)

= A(6%) — (A(0") + (u*, 0% — 01)).

o -
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D(6':6%) = Eg log




Mean Field and KL -Divergence

- o
D(6;0%) = A(6%) — (A(0Y) + (u*,0% — 01)) .
Using conjugate duality,
A*(p') = sup ((u',0) — A(6))
IS
— <:u17 91> o A(Ql)a
we have

D(0%;6%) = A(6°) — ((u',6%) — A*(uh)) .



Mean Field and KL -Divergence
B o

D(6%;6%) = A(6%) — ((n', %) — A*(u")) -
So choosing i € M to maximize

(', 0) — A(0)

corresponds to choosing the distribution  from the
approximating set M to minimize the KL-divergence

D(p;0) = A(0) — ({i1,0) — A" () -

That is, the mean field algorithm aims for the best
approximation (in terms of KL-divergence) in M.

-
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Key ideas of thislecture
f.’ Variational approach: Inference as optimization. T
# Mean field algorithm.
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Gaussian M ean Field

- .

# Another mean field example: Gaussian MRF.
#® Mean parameters:

n=EX e R?
Y =EXX ¢S

# Approximate with disconnected graph (empty edge set):

M ={(1,%) : & — /' = diag (= — puu')
X —pp' >0}

o -
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Gaussian M ean Field

-

# Entropy for a Gaussian is

%ln ((271‘6)d D ,u,u’|) .

Since covariance matrix is diagonal, we have

d

d
1
A, X)) = —5 In(2me) — 5 Zln (i — ILLZQ) .

1=1

# Optimization problem becomes

d
max ((9,,u> +(0,%) + % Zlﬂ (Zii — /%2)

L (1,2)eM i—1

) |

-
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Gaussian M ean Field

- .

# Calculus shows that fixed point satisfies, for all i € V,

|
Q. — _ |
T 2 — )
I22)
i —2) 0t > Vit
Hii = Hy FEN(3)

® |[teration
1
i = ~o. (91 + Z @z'j:uj)
JEN (1)

solves these fixed point equations (provided —© is
diagonally dominant):
L corresponds to Gauss-Seidel iteration. J
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Key ideas of thislecture
f.’ Variational approach: Inference as optimization. T
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L oopy Belief Propagation
-

Consider a pairwise MRF:
® Graph G = (V, F).
® X,eX ={0,....,r—1}forveV.
# Sufficient statistics are indicators for singleton and
pairwise marginals (nodes and edges):
1|z, =1 veV,ieX
1|z, =1, 2y = 7] {fu,v} e E,1,j € X

-
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L oopy Belief Propagation
-

# EXxponential representation:

p(x) = exp (Z Zﬁv,il[% =

veV 1

+ S: S:eu,i;v,jl[wu — i]l[ajv — ]])

{u,v}eE 1)

— exp (Z Oy () + Z 9u,fu($u7%)) ;

veV {uw}ek

where HU(%) — Z ev,i]-[ajv — 2]7
1eX

uv $u,£lfv Zeuzv] [ _]] J

1,]€X

o
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-

An alternative protocol for belief propagation in trees:

1.
2.

L oopy Belief Propagation
-

m\)(z,) = 1 for all {u,v} € £.
At iteration¢t =1,2, ...,

mq(}%(ﬂiu) — Z eXp (‘9’0 (37’0) + Qu,v (xua xv)) H mg;}l) (xv)
T weN (v)\{u}

This protocol makes sense for arbitrary graphs: pretend
that the graph is a tree.

If there are a few long cycles, we might expect this to
work well.

-
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Variational | nterpretation

-

If we

1. Approximate the marginal polytope M with a
tree-based outer bound M,

2. Approximate the entropy —A*(u) with something
tractable (the Bethe approximation),

3. lteratively update variables to find stationary points of
the Lagrangian,

then we arrive at loopy belief propagation.

o -
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Mean Parameters
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Tree-Based Outer Bound on M
- -

#® For any G,
M C M.

# |f G Is atree, there Is a junction tree, so local
consistency implies global consistency:

M = M.

o -
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Variational | nterpretation

- .

1. Approximate the marginal polytope M with a
tree-based outer bound M,

2. Approximate the entropy —A*(u) with something
tractable (the Bethe approximation),

3. lteratively update variables to find stationary points of
the Lagrangian.

o -
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Bethe Entropy Approximation

B -
HBethe(,U) — ZHU(,UU — Z ]ufu ,qu

veV {uw}el

where H, is the single node entropy,

Hy(p) = ZNU Ty) 1og piy (1),

Ly

and I, , Is the mutual information between X,, and X,,

Ly (NU,U) — D(Mu,m fufhy)

P, v\ Ly L
- Z ,LLU,U(CCU,LIZU) log ’LLU( - U) )

pg (To) oo ()
- -
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Bethe Entropy Approximation
-

Recall that, if an undirected graph G has a junction tree,
then the joint distribution can be expressed as

. HCECP($C)
P) =T, oo pl(es)

where C'Is the set of cliques and S the set of separators.
This implies that if G Is a tree, we can write

pa) = [[ (o) [T Ltet

i fuv}tER pou(Zu) o (Z0)

o -
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Bethe Entropy Approximation
-

If G IS a tree,

T
= H /Lv(wv) H Mu,v(wwxv) '

-y fuw}eE Hou(To) o ()

So for a tree, we can write the entropy as

Zp ) log p(x
:ZHv(NU)_ Z Lo (Hu0)

veV {uw}tek

= Hpethe (,U) -

SSSSSSSSSSSSSSSSSSSSSSSSSSSSSS



Bethe VVariational Problem

- .

1. Approximate the marginal polytope M with a
tree-based outer bound M,

2. Approximate the entropy —A*(u) with something
tractable (the Bethe approximation).

max (<‘977_> + Z Hy (o) — Z [u,v(Tu,v)) -

TEM veV {uv}ekE

o -
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Variational | nterpretation

- .

1. Approximate the marginal polytope M with a
tree-based outer bound M,

2. Approximate the entropy —A*(u) with something
tractable (the Bethe approximation),

3. lteratively update variables to find stationary points of
the Lagrangian.

o -
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L agrangian Formulation

-

Marginalization constraints:

Cu,v($v = Ty $v E Tu,v wmajv

Lagrangian:
L(T;A) =(0,7) + Z Hy () — Z Ly (Tuw)
veV {u,v}eFE
Z <Z)\uv $v U,V $v +Z)\vu wu VU $u)>
{uv}eFE

SSSSSSSSSSSSSSSSSSSSSSSSSSSSSS



L agrangian Formulation

N

aking partial derivatives w.r.t. 7, and 7, ,,, and setting to 0
gives

=

To(w0) o< exp(By(z)) || exp(Auw(w0))
ueN (v)

Tu,v (5’3m wv) X €xXp (Qu(xu) + 0, (5’31}) + Qu,v (xm wv))

< I expQuulza) T exp(zu(@))
weN (u)\{v} z€N(v)\{u}

Consider the messages my, () = exp(Ay u(Ty)), Set
Cyu(zy) = 0, and solve to obtain the loopy belief
propagation update rule.

o -
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L agrangian Formulation

-

Messages my, () = exp(Ay u(2y)) are updated via

Mou(tu) =Y exp (Ou(y) + up(mu. ) [ mwwlaw).

Zv weN (v)\{u}

=

This is loopy belief propagation.

o -
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Key ideas of thislecture
f.’ Variational approach: Inference as optimization. T
# Mean field algorithm.

s Approximate M with smaller set M.
s Coordinate ascent is mean field algorithm.
s M is not convex.

s Equivalent to finding closest (KL) y in M.
» Example: Gaussian mean field.

o Loopy belief propagation.

s Approximate M with larger tree-based M.
s Approximate H (u) wWith Hgehe (1)
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L Loopy belief propagation. J
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Announcements

- .

# Poster sessions will be on Tue Dec 1 (Stat241A) and
Thu Dec 3 (CS281A), here, 11-12:30. Please attend
both sessions.

#® Project reports are due at 5pm on Friday December 4.
In the box outside 723 SD Hall. This deadline is firm.

o -

CS281A/Stat?241A Lecture 24 — n. 44/¢



	Announcements
	Key ideas of this lecture
	Variational Methods
	Variational Approach: Ingredients
	Variational Approach: Ingredients
	Variational Approach: Ingredients
	Variational Approach: Ingredients
	Variational Approach: Ingredients
	Variational Approach: Ingredients
	Variational Approach: Ingredients
	Variational Methods
	Key ideas of this lecture
	Mean Field Algorithm
	Mean Field Algorithm
	Variational Interpretation
	Variational Interpretation
	Mean Field $hat {cal M}$ is Not Convex
	Key ideas of this lecture
	Mean Field and KL-Divergence
	Mean Field and KL-Divergence
	Mean Field and KL-Divergence
	Key ideas of this lecture
	Gaussian Mean Field
	Gaussian Mean Field
	Gaussian Mean Field
	Key ideas of this lecture
	Loopy Belief Propagation
	Loopy Belief Propagation
	Loopy Belief Propagation
	Variational Interpretation
	Mean Parameters
	Tree-Based Outer Bound on $cal M$
	Variational Interpretation
	Bethe Entropy Approximation
	Bethe Entropy Approximation
	Bethe Entropy Approximation
	Bethe Variational Problem
	Variational Interpretation
	Lagrangian Formulation
	Lagrangian Formulation
	Lagrangian Formulation
	Key ideas of this lecture
	Announcements

