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Spring 2008 David Wagner Note 19

Variance

Question: At each time step, | flip a fair coin. If it comes up Heads, | walk one step toigi; if it comes
up Tails, | walk one step to the left. How far do | expect to have traveleah froy starting point aften
steps?

Denoting a right-move by-1 and a left-move by-1, we can describe the probability space here as the set
of all words of lengtm over the alphabet+1}, each having equal probabilit;%f. For instance, one possible
outcome is(+1,+1,—1,...,—1). Let the r.v.X denote our position (relative to our starting point 0) after
moves. Thus

X=X +Xo+-+Xn,

+1 if ith toss is Heads;
—1 otherwise.

whereX; = {

Now obviously we hav&[X] = 0. The easiest rigorous way to see this is to note B = (5 x 1) + (5 x
(—1)) =0, so by linearity of expectatioB[X| = S ; E[X]] = 0. Thus aftem steps, my expected position
is 0. But of course this is not very informative, and is due to the fact tositipe and negative deviations
from O cancel out.

What the above question is really asking is: What is the expected valug,ajur distance from 0? Un-
fortunately, computing the expected valueXf turns out to be a little awkward, due to the absolute value
operator. Therefore, rather than consider the Xj.we will instead look at the r.%2. Notice that this also
has the effect of making all deviations from 0 positive, so it should als®&@good measure of the distance
traveled. However, because it is thipiared distance, we will need to take a square root at the end.

Let’s calculate=[X?]:

E[X?] = E[(X1+Xo + -+ Xn)?]

~EI3 X3
:iEWH;mej]
i= iZ]

In the last line here, we used linearity of expectation. To proceed, we toeomputeE[X?] andE[XX]
(fori # j). Let's consider firsk?. SinceX; can take on only values1, clearlyX? = 1 always, SE[X?] = 1.
What abouE[X;X;]? SinceX; andX; areindependent, it is the case tha[X;X;] = E[X]|E[X;] = 0.} Plugging
these values into the above equation gives

E[X=(nx1)+0=n.

LForindependent random variableX, Y, we haveE[XY] = E[X]E[Y]. You are strongly encouraged to prove this agxercise
along similar lines to our proof of linearity of expectation in an earlier lecti¥ete thatE[XY] = E[X|E|[Y] is false for general
rv’s X,Y; to see this just look at the present example, where we Bg€ # E[X]E[X].

[EnY
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So we see thaiur expected squared distance from 0 isn. One interpretation of this is that we might expect
to be a distance of aboytn away from 0 aften steps. However, we have to be careful here:caenot
simply argue thak&|[|X|] = \/E[X?] = y/n. (Why not?) We will see shortly (see Chebyshev’s Inequality
below) how to make precise deductions abogtirom knowledge oE[X?].

For the moment, however, let's agree to viE{\X2] as an intuitive measure of “spread” of the 24. In
fact, for a more general r.v. with expectatiBfiX] = u, what we are really interested inE(X — )2, the
expected squared distarftem the mean. In our random walk example, we hao= 0, SOE[(X — u)?] just
reduces td&E[X?].

Definition 19.1 (variance) For a r.v.X with expectatiorE[X] = u, thevariance of X is defined to be
Var(X) = E[(X — p)?).

The square root/Var(X) is called thestandard deviation of X.

The point of the standard deviation is merely to “undo” the squaring in than@e. Thus the standard
deviation is “on the same scale as” the r.v. itself. Since the variance anagsdadeliation differ just by a
square, it really doesn’t matter which one we choose to work with as waleays compute one from the
other immediately. We shall usually use the variance. For the random watkpéxabove, we have that
Var(X) = n, and the standard deviation X¥fis y/n.

The following easy observation gives us a slightly different way to comih#erariance that is simpler in
many cases.

Theorem 19.1 For ar.v. X with expectation E[X] = u, we have Var(X) = E[X?] — u?.
Proof: From the definition of variance, we have

Var(X) = E[(X — #)2] = E[X? — 2uX + p?] = E[X?] — 2HE[X] + p2 = EX?] — 2% + 1% = E[X?] — 412

In the third step here, we used linearity of expectation.

Let's see some examples of variance calculations.

1. Fairdie. Let X be the score on the roll of a single fair die. Recall from an earlier lectat&fiX| = %
So we just need to compuEX?], which is a routine calculcation:

1 91
EX? =2 (P+ 22434415 16) = .

Thus from Theorem 15.1

91 49 35

_ 2] 2_ 91 4999

Var(X) = E[X“] — (E[X]) 5 4" 1>

2. Biased coin. Let X the the number of Heads imtosses of a biased coin with Heads probabifity
(i.e.,X has the binomial distribution with parametexg). We already know thaE[X] = np. Let

1 ifithtossis Head,
0 otherwise.
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We can then writeX = X3 + X5 + - - - + X,, and then
E[X?] = E[(X1+ X+ +%0)?]
=3 EX+ Y EXX)
i; i; :

= (nx p)+(n(n—1) x p?)
=n?p?+np(1-p).

In the third line here, we have used the facts #?] = p, and tha€[X Xj] = E[X]E[X;] = p? (since
Xi,X; are independent). Note that there afa— 1) pairsi, j with i # j.

Finally, we get that VaixX) = E[X?] — (E[X])? = np(1— p). As an example, for a fair coin the expected
number of Heads in tosses i}, and the standard deviationw"/g.

Notice that in fact VafX) = ;Var(X;), and the same was true in the random walk example. This is
no coincidence, and it depends on the fact that¢hare mutually independentExercise Verify

this.) Soin the independent case we can compute variances of sums very easily. As we shall see in
example 3, however, when the r.v.s are not mutually independent, theaaigamot linearly additive.

. Number of fixed points. Let X be the number of fixed points in a random permutationitdms (i.e.,
the number of students in a class of sie&ho receive their own homework after shuffling). We saw
in an earlier lecture tha[X] = 1 (regardless ofi). To computeE[X?], write X = Xg + Xo + - - + X,

1 ifiis afixed point;
0 otherwise.
Then as usual we have

EX?) = _iEWH;men. o
i= iZ)

whereX; =

SinceX; is an indicator r.v., we have thE{X?] = Pi{X; = 1] = L. In this case, however, we have to be
a bit more careful abou[X;X;]: note that wecannot claim as before that this is equal EX|E[X|],
because; andX; are not independent (do you see why not?). But since XadindX; are indicators,
we can comput&[X;X;] directly as follows:

E[XXj] = PrX; = 1A X; = 1] = Pr|bothi andj are fixed points= n(nl i

[Check that you understand the last step here.] Plugging this into equa}iame Qet
E[X? = (nx §)+(n(n—1) X grtgy) = 1+1=2.

Thus VafX) = E[X?] — (E[X])? = 2— 1= 1. In other words, the variance and the mean are both equal
to 1. Like the mean, the variance is also independemt dhtuitively at least, this means that it is
unlikely that there will be more than a small number of fixed points even whenuhwber of items,

n, is very large.

Cheloyshev’s Inequahty

We have seen that, intuitively, the variance (or, more correctly the strttiatiation) is a measure of
“spread”, or deviation from the mean. Our next goal is to make this intuitiomtgatively precise. What
we can show is the following:
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Theorem 19.2 [Chebyshev’s Inequality] For a random variable X with expectation E[X] = u, and for
any a > 0,
Var(X)

PI’HX—[J|ZCX] < a?

Before proving Chebyshev’s inequality, let's pause to consider wisayi. It tells us that the probability of
any given deviationgr, from the mean, either above it or below it (note the absolute value sigr)riest
Va;(zx). As expected, this deviation probability will be small if the variance is small. An iniatedorollary

of Chebyshev’s inequality is the following:

Corollary 19.3: For a random variable X with expectation E[X] = u, and standard deviation o =
Var(X),

Pr{X — 1l = Bo] < 5.

Proof: Pluga = Bo into Chebyshev’s inequality]

So, for example, we see that the probability of deviating from the mean by thane(say) two standard
deviations on either side is at mo%t In this sense, the standard deviation is a good working definition of
the “width” or “spread” of a distribution.

We should now go back and prove Chebyshev's inequality. The pritlohake use of the following simpler
bound, which applies only toon-negative random variables (i.e., r.v.'s which take only value$).

Theorem 19.4 [Markov’s Inequality] For a non-negativeandom variable X with expectation E[X]| = L,

andany a > 0,
PriX > a] < ?.

Proof: From the definition of expectation, we have
EX]=Y axPriX=4g]
2

= Y axPrX=al+ } axPiX=a

a>a

a<a
>y axPriX =4
a;a

>a ) PiX=a
a;a

=aPrX>a].

The crucial step here is the third line, where we have used the fact tla&ies on only non-negative values
and consequentlg > 0 and PfX = a] > 0. (This step is not valid otherwise, sincedfcan take on negative
values, then we might haxex PriX =a] < 0.) O

Now we can prove Chebyshev’s inequality quite easily.

Proof of Theorem 15.2 Define the r.vY = (X — u)2. Note thatE[Y] = E[(X — u)?] = Var(X). Also, notice
that the probability we are interested in[|Rr— u| > a], is exactly the same as[Pr> a?]. (This is because
the inequality|X — | > a is true if and only if(X — u)? > a? is true, i.e., if and only iy > a? is true.)
Moreover,Y is obviously non-negative, so we can apply Markov'’s inequality to it to get

E[Y] Var(X)

a? az -’

PrY > a?] <
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This completes the proofl

Let's apply Chebyshev's inequality to answer our question about ttdomnvalk at the beginning of this
lecture note. Recall that is our position aften steps, and tha[X] = 0, Var(X) = n. Corollary 15.3 says
that, for anyg > 0, P|X| > By/n] < 5_12 Thus for example, if we take = 10° steps, the probability that

we end up more than 10000 steps away from our starting point is atﬁpst

Here are a few more examples of applications of Chebyshev’s inequatditystyould check the algebra in
them):

1. Coin tosses.Let X be the number of Heads mtosses of a fair coin. The probability thdtdeviates
from u = 3 by more than,/n is at mostzll. The probability that it deviates by more thagy/bis at

1
mostm.

2. Fixed points. Let X be the number of fixed points in a random permutatiom @géms; recall that
E[X] = Var(X) = 1. Thus the probability that more than (say) 10 students get their own haikewo
after shuffling is at mosﬁ, however largen is?.

2In more detail: PiX > 10 = PriX > 11] < Pr|X — 1] > 10] < ¥&1X) _ 1
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