CS 70 Discrete Mathematics for CS
Spring 2008 David Wagner Note 2

Lesson Plan
In order to be fluent in mathematical statements, you need to understandith&domework of the language
of mathematics. This first week, we will start by learning about what lodarahs mathematical theorems

may take, and how to manipulate those forms to make them easier to prove. éxtliemlectures, we will
learn several different methods of proving things.

Propositions

A proposition is a statement which is either true or false.
These statements are all propositions:

(1) V3isirrational.

(2)1+1=5.

(3) Julius Caesar had 2 eggs for breakfast on hisHiethday.

These statements are clearly not propositions:

(4) 2+ 2.
(5) x>+ 3x = 5.

These statements aren’t propositions either (although some books sagréheyPropositions should not
include fuzzy terms.

(6) Arnold Schwarzenegger often eats broccoli. (What is “often?”)
(7) George W. Bush is popular. (What is “popular?”)

Propositions may be joined together to form more complex statements?, KetandR be variables rep-
resenting propositions (for example, could stand for “3 is odd”). The simplest way of joining these
propositions together is to use the connectives “and”, “or” and “not.”

(1) Conjunction: PAQ (“P andQ”). True only when bothP andQ are true.
(2) Disjunction: PV Q (“P or Q"). True when at least one & andQ is true.

(3) Negatiort —P (“not P"). True whenP is false.

[EnY
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Statements like these, with variables, are caflempositional forms.If we let P stand for the proposition

“3 is odd,” Q stand for “4 is odd,” andR for “5 is even,” then the propositional fornisA R, PV R and—Q

are false, true, and true, respectively. Note #at—P is always true, regardless of the truth valud?ofA
propositional form that is always true is calledsautology a statement that is always true regardless of the
truth values of its variable® A —P is an example of aontradiction a statement that is always false.

A useful tool for describing the possible values of a propositional figratruth table . Truth tables are the
same as function tables. You list all possible input values for the variadohelsthen list the outputs given
those inputs. (The order does not matter.)

Here are truth tables for conjunction, disjunction and negation:
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The most important and subtle propositional form israplication:

”

(4) Implication: P=- Q (“P impliesQ"). This is the same as “IP, thenQ.

Here,P is called thenypothesif the implication, and is theconclusion

Examples of implications:

If you stand in the rain, then you'll get wet.
If you passed the class, you received a certificate.

An implicationP = Q is false only wherP is true andQ is false. For example, the first statement would
be false only if you stood in the rain but didn’t get wet. The second stateafbeve would be false only if
you passed the class yet you didn’t receive a certificate. In cony@stight get wet without standing in
the rain (e.g., when you are showering), and that doesn’t contradi€irsh statement.

1pis also called thentecedenandQ the consequent
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Here is the truth table fd? — Q:

PIQ[P=Q[-PVQ
T[T T T
T|F F F
FIT T T
F|F T T

Note thatP —> Q is always true whelR is false. This means that many statements that sound nonsensical
in English are true, mathematically speaking. Examples are statements like:s'tfanidly, then horses can
read” or “If 14 is odd then ¥ 2 = 18." When an implication is stupidly true because the hypothesis is false,
we say that it issacuously true Note also thaP = Q is logically equivalent to-PV Q, as can be seen
from the above truth table.

P — Q is the most common form mathematical theorems take. Here are some of thendiffeses of
saying it:

(1) If P, thenQ.

2)Qif P.

() Ponlyif Q.

(4) P is sufficient forQ.
(5) Qis necessary for.

If both P— Q andQ = P are true, then we sayif and only if Q" (abbreviatedP iff Q). Formally, we
write P < Q. Pif and only if Q is true only wherP andQ have the same truth values.

For example, if we leP be “3 is odd,”Q be “4 is odd,” andR be “6 is even,” thelP — R, Q — P
(vacuously), an®R —- P. Becausd®® —- RandR—=— P, we haveP < R(i.e.,Pif and only if R).

Given an implicatior® = Q, we can also define its

(a) Contrapositive: -Q = —-P
(b) Converse Q — P

The contrapositive of “If you passed the class, you received a cat#fiis “If you did not get a certifi-
cate, you did not pass the class.” The converse is “If you got a catéfigou passed the class.” Does the
contrapositive say the same thing as the original statement? Does the e@nvers

Let’s look at the truth tables:

P[Q[P| Q[P=Q[Q—P| Q— P[P Q
T|T|F [F T T T T
TIF|F|T F T F F
FIT|T|F T F T F
FIF|T| T T T T T

Note thatP — Q and its contrapositive have tlsametruth values everywhere in their truth tables; propo-
sitional forms having the same truth values are said tlmgieally equivalent Many students confuse the
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contrapositive with the converse: note titat= Q and—-Q = —P are logically equivalent, bl? — Q
andQ — P are not!

When two propositional forms are logically equivalent, we can think of thefimeeaning the same thing.”
We will see next time how useful this can be for proving theorems.

Quantiﬁers

The mathematical statements you'll see in practice will not be made up of simglegitions like “3 is
odd.” Instead you'll see statements like:

(1) For all natural numbens, n? 4+ n+41 is prime.
(2) If nis an odd integer, so is.
(3) There is an integdethat is both even and odd.

In essence, these statements assert something about lots of simple pnepadliiwonce. For instance, the
first statement is asserting thet-90+- 41 is prime, 241+ 41 is prime, and so on. The last statement is
saying that a& ranges over every possible integer, we will find at least one valuetimhahe statement is
satisfied.

Why are the above three examples considered to be propositions, whige warclaimed that%? +3x = 5"
was not? The reason is that these three examples are in some sense “complete %% + 3x = 5" is
“incomplete” because whether it is true or false depends upon the vakue of

To explain it another way, in these three examples, there is an underlyingtse” that we are working in.

The statements are themantifiedover that universe. To express these statements mathematically we need
two quantifiers: Theuniversal quantifiei’ (“for all”) and the existential quantified (“there exists”). The

three statements above can then be expressed using quantifiers as

()Vne N.n?+n+41is prime.
(2)Vne Z . nis odd= n? is odd.
(3)dne Z .nis oddAnis even.

HereN = {0,1,2,...} is the set of natural numbers afid= {...,—2,—1,0,1,2,...} is the set of integers.

As another example, consider the statement “Some Mammals Lay Eggs.” Méaitaind'some” means
“at least one,” so the statement is saying “There exists a mammath thatx lays eggs.” If we let our
universeJ be the set of mammals, then we can wrig:c U . x lays eggs.

Note that in dfinite universe, we can express existentially and universally quantifiecbpitiqgms without
quantifiers, using disjunctions and conjunctions respectively. For deaifipur universeJ is {1, 2, 3,

4}, thendx € U . P(x) is logically equivalent tdP(1) v P(2) v P(3) v P(4), andVx € U . P(x) is logically
equivalent taP(1) A P(2) AP(3) AP(4). However, in an infinite universe, such as the natural numbers, this
is not possible.

Some statements can have multiple quantifiers. As we will see, however, qrardifinot commute. You
can see this just by thinking about English statements. Consider the follokaithgK gory) example:

Example:

“Every time | ride the subway in New York, somebody gets stabbed.”
“There is someone, such that every time | ride the subway in New York,stiraeone gets
stabbed.”
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The first statement is saying that every time | ride the subway someone datedtdut it could be a
different person each time. The second statement is saying somethingamnibftén that there is some poor
guy Joe with the misfortune that every time | get on the New York subwaye tiseJoe, getting stabbed
again. (Poor Joe will run for his life the second he sees me.)

Mathematically, we are quantifying over two univers@s= {times when | ride on the subwayandP =
{peoplg. The first statement can be writtert:€ T . 3p € P. p gets stabbed at tinte The second statement
says:dpe P .Vt € T . p gets stabbed at tinte

Let's look at a more mathematical example:

1. VXeZ.yeZ . x<y

2. yeZ .VXEZ.X<Y

The first statement says given an integer, | can find a larger one.etbad statement says something very
different: that there is a largest integer! The first statement is true, tomdes not.

A word on notation: some mathematicians write quantified statements using a sligfehemlifnotation.
Instead ofyn € N . n? > 0, you might see it written a&/n € N)(n? > 0). Either of these gets the job done—
it's simply a matter of stylistic preferences. Finally, sometimes you might see peoptevn ® > 0 or
(Vn)(n? > 0). This last way of writing it is potentially ambiguous, because it does not makerilverse
explicit; it should only be used in cases where there is no possibility of smrfiabout the universe being
quantified over.

Quantiﬁers and Negation

What does it mean for a propositiéhto be false? It means that its negatieR is true. Often, we will need
to negate a quantified proposition (the motivation for this will become more obviext lecture when we
look at proofs). For now, let’s look at an example of how to go about this.

Example:

Assume that the universelis= {1,2, 3,4} and letP(x) denote the propositional formula® > 10.” Check
thatax € U . P(x) is true butvx € U . P(x) is false. Observe that both(vx € U . P(x)) and3x € U . =P(x)
are true becaude(1) is false. Also note that bot¥ix € U . =P(x) and—(3x € U . P(x)) are false, sinc®(4)
is true. The fact that each pair of statements had the same truth value iSsenacas the formulae

—(VxeU .P(x)) =3xeU . -P(x)

—(IxeU .P(x)) =vxeU . -P(x)

are laws that hold for any propositidhquantified over any universe. Here™ means logically equivalent.
It is helpful to think of English sentences to convince yourself (informalhgt these laws are true. For
example, assume that we are working within the univ&igéhe set of all integers), and thBtx) is the
proposition % is odd.” We know that the statemefitx € U . P(x)) is false, since not every integer is odd.
Therefore, we expect its negation(vx € U . P(x)), to be true. But how would you say the negation in
English? Well, if it is not true that every integer is odd, then that must meaa thasome integer which is
not odd (i.e., even). How would this be written in propositional form? Thatsg/git's justax € U . =P(Xx).

To see a more complex example, fix some universe and propositional foRrfiylg. Assume we have the
proposition—(Vx3yP(x,y)) and we want to push the negation operator inside the quantifiers. By thie abo
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laws, we can do it as follows:
—(VX3IyP(x,y)) = Ix=(3yP(X,y)) = IXvy-P(X,y).

Notice that we broke the complex negation into a smaller, easier problem asgatom propagated itself
through the quantifiers. Note also that the quantifiers “flip” as we go.

Let’s look at a tricky example:

Write the sentence “there are at least three distinct integers x that sBfsfiyas a proposition using
quantifiers! One way to do it is

IXe€ZIyeZIze ZL(XEYNY # zZANZ#XAP(X) AP(Y) AP(2)).

Now write the sentence “there aa¢ mostthree distinct integers x that satigix)” as a proposition using
quantifiers. One way to do it is

IxeZ3lyeZ3ze ZVd € Z(P(d) = (d=xVvd =yvd =2z)).
Here is an equivalent way to do it:
VX € ZNY € ZWV € ZNZ € Z((X# YANY # VAV F# XAXF# ZANY # ZAV # Z) => =(P(X) AP(Y) AP(V) AP(2))).

[Check that you understand both of the above alternatives.] Finallyt iivinge want to express the sen-
tence “there arexactly three distinct integers that satisfyP(x)"? This is now easy: we can just use the
conjunctionof the two propositions above.
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