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Theorem Suppose that X1, . . . , Xn ∈ X are independent, and f : X n → R.
Let c1, . . . , cn satisfy

sup
x1,...,xn,x′i

|f(x1, . . . , xi−1, xi, xi+1, . . . , xn)

− f(x1, . . . , xi−1, x
′
i, xi+1, . . . , xn)| ≤ ci,

for i = 1, . . . , n. Then

P (f − Ef ≥ t) ≤ exp

(
−2t2∑n

i=1 c2
i

)
.

Proof: We define

Vi = E [f |X1, . . . , Xi]− E [f |X1, . . . , Xi−1] .

These Vis will play the same role as that played by the terms of the sum in
the proof of Hoeffding’s inequality. In particular, since the sum telescopes,
we have

f − Ef =
n∑

i=1

Vi.

Using this, and the Chernoff bounding technique, we see that

P (f − Ef ≥ t)

= P

(
n∑

i=1

Vi ≥ t

)

≤ inf
s>0

exp(−st)E exp

(
s

n∑
i=1

Vi

)

= inf
s>0

exp(−st)E

(
n∏

i=1

esVi

)
.
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So we need to bound the moment generating function of this sum of (depen-
dent) random variables. Now, we have seen that E(Vi|X1, . . . , Xi−1) = 0. If
we define

Li = inf
x

E(f |X1, . . . , Xi−1, x)− E(f |X1, . . . , Xi−1),

Ui = sup
x

E(f |X1, . . . , Xi−1, x)− E(f |X1, . . . , Xi−1),

then we have

Vi − Li = E(f |X1, . . . , Xi)− E(f |X1, . . . , Xi−1)

− inf
x

E(f |X1, . . . , Xi−1, x) + E(f |X1, . . . , Xi−1)

= E(f |X1, . . . , Xi)− inf
x

E(f |X1, . . . , Xi−1, x),

and so Li ≤ Vi almost surely. Similarly, Vi ≤ Ui a.s. Furthermore, from the
independence of the Xi,

Ui − Li = sup
x

E(f |X1, . . . , Xi−1, x)− inf
x

E(f |X1, . . . , Xi−1, x)

= sup
x

∫
f(X1, . . . , Xi−1, x, xi+1, . . . , xn)dP (xi+1, . . . , xn)

− inf
x

∫
f(X1, . . . , Xi−1, x, xi+1, . . . , xn)dP (xi+1, . . . , xn)

= sup
x,y

∫
(f(X1, . . . , Xi−1, x, xi+1, . . . , xn)

− f(X1, . . . , Xi−1, y, xi+1, . . . , xn))dP (xi+1, . . . , xn)

≤ ci,

from the bounded differences assumption. Notice that the independence
allows us to write the difference of the conditional expectations in terms an
integral of a difference, and hence appeal to the bounded differences property.
Thus, we may apply the Hoeffding lemma to the bounded, zero-mean random
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variables Vi conditioned on X1, . . . , Xi−1, as follows.

E

(
n∏

i=1

esVi

)
= EE

(
n−1∏
i=1

esViesVn|X1, . . . , Xn−1

)

= E

(
n−1∏
i=1

esViE
(
esVn|X1, . . . , Xn−1

))

≤ exp(s2c2
n/8)E

(
n−1∏
i=1

esVi

)

= exp(s2c2
n/8)EE

(
n−1∏
i=1

esVi|X1, . . . , Xn−2

)

= exp(s2c2
n/8)E

(
n−2∏
i=1

esViE
(
esVn−1 |X1, . . . , Xn−2

))

≤ exp(s2(c2
n−1 + c2

n)/8)E

(
n−2∏
i=1

esVi

)
...

≤ exp

(
s2

n∑
i=1

c2
i /8

)
.

Substituting, we have

P (f − Ef ≥ t) ≤ inf
s>0

exp

(
−st +

s2
∑n

i=1 c2
i

8

)
= exp

(
−2t2∑n

i=1 c2
i

)
,

where we selected the optimizing value s = 4t/
∑

i c
2
i .

3


