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Abstract. As genomes evolve over very long times, genes get rearranged which changes their order
along the genome. The resulting differing orders for various species provide evidence of their phyloge-
netic relationships, particularly, from long ago. Indeed, this type of data is increasingly useful in sorting
out evolutionary relationships [16, 17, 23].

In this paper, we give the first polynomial time algorithm for inferring phylogenies from logarithmic
length gene-order data. We provide an implementation of a version of this algorithm which is effective
in the high mutation regimes which are difficult for previous polynomial time approaches [17]. Our
method takes advantage of reconstructing internal sequences as does the branch and bound approach
in GRAPPA [16, 17]. Our polynomial time runtime versus GRAPPA’s exponential time is dramatic in
practice as well as theory.

The heart of our contribution is a method for estimating distance between genomes and an associated
learning method to infer gene-order data at internal nodes. This leads to a polynomial time algorithm
for reconstructing a phylogeny on a set of n taxa from gene-order data consisting of N = O(logn)
genes. Our algorithm follows the structure of the algorithm by Mihaescu et al. [15] which applies to
character data. We replace the estimators and learning subroutines in the Mihaescu algorithm with
methods that work with gene order.

We implement and test a version of our method against the best previous polynomial time method on
simulated data. Our method does considerably better in high evolution conditions. For low evolution
conditions, we don’t do as well as previous methods.
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1 Introduction

A chromosome or genome can be represented by a signed permutation of genes. This ordering
can change due to evolutionary events such as inversions (the flipping of subsequences of genes)
or transpositions (the flipping and/or the movement of subsequences of genes). These changes are
signals which we can use to reconstruct the evolutionary history, or phylogeny, of a set of organisms.
Gene order phylogenetic reconstruction is increasingly being used by biologists. See, for example,
[16-19].

In this paper, we present a polynomial-time algorithm for reconstructing a phylogeny on a set
of n taxa from gene-order data consisting of N = O(logn) genes. We experiment with an imple-
mentation of our method and compare results against previous polynomial time and exponential
time methods.

1.1 Background

A genome consists of a set of N genes. We assume each genome has the same set of N genes and
each gene appears exactly once. A genome is described by a signed circular permutation of the
set [N]. We call this permutation the gene order data. Let G be a genome with signed ordering
91,92, ---,9N. Since G is circular, any rotations are equivalent (e.g. go2,...,9n,91). Any signed
reversals are also equivalent (e.g. —gn, —gN—1,---,—01)-

In the Nadeau-Taylor model of genome evolution, Genomes evolve through a serious of evolu-
tionary events. In this paper, we only consider one class of genome rearrangement event: inversions.
An inversion between indicies ¢ and j, for i < j, reverses the interval between g; and g;, resulting
in the genome

915,91, =G5, -5 —9i, 9j+1,-- -, gN-

Definition 1. Genes i and j are said to be adjacent in the gene-order if either i is followed im-
mediately by j or —j is followed immediately by —i. Such a pair (i,j) is called an adjacency.

Remark 1. We note that (i,7) and (—j, —i) are the same adjacency. We usually view a gene-order
as the set of its adjacencies.

In order to reconstruct a phylogeny, we assume that there is an underlying model tree T" with
n leaves rooted at p, and for each edge e € T, a real number D(e) specifying the mutation rate.
The genome on every node of T' evolves from the genome at p. For edge e = (u,v) € T, with u
being the parent of v, the genome at v is the result of applying D(e) - N random inversions to the
genome at u. Note that D(-) induces a tree metric on nodes in 7'. Given a set of observed genomes
on the leaves, we want to reconstruct 7.

In this paper, we address inversions only. Our theoretical results should apply to transposi-
tions without much effort. Emprically, Moret et al. [18] have found a good correlation between
performance on inversion-only data and inversion/transposition data.

1.2 Our Approach

The key idea of our algorithm is to not just use the distances between leaves, but to also learn
ancestral genomes. For molecular data (i.e. A, C, G, T), the ancestral approach has been shown
to be more accurate than distance-based methods in theory and practice. In practice, likelihood
method (e.g. RAXML [24] and PhyML [12]) and parsimony methods (e.g. Fitch-Hartigan [11, 13])



which learn internal sequences significantly outperform distance methods. In theory, the recursive
majority algorithm for learning ancestral sequences was introduced and analysed by Mossel [20)].
This recursive procedure is a key step in the logarithmic-sized phylogeny reconstruction algorithms
of Daskalakis, Mossel, and Roch [6] and Mihaescu et al. [15].

The algorithm we are based upon [15] maintains a forest of correct subtrees of T', infers ad-
jacencies on interior nodes of each tree using genomes on its leaves, and uses that information to
decide how to join these subtrees. The main tool for joining subtrees is the now classical four-point
method which can properly sort out the topology of a quartet given sufficiently accurate distances
among the four positions. Our contribution is to show that sufficiently accurate distances can be
recovered at internal nodes even using gene-order data.

In order to deal with gene-order data, we must reconcile the Nadeau-Taylor model for gene-
order data with character based models of evolution, which assume that each character evolves
independently. We simplify the gene-order data by showing that it’s sufficient to represent a genome
by its set of adjacencies rather than its full signed permutation. We also bound the error that
comes from assuming that these adjacencies evolve independently like characters. This simplification
leads to a sufficiently accurate distance estimator and ancestral learning algorithm which we can
combine with the algorithm of Mihaescu et al. [15] to produce a polynomial time method that uses
logarithmic data.

We implement a variant of this method and compare it against the state of the art polynomial
time methods on simulated data using the framework described in [17]. We further demonstrate that
for a small real world example that our performance is comparable to the advertised performance
of GRAPPA [18], an exponential time approach to gene order phylogenetics.

Again, we have focused on inversions. From previous studies [17] which found that inversion
only and transposition data to be very similar, we expect our algorithm to empiricially work well for
transpositions as well. Furthermore, our theoretical bounds should also extend given a reasonable
model of transpositions versus inversions. We leave the analysis out for now.

1.3 Related work

Distance-based methods have been widely used in phylogeny reconstruction. These methods could
be carefully applied to run in polynomial time and with polynomial length sequences. Furthermore,
it was shown that such methods, in fact, required polynomial length sequences.

In a breakthrough, Daskalakis, Mossel, and Roch [6] shows that sequence data could reconstruct
the tree with logarithmic length sequences. Later, Mihaescu et al. [15], built on the insight from [6]
to give a simpler algorithm, which is the basis of this current work. Both algorithms rely on the
recursive majority algorithm shown to be effective in Mossel [20] and work when the mutation
probability on each edge is no larger than the phase transition probability.

In practice, methods based on parsimony and maximum likelihood that took advantage of the
sequence data were shown to work better than distance methods.

For gene order data, the first attempt by Blanchette, Kunisawa, and Sankoff [4] applies the
neighbor joining method to the breakpoint distance matrix. Wang and Warnow [27] analyze the
expected number of breakpoints given the number of evolution events and use the derived bounds
to find more effective estimates of the true evolution distances. Various subsequent results follow
this one by either providing better estimates or using other distance parameters to estimate the
true distances, e.g., Wang [25, 26] and Eriksen [9]. We point the reader to surveys by Moret, Tang,
and Warnow [18] and by Wang and Warnow [28]. Moret et.al. [17] also show that these methods
are quite effective in a program in a simulation study.



Researchers are also interested in using other parameters beside the numbers of breakpoints
or adjacencies, notably parameters related to conserved intervals (see, e.g., [2,5,3]). Blin, Chauve,
and Fertin [5] use these parameters in phylogeny reconstructions. Bergeron, Blanchette, Chateau,
and Chauve [3] present an algorithm that reconstructs ancestral gene orders given a tree topology
using conserved intervals.

2 Framework and Gene Order Data

In this section, we first describe the algorithmic framework provided by Mihaescu et al. [15] which
can be viewed as calling subroutines to compute distances among “objects” and an “object” learning
algorithm. As noted their objects were sequence data, ours will be gene order data represented as
adjacencies. We then proceed to provide some background for our learning method and distance
estimator.

2.1 The framework

We describe an un-optimized version of Mihaescu’s algorithm for the sake of simplicity. We will
later discuss how to make it more efficient.
We view taxa as associated with an object, either a sequence or a set of adjacencies.

Fig. 1. Two evolutionary trees and forests on their leaves are illustrated. The three trees in the forest are indicated
by dotted lines, solid lines and circles. The dotted, and solid line trees in the forest each consist of a single edge. The
figures shows the corresponding induced paths through the evolutionary tree. The forest on the right fails to meet
the invariant of the algorithm since the induced paths for the dotted and solid trees overlap.

The algorithm begins by forming a forest consisting of each taxa as an isolated tree. At each
step it combines two subtrees into a larger tree. A tree, T, in the forest corresponds to a set of
taxa and an induced subtree in the true evolutionary tree T'. An edge in T} may correspond to a
path in T". The algorithm maintains the property that T in the forest has the same topology as
the induced tree on its taxa in 7' (viewing paths as edges.) The algorithm further maintains the
property that the set of trees in the forest correspond to disjoint induced subgraphs in 7T'. Figure 1
shows examples of valid and invalid forests represented as induced paths in an evolutionary tree.

The algorithm joins trees by locating the shortest path (in evolutionary distance) in the evo-
lutionary tree between two subtrees in the forest. Adding an edge corresponds to joining the two



subtrees, say 77 and T5. That edge corresponds to a path in the evolutionary tree. By choosing the
shortest such path and corresponding “edge”, the algorithm maintains the disjointness condition
of the forest. By choosing to attach the edge to the appropriate place in 77 and 75, the algorithm
maintains the correct topologies on the subtrees of the forest. (Again, in Figure 1 this may corre-
spond to the path in the evolutionary tree in the right figure from the solid circle subtree to the
dotted subtree.)

In the general case, the algorithm needs to find the correct pair of trees, and edges e; = (a,b)
and es = (¢, d) in the forest to serve as the endpoints of the new edge. We assume that it tries all
pairs of edges and estimates the distance of the connecting edge as follows. It removes the edges
e1 = (a,b) and es = (¢, d) breaking their respective trees into two. It then learns internal sequences
(adjacencies in our case) at a, b, ¢, and d from the separate subtrees that they have been split into.
These internal sequences can then by used in the four point method to estimate the length of the
edge connecting the two edges assuming that this is indeed the correct pair of edges. This follows
since the sequences at a, b, ¢, and d are independent random independent variables since they are
learned from entirely separate subtrees in the true evolutionary subtree. If we are at an incorrect
pair of edges (a,b), (¢,d) one or more of the subtrees will contain a portion of the path in the tree
connecting the edges. This creates dependencies between the learning algorithm in the supposedly
separate subtrees and makes the distance computation invalid. The algorithm contains a check for
this case (essentially the four point method at adjacent edges). The analysis of this case requires
dealing carefully reasoning about the dependencies.

Fig. 2. The classical four point method with internal sequences deals with the noise from learning (indicated by
squiggly lines) as well. Notice that the distance from z to a is added in the calculation d(a,c) and subtracted in
d(a,b) thus removing that the result. Continuing along these lines, we see that the length of the middle edge remains.
In contrast, directly measuring the length of the middle edge using learned sequences at x and y would overstate its
length by the noise in the learning process.

The four point method is illustrated in Figure 2. The idea is that while the learned sequences
contain noise from learning and the outer edges the noise is cancelled since it appears in distances
between the points that are added and subtracted. Still, the pairwise distances estimates need to
have small bias and good convergence which is what we will eventually show for our adjacency
based methods.

Now, given that the middle edge distance output by the four point method is sufficiently well
estimated by a distance estimator and learning method the algorithm finds the shortest possible
joining edge and proceeds.

The efficient algorithm optimizes this approach by caching various sequence learning results
(carefully since the specific subset of leaves used is important), by turning the checking method
that indicates we are joining incorrectly into a direction indicator that allows the algorithm to move
toward the correct edge for a pair of trees.



The authors prove that this algorithm works as long as the evolution along any edge is strictly
less than 1/4/2 flips per edge for sequences, with O(logn) length sequences.
A Dbit more formally, a restatement of their results is as follows.

Theorem 1. If T is an evolutionary tree with edge weights that correspond to the probability of a
mutation event per unit length of the data where with edge lengths at most T — g where T is a fized
threshold for the data and g is arbitrarily small.

Assume further that there is a learning algorithm for the data, and an associated four point
method on the data that

— genomes of length of some sufficient length which remains O(logn),

— and four nodes a, b, ¢, and d, and disjoint subtrees T,, Ty, T., and Ty of the evolutionary tree
where each T, has no edge longer that T — g where paths in the evolutionary trees are viewed as
edges in T},

finds the middle edge length in the associated quartet to within € with high probability.
Given such an algorithm, then with high probability, T can be reconstructed using data of length
O(logn).

Mihaescu (following Daskalakis et al. [6]) shows that the above can be done for sequence data
for 7 = 1/4/2. This is the best one can hope for logarithmic data as shown by Mossel [20].

We give a learning algorithm and associated distance function for gene order data for a fixed but
small 7. This can be improved by increasing the depth of our recursive majority learning algorithm
in the same manner as was done in [6]. Still, for gene order data getting optimal bounds for 7 for
gene order data remains an interesting open problem.

Finally, we note the dependence on f and g are inversely quadratic and inversely linear respec-
tively. The behavior with respect to these parameters is asymptotically optimal.

In the following section, we give the necessary background for describing and analyzing our
learning and associated distance estimation algorithms

2.2 Gene Order Data, Adjacencies, Distances and the Four Point Method

The notion of distance that we use is the natural extension of breakpoint distances to adjancencies.
Recall that the set of adjacencies for a gene order is the set of pairs of genes that are next to each
other in the gene.

For node v € T', we also let u© be denote the random variable corresponding to the genome at
node u, in particular we let it denote the set of all adjacencies in u. For subtree T” of T rooted
at u, such that 07" C 6T, we let @(7T”) denote the set of learned adjacencies at node u by the
recursive majority procedure on tree 77 (which we describe in Section 4). Note that 4(7”") is a
random variable. For two random genomes u and v, let

O(u,v) = |unv|/N;0(u,v) = E[junv|/N]

be the fractions of common adjacencies, and its expectation. We also let estimated distance and
true distance N

_ logf(u,v) d(u,v) = log 6(u, v)
~ Nlog(1—2/N)""7 "7 Nlog(l—2/N)

E(U, v)

Intuitively, since f(u, v) is approximately (1 —2/N)P@V)N (see Section 3), d(u,v) approximates
D(u,v).



To extend the distance notation to sets of learned adjacencies, we let

log(E [|a(T") N o(T")|] /N) log(|a(T") N o(T")|/N)
Nlog(l —2/N) Nlog(l —2/N)

d(@(1"),%(T")) = d(@(T'),5(1")) =
For a fixed set A of adjacencies, we also define notions of distances with respect to A as follows.
Let
O4(u,v) =E[lunvn A|/N],

and
da(u,v) = —loga(u,v).

We define 04(-,-) and d, A(+, ) accordingly.

We use these concepts to implement the four point method required in Theorem 1. Denote by
(a,ble,d) a quartet @ such that a and b form a cherry and ¢ and d form a cherry with respect to
this quartet.

Recall that the four-point method FPM, given distance metric d ~on the four leaves, returns
the quartet topology @ = (z,y|z,t) that minimizes the sum d(x, y) + d(z, t) over all permutations
(z,y,2,t) of (a,b,c,d).

Let,

~ 1 ~ ~ ~ ~ ~ ~

If dg is any tree metric corresponding to the quartet topology @, FPM(dg) = Q. Let e be the
length of the middle edge of ). We also have that ME(dg; a, b|c, d) returns e.

If we are given another approximate metric d such that for all pairs z,y € {a b, c,d}, |d($ y)—
dg(z,y)| <6, then IME(d; z, y|z,t) — e| < 26, and if § < ¢/2, we get that FPM(d) = Q.

In our algorithm, the four point method is presented with learned adjacencies a, INJ, ¢ and d.
Thus, the actual quartet consists of the original quartet in the evolutionary tree and the noise from
learning as illustrated in Figure 2.

If the noise introduced by using a instead a is bounded and all the edges are small enough (less
than a constant fraction of the adjacencies change), O(log1/d) bits is enough to estimate c?(x, Y)
to within 6. To get a high probability result (i.e., for the method to work on every one of the O(n)
edges), we need to increase the number of bits by an O(logn) factor.

The following theorems us to conclude that our estimator are sufficiently unbiased enough and
our learning adds small enough noise so that the four point method to work. The proofs of these
theorems are sketched in Section 3 and 4. (Fuller proofs will be available in the journal version.)

Theorem 2. For any € > 0 and M > 0 there exists an N = O(logn) such that for two random
genomes G and G’ the following are true:

1. Pr[\d(G G') — D(G,G")| > €] < 1/n® when D(G,G') < M +¢;
2. Prld(G,G') < M] < 1/n® when D(G,G') > M +e.

Theorem 3. For any ez, e3 > 0, there exists N = O(logn) such that for tree T' C T, rooted at u,
where §T" C 6T,

(1) For a set of adjacencies A, such that |[ANu| > BN for some § <=1, let p; = E[|a(T") Nun Al].
We have
Pr[||a(T) Nun Al — pf| > eopfy] < 1/n,



(2) Prl|la(T’) — u| > e3N] < 1/n3.

The following central lemma shows that with these parameters the four-point method succeeds
with high probability for quartets with diameter, under D, at most M. The proof uses Theorem 2
and 3 to bound the sizes of & N v for pairs of sets of learned adjacencies.

Lemma 1. Let a,b,c,d be nodes in a tree T and let Q = (a,blc,d) be the subtree they induce on
T. Let Ty, Ty, Te, Ty be subtrees of T rooted at a, b, c,d respectively, such that §(T,) C 6(T) for all
x € {a,b,c,d}. If the diameter of Q under D is at most M = O(T + g + f) and and the length of
the middle edge of Q is e, then

FPM(d; a(T,), b(Th), &(T.), d(Ta)) = Q

and

IME(d: a(T0), B(T3)|E(T.), d(Ta)) — e| < f/10,
with high probability.

Since the middle edges are measured to within a tength of its length, than the correct quartet
is returned and the middle edge that is returned is reasonably accurate.

3 Estimating the true evolutionary distance

Let G and G’ be genomes such that G evolves to G’ according the the Nadeau-Taylor model
with k evolution events. Let A(G,G’) = |G N G'| be the number of their common adjacencies. Let
w = E[A(G, G")] be its expectation. There have been studies on p, e.g., see [9, 25]. One can compute
the exact value of u given k. Here, we are interested in the question of how close is A(G,G’) and
. Given k, we will prove the following bounds on u:

(1-2) cwcrrwon (1o

From these bounds, it can be seen that our distance

d(G,G") = _k)g]i[“/m -log(1— (1 —2/N))

~

is approximately k/N. Hence, if A(G,G’) is close to p, our distance d(G,G’) will be close to
k/N = D(G,G") as well.
In this section we show that A(G, G”) is concentrated around its mean. Hence, our approximation

~

of k is accurate, i.e., d(G,G") is close to D(G,G") with high probability for N = O(logn). More
precisely, this section was devoted to proving Theorem 2.
We put a sketch of the proof in the appendix.

4 Learning Ancestral Adjacencies

In this section we will show how to recover, up to an a priori bounded error, the set of adjacencies
at the interior nodes of a phylogenetic tree from the adjacencies at the leaves of the tree, by means
of a recursive algorithm.



Definition 2. Let T'= (V, E) be a tree rooted at p with boundary (leaf-set) §T'.

Let T" denote a rooted binary tree with n nodes. Let B denote the tree induced by the first two
top-most levels of T”. Let r denote B’s root, let a, b, c and d denote its 4 leaves, and let 1 and 79
denote two internal nodes, where 71 (rg) is the parent of @ and b (c and d). Let T, denote a subtree
of T' rooted at u. Recall that a(7}),b(T}),¢(T,), and d(T);) denotes the predicted adjacencies at
nodes a,b, ¢, and d, respectively. Since T' " is clear in this section, for brevity, we omit 7" and write
a,b,¢,d, and 7 for a(T}),b(Ty), e(T7), d(T}), and 7#(T7).

Our prediction uses the recursive majority algorithm on these quartets. The predicted adjacency
set 7 is

{(z,y) : (x,y) is an adjacency in at least 3 predicted sequences at the leaves}.

With this definition, we never get inconsistency, i.e., if (x,y) € 7, for any ' # y, (x,y’) &€ 7. The
goal is to correctly recover a large fraction of r.

Definition 3. Adjacencies in 7 N r are recovered adjacencies, while we adjacencies in ¥ — r are
accidental adjacencies. We make a particular note for adjacencies in 7 that, after being destroyed,
get recreated during the evolution process. An adjacency i is recovered in the box model if it gets
recovered even if we discard all recreated adjacencies.

To analyze 7, we consider three types of adjacencies in 7, (1) adjacencies recovered in the box
model, (2) other recovered adjacencies, called recreated adjacencies, and (3) accidental adjacencies.
Let X3, X,, and X, denote the number of adjacencies in each type, respectively. Later we shall see
that mostly 7 consists of adjacencies in the first type.

4.1 Adjacencies recovered in the box model

We first analyze Xj. This gives the lower bound on the expected number of recovered adjacencies.
We assume the box model. Let 6 denote the lower bound on the probability that a given adjacency
is preserved by the evolution process on one edge of the tree. If we assume that along the edge
of the tree, at most k evolutionary events occurs, & > (1 — 2/n)¥. The next lemma analyzes the
probability that an adjacency is recovered. It shows that for some 6 it is possible to recover an
adjacency with constant probability.

Lemma 2. For some 0, there is a constant o such that, if an adjacencies at node v, forv € a,b,c,d
1s recovered recursively with probability at least o, an adjacency i at r is recovered with probability
at least .

Lemma 2 implies the following corollary.
Corollary 1. For some 0, there is a constant o such that, E[X;] > aN.

We not only want X; to be large, since we use the set of learned adjacencies to estimate the
closeness of two nodes in the tree, we want X; to be near its expectation with high probability.
We now show that X; does not deviate much from E[X}]. For adjacency i € r, let indicator
random variable W; = 1 iff adjacency i is recovered in the box model. Note that the W;’s are not
independent. However, it can be shown that they are negatively dependent. As observed in Dubhashi
and Ranjan [8], the Chernoff bound still applies. Therefore, we have the following lemma.

Lemma 3. Let pu, = E[X}]. The following are true:
Pr(X, < (1= 0)up) < exp (—mp6°/2) ;
Pr[X;, > (14 8)m)] < exp (—pp6%/3) .



5 Implementation and Experiments

5.1 Implementation

We implement the algorithm described above, except that the learning algorithm is not recursive
majority. Our learning algorithm estimates edge lengths (again with the four point method) and
then for each possible adjacency computes a value that is the weighted sum of its children’s value
for that adjacency. The leaves are initialized with a 1 for each existing adjacency and 0 for others.
The set of adjacencies that the learning program outputs correspond to the largest valued adjacency
for each gene, i.e., each gene gets one guy to be on the right of him.

We also briefly experimented with using bayes rule to compute the most likely adjacency for
each gene. The method appeared to work a bit worse than the weighted value algorithm above.
Note that both of these methods, like the recursive majority method of Section 4, do not necessary
produce a consistent set of adjacencies.

All of our runs that we report here are with the weighted value algorithm.

5.2 Simulations
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Fig. 3. Experimental results for 37-gene dataset; nj=neighbor joining, fm=FastME, go=our program.

m -
—_ fim
¥ 10- nj
g
& 204 Ego
0 |

- I I -
0.0 0.2 0.4 0.6 0.3

average pairwise distance
Fig. 4. Experimental results for 120-gene dataset; nj=neighbor joining, fm=FastME, go=our program.

We followed the outlines of the simulation study presented in [17]. We generate trees using
r8s [22] and then perturb the edge lengths by choosing a random number s in the range [—c, c|

10



and multiplying by e®. We try values of s in 1, 2, 3, 4, 5. The higher the number, the further we
get from the ultrametric tree that is handed to us by r8s.

We then scale the resulting trees by multiplying each edge by a constant factor from 0.025,
0.05, 0.1, 0.2, 0.4, 0.8. The purpose of this step is to give us trees with a wide range of inversion
distances between pairs of nodes. Average pairwise distance turns out to be a good proxy for the
difficulty of reconstructing a tree.

We run 3 trees for each parameter setting and generate 10 gene order datasets for each tree.
We then use a Poisson model using the edge weight as the mean to pick a number of inversions and
choose uniformly among them. We further ensure that every edge has at least one inversion event.
Thus empirical tree is fully resolved.

We compared our program to distance methods using distances computed with the EDE cor-
rection [17]. We ran both the FastME algorithm [7], and the neighbor joining algorithm [21] from
the PHYLIP package [10].

We processed the data and sorted by our choice of ¢, and then sorting according to average
pairwise inversion distance among the genomes (which tops out at the length of the genomes).
We plot the results for ¢ equal to 2 in Figures 5.2 and 5.2. We chose s-factor 2 since it gave the
broadest range of possible branch lengths. The results for the other s-factors are similar and can be
provided upon request. Essentially, as indicated in the graph we do a bit worse for very low average
distance (i.e., most branches have one inversion) and better for large average distance (i.e., when
the evolutionary rate is quite high.)

Our programs, and scripts for generating data, and the data and results are all available on-
line [1].

5.3 A brief comparison with GRAPPA

We analyzed the dataset provided with GRAPPA with our program and got one edge wrong when
compared to the accepted tree. An examination of the edge indicates that it is small and perhaps
not well supported in any case. This is comparable with results described in Moret et al. [16].

6 Discussion

As noted above, our method does considerably better than state of the art distance based methods
for large evolutionary distances and a bit worse for very small evolutionary distances. The improve-
ment in the high evolution regime is expected as the learning of internal sequences allows more
accurate resolution of deeper edges. If the evolutionary distance is low, however, even deep edges
are sufficiently close to known sequences so that distance methods are fine.

Our loss in the low evolution regime is frankly suprising. We would have expected similar
performance since this case is easy (and all programs do relatively well). Perhaps learning of internal
sequences is unwarranted and introduces noise in this case.

Another possibility is that our variant of sequence learning could be improved. While exploring
the differences between bayesian learning and weighted learning, we noticed that the edges that
were wrong varied significantly in the reconstructed trees. In one example, weighted value learning
got 22 false positives compared to 25 for bayesian learning, but the two trees differed by 13 edges.
Thus, they are wrong on a substantially different set of edges.

In any case, in low evolution regimes, it may simply be better to use distance methods. Our
contribution provides a tool for high evolution regimes.
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Theorem 4. For any € > 0 and M > 0 there exists an N = O(logn) such that for two random
genomes G and G’ the following are true:

1. Pr]|d(G,G") — D(G,G")| > €] < 1/n3 when D(G,G') < M + ¢;
2. Prld(G,G") < M] < 1/n® when D(G,G") > M +e.

First we compute the probabilities that a random inversion will create or break a certain adja-
cency. Using the notation from Wang and Warnow [27], we compute the probabilities of randomly
destroying an arbitrary adjacency (seperation) and randomly recreating a previously destroyed ad-
jacency (unification). Given that an inversion cuts a circular permutation in two distinct places,
and that there are N places to cut, the total number of possible inversions is (g] ) An adjacency can
be broken by an inversion that cuts at the adjacency and at any of the other NV — 1 places. Thus,
the probability of separating an arbitrary adjacency is s = 2/N.

Now we consider reconstructing a broken adjacency (7, j). Assume without loss of generality that
1 is positive and precedes j. In general, there are two possibilities. If j is positive, it is impossible
to rejoin ¢ and j in one inversion. If j is negative, there is precisely one inversion that brings j next
to i, namely (i + 1,7). Thus the unification probability for an arbitrary broken adjacency in the
second case is u = 2/(N(N — 1)). When dealing with unsigned genomes, it is always possible to
recreate a given adjacency. Thus the above equation holds without any condition on the signs of
the genes involved.

We start with the lower bound. We define the random variable Z¥ to be the number of adja-
cencies remaining after k steps, assuming that they only break and are never reconstructed. This is
clearly a lower bound on the true number of adjacencies remaining. We can compute the expected
value of Z¥ by examining one adjacency. At each time step, that adjacency will be broken with
probability 2/N. It survives k steps with probability (1 — 2/N)¥. By linearity of expectation,

ML—E[ZL]—N<1—§[)]€.

To get a concentration bound is not so simple, though, because the adjacency breaking events
are not indepedent. At any time, at most two adjacencies can be broken. Even though the events
are not mutually independent, it can be shown that they have negative dependencies. Therefore,
as observed by Dubhashi and Ranjan [8], we can still use Chernoff’s bound to obtain the following
result.

Lemma 4. Let u;, = E[Z¥] = N(1 — 2/N)*. Then Pr[Z* < (1 —0) pr] < exp(—purd?/2).

Now we consider the upper bound. We define the random variable Z to be the number of
adjacencies remaining after k steps ignoring the signs. The analysis of the upper bound is more
involved since we must consider recreated adjacencies.

We first analyze the expected value E[Z], paying attention to how it changes over time.
We consider genomes in this analysis unsigned circular genomes. We define events regarding the
presence of adjacencies in the genomes. Because of linearity of expectation, it suffices to analyze
one particular adjacency. Consider a fixed pair of consecutive genes a = (gi, gi+1). Let Ej be the
event that there is no breakpoint at a in G, i.e., g; and g;4+1 are adjacent in Gy. The following
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claim calculates the probabilities Pr[Ey|FEy] and Pr[Ey|Ey] by solving recurrences as in Wang and
Warnow [27]. This calculation appears more detailed than necessary to analyze the expected value
of ZH | but we shall use the results again later to prove a concentration bound.

Claim. The following are true for any k > O:

Pr{Ey | Fo] = (1 - ;) (1 _ N2_1>k + % (1)

k
Pr{ o] = (1 - (1 - N2_1) ) 2)

Let random variable Y; denote the number of adjacencies between Gy and G, ignoring the signs.
Let Z/! = E[Z"|Y;]. Note that Zy, Z1,... is a martingale sequence. Using these two expressions
derived above, we have that

k—t
Z{T = Yy(Pr[Eg—i| Eo]) + (N — Y;)(Pr[Ey_¢|Eo]) =1+ (Y 1) <1 - N2_1> :

By plugging in Yy = N at ¢ = 0 in the previous expression, we get the expected value of Z7.

Corollary 2.

9 k
=EZ7]=14+(N-1)(1- =) .
un = B2 =14 (V- 1) (1- 2 )
We now state the concentration lemma, whose proof, following the balls and bins analysis of
Kamath et al. [14], uses Azuma’s inequality.

Lemma 5.

Pr(| 2" — | = Al §2~exp<— Y1) )

8(N? — u2)

To prove Theorem 2, we need two concentration lemmas for Z* and Z#. For Z¥, we prove that
the underlying random variables for Z% is negatively dependent [8] and then use Chernoff’s bound.
For ZH | following the balls-and-bins analysis of Kamath et al. [14], we use Azuma’s inequality to
show the concentration result.
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