CS 70 Discrete Mathematics for CS
Spring 2008 David Wagner Note 18

Random Variables and Expectation

Question The homeworks of 20 students are collected in, randomly shuffled &untheel to the students.
How many students receive their own homework?

To answer this question, we first need to specify the probability spacelyplia should consist of all 20!
permutations of the homeworks, each with probabié%y. [Note that this is the same as the probability
space for card shuffling, except that the number of items being shidflealv 20 rather than 52.] It helps

to have a picture of a permutation. Think of 20 books lined up on a shelfieldtbom left to right with
1,2,...,20. A permutationt is just a reordering of the books, which we can describe just by listing their
labels from left to right. Let’s denote lyy the label of the book that is in positianWe are interested in the
number of books that are still in their original position, i.e., in the numbésduch thatt =i. These are
often known agixed pointf the permutation.

Of course, our question does not have a simple numerical answergs6¢because the number depends on
the particular permutation we choose (i.e., on the sample point). Let’s call thierwof fixed pointsX. To
make life simpler, let’s also shrink the class size down to 3 for a while. The follptable gives a complete
listing of the sample space (of size 3!6), together with the corresponding valueXffor each sample
point. [We use our bookshelf convention for writing a permutation: thusexample, the permutation 312
means that book 3 is on the left, book 1 in the center, and book 2 on the riglhitshuld check you agree
with this table.]

permutatiorvt | value ofX
123 3
132
213
231
312
321
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Thus we see thaX takes on values 0, 1 or 3, depending on the sample point. A quantity like thish wh
takes on some numerical value at each sample point, is calladdam variable(or r.v.) on the sample
space.

Definition 18.1 (random variable). A random variable Xon a sample spad® is a function that assigns
to each sample poimb € Q a real numbeK(w).

Until further notice, we’ll restrict out attention ttiscreterandom variables: i.e., their values will be integers
or rationals, rather than arbitrary real numbers.

The r.v.X in our permutation example above is completely specified by its values at all spoipts, as
given in the above table. (Thus, for exampig123) = 3 etc.)

Rather than the value at each sample point, we are usually more interesteddédhpoints at which the
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r.v. takes on some given value. la&ebe any real number. Then the set
{we Q: X(w)=a}

is aneventin the sample space (do you see why?). We usually abbreviate this evemply $X = a”.
SinceX = ais an event, we can talk about its probability[ e a. The collection of these probabilities,
for all possible values dd, is known as thelistributionof the r.v.X.

Definition 18.2 (distribution): Thedistributionof a discrete random variab}is the collection of values
{(a,PriX =4a]) :a€ &}, wheres is the set of all possible values takenXy[In most of our examplesy
will be (some subset of) the integers.]

Thus the distribution of the random variatdein our permutation example above is

Pr[XZO}:%; Pr[X:l]:%; Pr[xzs]:%;

and P{X = a] = 0 for all other values o&.

Notice that the sum of the probabilities]Rr= a] over all possible values @fis exactly 1.This must always
be the case, for any random variablé/hy? Because any random variablemust take on one, and only
one, valueX(w) at every sample poin. In other words, the evend = a partition the sample space. So
when we sum up the probabilities of the eveXts a, we are really summing up the probabilities of all the
sample points.

Expectation

In most applications, the complete distribution of a r.v. is very hard to calcuiatexample, suppose we
go back to our original question with 20 students. In principle, we'd haventonerate 20& 2.4 x 108
sample points, compute the valueXoat each one, and count the number of points at wKitakes on each
of its possible values! (In practice we could streamline this calculation quite auitf is still tedious.)
Moreover, even when we can compute the complete distribution of a r.v., it oidyervery informative.

For these reasons, we seekctumpresghe distribution into a more compact, convenient form that is also
easier to compute. The most widely used such form ie#pectatior(or meanor averagé of the r.v.

Definition 18.3 (expectation) Theexpectatiorof a discrete random variab}is defined as

E[X] = Zg{ax PrX =a),

where the sum is over all possible values taken by the r.v.

For our running permutation example, the expectation is

E[X] = (Ox%)+(lx:—;>+<3x%> :O—i—% %:1.

In other words, the expected number of fixed points in a permutation of itleras is exactly 1.

The expectation can be seen in some sense as a “typical” value of the awnglftimote that it may not
actually be a value that the r.v. ever takes on). The question of how typeakpectation is for a given r.v.
is a very important one that we shall return to in a later lecture.

Here are some simple examples of expecations.
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1. Single die.Throw one fair die. LeX be the number that comes up. Thémakes on values, 2, ...,6
each with probabilityf, so

1 21 7
EX]==(142+3+44+5+6)="-=~.
X]=5(1+2+3+445+6)= ==

Note thatX never actually takes on its expected vafue

2. Two dice. Throw two fair dice. LetX be the sum of their scores. Then the distributioXa$

a 2 3 4 5 6 7 8 9 10 11 12
_ 1 1 1 1 5 1 5 1 1 1 1
PiX=al | 5 15 1 5 % & 3 5 1 18 3|

The expectation is therefore

E[X] = (2>< 3—16>+<3>< 1—l8>—|—<4>< %2)+---+(12x 3—16> =7.

3. Roulette. A roulette wheel is spun. You bet $1 on Black. If a black number comegapreceive
your stake plus $1; otherwise you lose your stake.X_&e your net winnings in one game. Th¥n
can take on the valuesl and—1, and PpX = 1] = 18, PiX = —1] = £. [Recall that a roulette wheel

has 38 slots: the numbers2l.. ., 36, half of which are red and half black, plus 0 and 00, which are

green.] Thus
18 20 1

i.e., you expect to lose about a nickel per game. Notice how the zeros tialdneck in favor of the
casino!

Linearity of expectation

So far, we've computed expectations by brute force: i.e., we have writt@n the whole distribution and
then added up the contributions for all possible values of the r.v. Theoosar of expectations is that in
many real-life examples they can be computed much more easily using a simgtushdhe shortcut is
the following:

Theorem 18.1 For any two random variables X and Y on the same probability space, we ha
E[X+Y] =E[X]+E[Y].
Also, for any constant ¢, we have
E[cX] = cE[X].

A note: hereX +Y denotes the random variable that is the sunXadndY, i.e., it takes on the value
X(w)+Y(w) at the outcomev.

Proof: To make the proof easier, we will first rewrite the definition of expectatioa more convenient
form. Recall from Definition 18.3 that

E[X] = zdax PriX =4a.

Let’s look at one terma x Pr{X = a] in the above sum. Notice that[Rr= a], by definition, is the sum of
Pr{w] over those sample points for which X(w) = a. And we know that every sample poiatc Q is in
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exactly one of these events= a. This means we can write out the above definition in a more long-winded
form as

E[X] = Z X(w) x Pr{a). (1)

weQ

This equivalent definition of expectation will make the present proof maskee (though it is usually less
convenient for actual calculations).

Now let’s write outE[X + Y] using equation (1).

EX+Y]= z (X+Y)(w) x Prio]

wel
= 5 (X(w)+Y(w)) x Priw]

wel
= w;) (x(w) x Pr[w]) +ng (Y(w) x Pr[w])
= E[X] + E[Y].

In the last step, we used equation (1) twice.

This completes the proof of the first equality. The proof of the secondliggis much simpler and is left
as an exercisel

Theorem 18.1 is very powerful: it says that the expectation of a sum.sfis.the sum of their expectations,
no matter what those r.v.'s may be. (Note that we didn’t require, for el@rtimatX andY be independent.)
We can use Theorem 18.1 to conclude things Ek&X — 5Y| = 3E[X] — 5E[Y]. This property is known as
linearity of expectationOne important caveat: Theorem 18.1 daessay thate[XY] = E[X]E[Y], or that
E[1/X] = 1/E[X] etc. These claims are not true in general. It is only sums and differendesoastant
multiples of random variables that behave so nicely.

Now let's see some examples of Theorem 18.1 in action.

4. Two dice again.Here’s a much less painful way of computiBgX|, whereX is the sum of the scores
of the two dice. Note thaX = X; + Xy, whereX; is the score on die We know from example 1 above
thatE[X;] = E[Xz] = £. So by Theorem 18.1 we ha®#X] = E[X;] + E[Xz] = 7.

5. More roulette. Suppose we play the above roulette game not once, but 1000 timeX heur
expected net winnings. Thefi= X; + Xz + - - - + X1000, WhereX; is our net winnings in théh play.

We know from earlier thaE[X] = — 5 for eachi. Therefore, by Theorem 18.E[X] = E[X;] +
E[Xo] + -+ + E[X100d = 1000x () = — 29~ 53. So if you play 1000 games, you expect to lose
about $53.

6. Homeworks. Let's go back and answer our original question about the class of dérst Recall
that the r.v.X is the number of students who receive their own homework after shufflingquiva-
lently, the number of fixed points). To take advantage of Theorem 18.thee@ to writeX as thesum
of simpler r.v.’s. But sinc& countsthe number of times something happens, we can write it as a sum
using the following trick:

1 if studenti gets her own homework;
0 otherwise

X=Xi4+Xo+-+X0,  whereX = { (2)
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[You should think about this equation for a moment. Remember that aX’thare random variables.
What does an equation involving random variables mean? What we mear, iattegery sample
point w, we haveX (w) = X1 (w) + Xo(w) + - - - + Xo0(w). Do you see why this is true?]

A 0/1-valued random variable such ¥sis called anindicator random variable of the corresponding
event (in this case, the event that studiegéts her own hw). For indicator r.v.'s, the expectation is
particularly easy to calculate. Namely,

E[X] = (0x P[X = 0]) + (1 x PriX = 1]) = PriX = 1].

But in our case, we have

Pr[X = 1] = Pr{student gets her own homewo}k= %)

Now we can apply Theorem 18.1 to (2), to get
1
E[X] = E[X1] + E[X2] + - - - + E[X20] = 20 % 20 =1.

So we see that the expected number of students who get their own homséwarklass of size 20
is 1. But this is exactly the same answer as we got for a class of size 3! Aaddnwe can easily
see from the above calculation that we wouldBpt| = 1 for anyclass sizen: this is because we can
write X = Xq 4+ Xo + - - - + Xn, andE[X] =  for eachi.

Sothe expected number of fixed points in a random permutation of n items igsaliveegardless

of n. Amazing, but true.

7. Coin tosses.Toss a fair coin 100 times. Let the rX.be the number of Heads. As in the previous
example, to take advantage of Theorem 18.1 we write

X=X+ Xz+ -+ X100,

whereX; is the indicator r.v. of the event that thth toss is Heads. In other word§, = 1 if theith
toss comes up Heads, aKgd= 0 otherwise. Since the coin is fair, we have

E[X] = Pr{X = 1] = Prith toss is Heads= 3.

Using Theorem 18.1, we therefore get

100
E[X] = ZEN =100x 3 = 50.

More generally, the expected number of Heads isses of a fair coin i§. And in n tosses of a
biased coin with Heads probability the expected number of Headsnig (do you see why?).

8. Balls and bins. Throw m balls inton bins. Let the r.vX be the number of balls that land in the
first bin. ThenX behaves exactly like the number of Headsiitosses of a biased coin, with Heads
probability% (do you see why?). So from example 7 we B&X] = 7.

In the special case = n, the expected number of balls in any bin is 1. If we wanted to compute this
directly from the distribution oK, we’d get into a messy calculation involving binomial coefficients,
a bit like the load balancing example in the previous lecture note.

Here’s another example on the same sample space. Let tielrevthe number of empty bins. The
distribution ofY is horrible to contemplate: to get a feel for this, you might like to write it down
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for m=n= 3 (3 balls, 3 bins). However, computing the expectatig¥i] is a piece of cake using
Theorem 18.1. As usual, let’s write

Y=Yi+Yo+---+VYp, (3)

wherey; is the indicator r.v. of the event “biris empty”. Again as usual, the expectationypis easy:

EN]=P¢ﬁ=1p=mmmiSemmg:(1_%>ﬂ

recall that we computed this probability (quite easily) in an earlier lecture lyigpTheorem 18.1

to (3) we therefore have .
0 1

E[Y] = E[Y] _n<1——> ,
i; | n

a very simple formula, very easily derived.

Let's see how it behaves in the special case n (same number of balls as bins). In this case we get
E[Y]=n(1- %)”. Now the quantity(1— %)” can be approximated (for large enough valuer)dfy
the numbett.! So we see that

n
E[Y] — e 0.368n asn— .

The bottom line is that, if we throw (say) 1000 balls into 1000 bins, the expecteder of empty
bins is about 368.

IMore generally, it is a standard fact that for any constant
(1+&)"—€ asn— o

We just used this fact in the special case —1. The approximation is actually very good even for quite small values-eftry it
yourself! E.g., fom = 20 we already getl — %)”20.358, which is very close té = 0.367.... The approximation gets better and
better for largen.
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