CS281B/Stat241B (Spring 2008) Statistical Learning Theory Lecture: 6

Non-separable (soft) SVMs

Lecturer: Peter Bartlett Scribe: Joseph Austerweil

Qutline of lecture:

1. Another geometric interpretation of hard-margin SVMs
2. Standard soft-margin SVM (C-SVM)

3. v-SVM (interpretable reparameterization of C-SVM)

1 Another Geometric Interpretation of Hard-Margin SVMs

Previously, we explored the following definition of the SVM and the resulting geometric interpretation of its
dual function (also shown in figure 1):

min [lw]|?
wERE

s.t. Vi,yiw’xi Z 1

Figure 1: Hard SVM with its margins and decision boundary. The size of the margin is H"sz

Instead, we can directly represent the margin, v, which yields an equivalent optimization, but a different
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dual function.

max o

weR?
st Vi, yiw'z; >y (dual parameter \;)
w|? <1 (dual parameter 3)

We form the Lagrangian (switching the criterion to be a minimization of —«):

L(w,v,\,B) = —v+ ZM(W — yiw'z;) + B(llw]|* = 1)
i=1

and at the minimum over w and -y, we have

Y=
1
This gives the dual function,
1
g\, B) = 15 > Ai\iyrir —
4,J
and the dual optimization problem is
min 2 13 Ayiil|* + 8
S.t., Z )\z = 1,
)\'L' Z 07
B=>0

We can remove 3 : 3% = 1|3 Xiyix]|>. This results in the dual optimization:

min HZ Ay

s.t. )\i 20,2)\121

Slater’s condition implies strong duality.
We have:

wx = — ATy = =
26 zl: 122 Aiya|

Or in other words, w* is the unit vector in the direction of the smallest norm element of the set

CO({Zyixi 01 S ) S n}) = {Z )\Zylwl : )\i 2 O’Z)\l = 1}

From this formulation and Figure 2, we can observe that w+ points from the origin to the closest point on
the convex hull formed by the positive and negative points (reflected through origin).
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Figure 2: Optimal weight vector is from origin to closest point on convex hull formed from positive and
reflected negative examples

2 Non-separable (“soft”) SVMs

Non-separable SVMs allow the decision boundary to misclassify some examples, but it pays a cost for the
number of violated constraints. We could form the optimization to be:

C
min [w|?+ —=[S° st. Vi€ S:ywa >1
weRd n
C n
: 2 /
min [|w||* + — llyw'z; <1
weRdH | n Z [yiw'z; ]
i=1
However, this yields a nasty combinatorial optimization problem, so instead we replace the indicator function
with a convex function.

. C <
min ||w|? + . Z d(yw' ;)
i=1

One possible function that is used for the soft SVMs of today’s lecture (C-SVM and v-SVM) is the hinge
loss (see Figure 3):
l-a 1—a>0
pla) =1 -a) = { 0 otherwise

Using the hinge-loss function, we form the primal optimization of the soft SVM to be:
L,y C ,
1 _ — 1 — 9y .
Duin, 5wl + - ;:1 (1 —yiw'z:) ¢

1 C
min —|jw||* + = Z& st,Vi: & >0 Viil—§& <ywz
weRd 2 n ——" —_———

=1 i (677
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15

Hinge Loss
— — —1-0 Loss

Figure 3: The hinge loss function (the solid line) is the typical loss function used for soft-margin SVMs.

C balances between the two parts of the criterion, so the larger the C the more we care about misclassified
points. From this formulation, we can form the Lagrangian and derive the dual optimization:

L(w, &, a,A) = S [|lw]* + Z§Z+Zazl—yzwxl DEDIPS

Minimizing, we remove primal variables w and £ from the optimization.

0L

%:0 = w= % QY5 T
oL

- =0 it A=

€ = o5+

We form dual:
gla, \) Z QOGY YT+ Z a;
i i

Notice that we removed ), (£ — a; — ;) because Vi : a; + A\; = <, from the minimization. Thus, the form
of the dual for the soft SVM is:

max 3, a; — 3 2 Qi YY LT
s.t. a; >0
A >0

Oéi+/\i:%

We can eliminate the A; variables, and replace the constraints with 0 < a; < % This constraint tells us
that we cannot include too much weight on any point (at most %) In the hard margin case, we saw, via
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complementary slackness, that «; > 0 only when the corresponding example is on a margin. What is the
similar condition for the soft-margin SVM?

o a; > 0= ywa; =1-¢ <1 (we are either at or on the wrong wide of the margin). The corresponding
examples for a; > 0 are called the support vectors.

o yiziw<1 :>§i>0,andso)\i:O—>ai:%
——

”margin error”

1Q

Note some examples that are classified correctly will still be considered a margin error and will have o = =.
Figure 4 shows this case. In the separable case, if C' is greater than n times the largest «; value, then the
soft-margin SVM is equivalent to the hard-margin SVM.

=3

Figure 4: Both positive points, even though only one of which is misclassified, are considered margin errors

and their corresponding «; weight are %

3 v-SVM

The interpretation of C' is not intuitive. We show that solving »-SVM is an equivalent optimization problem,
but v has a more intuitive interpretation. We will show later that this can be understood as a reparamater-
ization of the C-SVM problem. We form v-SVM:

I{l}i’f} slwll> =vp+ 5 3750, (p — yow'z:)+

s.t. p>0
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Figure 5 shows the v-SVM’s decision boundary. An equivalent optimization problem (a quadratic program),
stated in terms of slack variables, is

min  gllwl|* —vp+ 5 3L &

w,p,§
s.t. p >0,
——
v
gi Z 07
Bi

Figure 5: »-SVM with its margins and decision boundary. The size of the margin is m

1 1
L(w,p,§, o, B,7) = §||w|\2 —vpt G- = GBi— Y ailyiw'zi + & — p)

Taking the minimum over our primal variables, w, p, and &, yields:

w=>Y g, v=3,0-7 Bt
i
This gives us the dual formulation:
1
max  —3 Zi)j QO Y YT T
s.t. 0< o < %,

D0 >

Using the dual formulation, we can analyze the complementary slackness for the v-SVM:

o a; > 0= ywz; =p—E& < p (The corresponding vectors for a;; > 0 are again called support vectors)
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e ywr, <p=>6>0=3=0=a=1

Theorem 3.1. If p > 0 at solution, then:

o @ OGN @
Hi:giw'a; <pH < {i:as==} <wvn< Hiia; >0} < |{i:yw'z <p}
N—— n N—————’

# of margin errors # of support vectors

PRrROOF. (a) and (d) are given by complementary slackness.

n n

(b)p>0:>”y:OéV:Zo¢i220@1[%:1]—121[0@:

(c)uSZaig%Zl[ai>O]

O
By Theorem 3.1, we can think of vn as roughly the proportion of support vectors. Figure 6 shows the
difference between the number of margin errors and the number of support vectors.

Figure 6: The decision boundary and margins once again for the v-SVM. The open circle and arrow represent
the margin errors whereas the closed circle represents the support vectors.

Theorem 3.2. If »-SVM has a solution with p > 0, then C-SVM with C = % gives an equivalent classifier.

PROOF. If (wy, p«) is the solution to ¥»-SVM, we can fix p = p,. and optimizing over w will not lead to a
better value. That is, w* is a solution to the optimization problem

, 1, 5 1
min gl + 236
S.t. gz > 0,
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We can scale the objective by 1/ p*% and the constraints by 1 /p* to obtain an equivalent optimization problem:

1 S| ;
T e R
w 2|p np* = p
s.t. g—120,
P
/ )
p p

And if we replace w/p* with w and &;/p* with &;, this is equivalent to the C-SVM with C = p%. O



