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1 Problem formulation

e Discrete time

o V staget € {O, 1,2,... } the agent is in some state 7, € S
e It chooses an action u € U,

e Assume that A := Ug,csU, and S are finite

e Represent the transition probability from state i to j given that u
is selected by p;;(u)

e Cost for transition from state 7; to i;41 given that u is selected is
denoted by g(7¢, u, 1411)



The goal of the agent is to find a policy
= (uk S — A)ZO:O
that minimizes the expected long-term cost:

E [ i o’ g(ig, pe (i), Z't+1)}

t=0

the expectation is taken with respect to the distribution of the Markov
chain (g, %1, . . . ) characterized by the transition probabilities p;, i, ., (t¢(%¢))
of the problem and 0 < a < 1 is a fixed discount factor.

For today we will consider stationary policies, that is policies such that:

K= (,LL,,LL,...)



Cost-to-go functions:

N
JG) = liminf B| 3 atgiv, pulin), ivsn)lio = i
t=0

Optimal cost-to-go function:

J*(i) := ming J*(7)



Linear approximators

K

T, = 3 #klor(i)

k=1

where
7FeRE

is a vector of tunable parameters and

or: S — R

are the basis functions.



Suppose we are given a RL problem with S, A, a known, p(u), g
unknown initially and that for a fixed policy i the agent is able to gen-
erate trajectories (i4 : i € 5)2, according to the transition probabilities

Piyyiv s (1(32))-

A possible strategy to solve this problem:
1. Start with some policy p
2. Evaluate for this fixed policy its cost-to-go vector J#
3. Apply some improvement to the current policy

4. If the policy can still be improved, go to step 2 (exist only a finite
number of policies)

Today, we focus on step 2, namely the evaluation of the cost-to-go vector
for a fixed policy.



2 Convergence of approximate T'D(\)

Proof based on:
Bertsekas, D.P. & Tsitsiklis, J.N. (1996). Neuro-Dynamic Programming.



Theorem 1 Assumptions:

e RL problem as stated before and a fized stationary policy u

o A linear approximation architecture with bounded basis functions. For
convenience, define:

—

¢(@) == (¢1(3), ..., ok (7))
and also the n by K matrix:
| | - )" ~
' ' O

e The update rule 1s:
Fiv1 = Tt + e d 2y



In the update rule:
Fiv1 = Tt + ed 2y

d; 1s called the temporal difference

di = g(i¢,9041) + Oéj(itﬂﬂ?t) — j(’it, )



In the update rule:
Fiv1 = Tt + ed 2y

Z: 18 called the eligibility vector

t

Zoi= ) (aX)' VI (i, )
k=0

t
= > (N *o(iy)
k=0
Note that Z;11 can be computed easily by:

Zip1 1= @M + @(irgr)



In the update rule:
Fig1 i= Tt + Yedi 2y

v+ 18 called the step size sequence. It is assumed to satisfy:



Moreover, we assume that:

1. There exists positive numbers ©[j| such that:

lim P(iy = jlio = 1) = 7[j]  Vi,j

2. We have K < n and ® has full rank.

Then, under these assumptions, the sequence vy converges, with proba-
bility 1.



Lemma 1 Let X; be a Markov process taking values in a set S. Define
the maps:

A:S — M,(R)
b:S — R"
Then the sequence 7 defined by:
7775_|_1 = 7775 + ’Yt(A(Xt)Ft + g(Xt))

converges with probability one, provided that:



. The sequence of stepsize 7y is deterministic and satisfies Y ,oqyt = 00
d> 2 ~2
and _,—ov; < 0.

. The Markov process X; has an invariant distribution. Let E [] denotes
the expectation with respect to this distribution.

. We have A := Ey [A(Xt)} is negative definite.

. There is a K such that for all X,, |A(Xy)|| < K, ||b(Xy)|| < K.
. There are p, C such that:

||E[A(Xt)\XO} A <Cpt W >0, X,

and . .
HE[b(Xt)\XO} B <Oopt ¥n>0,X,

where b := Ej [E(Xt)} :



We now reduce the problem of convergence of T'D(\) to the the case
of a stochastic iterative algorithm with Markov noise. Let:

Xt = (it, ’I:t_|_1, 575)
This is indeed a Markov process. Recall that:

Zip1 = @M + Glirgr)



Define the maps:

{ b(X,) := Z19 (i, ir41) B
A(Xy) == 7% (a¢(2t+1)T — o(ir)")

Check it works:

Fro1 s =7 + v (AX)T: 4 b(Xy))
=7 + v ([Z(ad(ir1)T — ¢(i)T)] 7 + [Zig(iss ivs1)])
6 — ¢

T 4 Ve Ze ( (i)' 7 + git, i441))
Tt + Ve de 2

—

(’&t+1) Tt



Lemma 2 Let:
A= E, {A(Xt)}

where Ej H 18 the expectation with respect to the stationary distribution.
We claim that:

A=d"'D(M -1
where:

M :=(1-X) i A" (aP)™
m=0

and
(1]

il
S,



We define the weighted quadratic norm as follow:
| = J"DJ

where



3 Sparse Distributed Memories (SDM)

Kanerva, P. (1993). Sparse distributed memory and related models. In
M. Hassoun (Ed.), Associative neural memories: Theory and implemen-
tation, 50-76. N.Y.: Oxford University Press.

Sutton, R.S. & Barto, A. G. (1998). Reinforcement learning. An in-
troduction. Cambridge, MA: The MIT Press.



Elements of an SDM architecture:

1. Start with some active locations H := {Ek} uniformly distributed
in the space. Active locations are points in the state space with an
associated weight wy

2. To predict the value of ¥ € S, we use the formula:
. h , L)W
thEH M(hkax)

Where 11 is a similarity measure. An example of similarity measure:
symmetric triangular functions

( u(h, @) == mini1,.._opi(h, 7)

pi(h, ) = { - |xif;ihi| if i —hil <6

0 otherwise

L\

\

3. We also periodically rearrange the distribution of the active loca-
tions during the execution of the algorithm.



