CS 70 Discrete Mathematics for CS
Spring 2008 David Wagner Note 23

Inﬁnity and Counta]oihty

Consider a function (or mapping)that maps elements of a $&f{called thedomainof f) to elements of set
B (called therangeof f). For each elemente A (“input”), f must specify one elemefitx) € B (“output”).
Recall that we write this ab: A — B. We say thaff is abijectionif every elementi€ A has a uniquémage
b= f(a) € B, and every elemerit € B has a uniqu@re-image a A such thatf (a) = b.

f is aone-to-one functiofor aninjection) if f maps distinct inputs to distinct outputs. More rigorously,
is one-to-one if the following holdsix,y . x # y = f(X) # f(y).

The next property we are interested in is functions thataate (or surjectivg. A function that is onto
essentially “hits” every element in the range (i.e., each element in the rasgat lheast one pre-image).
More precisely, a functiorf is onto if the following holds:Vy Ix . f(x) =y. Here are some examples to
help visualize one-to-one and onto functions:

One-to-one Onto
A E A E

Note that according to our definition a function is a bijection iff it is both one+ie-and onto.

N

Cardinality

How can we determine whether two sets have the saarginality (or “size”)? The answer to this question,
reassuringly, lies in early grade school memories: by demonstrapiadriag between elements of the two
sets. More formally, we need to demonstratiijaction f between the two sets. The bijection sets up a
one-to-one correspondence, or pairing, between elements of thetsvd\eknow how this works for finite
sets. In this lecture, we will see what it tells us abiofinite sets.

Are there more natural numbelsthan there are positive integefs ? It is tempting to answer yes, since
every positive integer is also a natural number, but the natural numbezohe extra element0Z*. Upon
more careful observation, though, we see that we can generate a gnappireen the natural numbers and
the positive integers as follows:

N 0 1 2 3 4 5
! NN N NN
z* 1 2 3 4 5 6

[EnY
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Why is this mapping a bijection? Clearly, the functibn N — Z* is onto because every positive integer
is hit. And it is also one-to-one because no two natural numbers havertteeissage. (The image afis
f(n)=n+1,soiff(n) = f(m) then we must have=m.) Since we have shown a bijection betwééand
77, this tells us that there are as many natural numbers as there are positiegshteformally, we have
proved that to+1 = c0.”

What about the set @vennatural numbersi2 = {0,2,4,6,...}? In the previous example the difference was
just one element. But in this example, there seem to be twice as many naturansuaslithere are even
natural numbers. Surely, the cardinalitydimust be larger than that ofN2sinceN contains all of the odd
natural numbers as well. Though it might seem to be a more difficult tasks ktempt to find a bijection
between the two sets using the following mapping:

N 0O 1 2 3 4 5
! I
2N 0 2 4 6 8 10

The mapping in this example is also a bijectidnis clearly one-to-one, since distinct natural numbers get
mapped to distinct even natural numbers (becdisg = 2n). f is also onto, since evenyin the range is
hit: its pre-image is;. Since we have found a bijection between these two sets, this tells us that M fac
and N have the same cardinality!

What about the set of all integet8? At first glance, it may seem obvious that the set of integers is larger
than the set of natural numbers, since it includes negative numbersuvdnws it turns out, it is possible to
find a bijection between the two sets, meaning that the two sets have the sant@wsizeler the following

mapping:
0—-0,1—--1,2—1,3—-2,4—2,...,124—- 62, ...

In other words, our function is defined as follows:

X, if Xis even
) :{ —‘(X}”, if xis odd.

We will prove that this functionf : N — 7Z is a bijection, by first showing that it is one-to-one and then
showing that it is onto.

Proof (one-to-one): Supposef (x) = f(y). Then they both must have the same sign. Therefore either

f(x):gandf(y):%,orf(x):%andf(y):%. In the first casef (x) = f(y) = 3 = = x=V.
Hencex=Yy. Inthe second casé(x) = f(y) = @ = # = X=Y. Inboth case$(x) = f(y) = x=Yy,

so taking the contrapositivé, must be one-to-one.

Proof (onto): If y € Z is positive, thenf (2y) =y, and ¥ > 0. Thereforey has a pre-image il¥. If y is
negative, therf (—(2y+ 1)) =y, and—(2y+ 1) > 0. Thereforey has a pre-image ii¥ in this case, too.
Thus everyy € Z has a pre-image, sbis onto.

Sincef is a bijection, this tells us th&f andZ have the same cardinality.

Now for an important definition. We say that a &is countable if there is a bijection betwee8 andN

or some subset df. Thus any finite seBis countable (since there is a bijection betw&and the subset
{0,1,2,...,m— 1}, wherem = |§ is the size 0fS). And we have already seen three examples of countable
infinite sets:Z™* and 2Y are obviously countable since they are themselves subsktsamidZ is countable
because we have just seen a bijection between iNand
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What about the set of all rational numbers? Recall (at {ly‘ | X,y € Z, y # 0}. Surely there are more
rational numbers than natural numbers? After all, there are infinitely maiopaa numbers between any
two natural numbers. Surprisingly, the two sets have the same cardinalitgedthis, let us introduce
another way of comparing the cardinality of two sets:

If there is a one-to-one functioh: A — B, then the cardinality oA is less than or equal to that Bf Now to
show that the cardinality ok andB are the same we can show tiat < |B| and|B| < |A|. This corresponds
to showing that there is a one-to-one functionA — B and a one-to-one functian: B — A. The existence
of these two one-to-one functions implies that there is a bijedtiofh— B, thus showing tha# andB have
the same cardinality. The proof of this fact, which is called the Cantor-Bamtheorem, is actually quite
hard, and we will skip it here.

Back to comparing the natural numbers and the integers. First it is obviatifNth< |Q| becauséN C Q.
So our goal now is to prove that alg@| < |N|. To do this, we must exhibit a one-to-one functibnQ — N.
The following picture of a spiral conveys the idea of this function:

O an  |enjEn
] E ] ———l

Each rational numbeg can be represented by the poiatb) on the grid. We can map eves/to the
distance of the pointa,b) along this spiral starting at the origin (e.¢0,0) — 0, (1,0) — 1, (1,1) — 2,
...). Why is this mapping one-to-one? We have to be extremely carefug §in@® — N is not onto (think
of all the points along thg-axis, which correspond to a division by zero). However, every matiaumber
has an image, anfl is a one-to-one mapping from the set of rational numbers in lowest termsutiosats
of N (i.e., distinct rational numbers in lowest terms get mapped to distinct naturdbers, since no two
rationals can have the same distance along the spiral). This tells y®thaiN|. Since alsdN| < |Q|, as
we observed earlier, it must be the case thaind@Q have the same cardinality.

Next, let us consider the s¢0,1}* of all binary strings. In other words, each elemenf0f1}* is some
(finite) sequence of bits. This set is also countable, because it cart iega one-to-one correspondence
with N. The basic idea is to associate the numieiith its binary (base-2) representatibr§o, the set of
all bit strings is also countable.

Is the set of all polynomials with natural number coefficients countable? fRaivg, we will show that
this set is also countable, even when the degree of the polynomials is nuddzbu To see this, let us
make a few observations about numeral systems in different bases. e@smple, if we are working with
ternary strings, then the number 23502 x 32+ 1 x 324 1 x 31 4+ 0 x 3° = 66,0. Clearly, the following

LFor a rigorous proof, we must attend to some technical details. Défijeas follows: ifx is a bit string, prepend a single 1
bit to it, and treat it as the binary representation of some natural numiieen definef (x) = n. For instancef (0) = 10, = 2,
f(101) = 110% = 1340, and f(0111) = 1011% = 18;4. In this way we obtain a bijectiorfi : {0,1}* — Z*, and sinceZ™ is
countable, it follows thaf0,1}* is, too. Put another way, the functidn {0,1}* — N is one-to-one, so it follows th&{0,1}*| <N,
so the se{0,1}* is countable.
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sets can all be put into a one-to-one corresponddiee:— set of binary strings— set of ternary strings.
Let us see how these observations can be applied to polynomials. Saywev¢hleapolynomialp(x) =
5x% 4+ 2x* + 7x3 4 4x + 6. We can list the coefficients qf(x) as follows: (5,2,7,0,4,6). We can then write
these coefficients as binary string401,10,,1115,0,,100,110,). Now, we can construct a ternary string
where a “2” is inserted between each binary coefficient (ignorindficieits that are 0). We can magx)

to a ternary string as illustrated below:

S+ D5+ T+ Az + 6

[072[02[1722[002110

You may have noticed that the mappifg {0,1,2}* — {polynomials with coefficientg& N} is not one-
to-one. Taking the above example, we could have inserted superflmisded’s in the ternary string, all

of which would still map top(x). This is not a major problem, since distinct polynomials map to distinct
ternary strings according to our construction. This tells us that the nunipetymomials is no larger than
the number of ternary strings. Since the set of ternary strings is countafd#fows that the number of
polynomials with natural number coefficients is also countable.

Cantor’s Diagonalization

We have established that, Z, Q all have the same cardinality. What about the real numbers, the set of
all points on the real line? Surely they are countable too? After all, the ratimmabers are dense (i.e.,
between any two rational numbers there is a rational number):

0 a  (ath) b
7

In fact, between any two real numbers there is always a rational nurtbereally surprising, then, that
there are more real numbers than rationals. That is, there is no bijectioadrethe rationals (or the natural
numbers) and the reals. In fact, we will show something even strongsr tkee real numbers in the interval
[0,1] are uncountable!

Recall that a real number can be written out in an infinite decimal expan&icgal number in the interval
[0,1] can be written as.@;d2ds... Note that this representation is not unique; for exampte,01999..., so
the same real number can sometimes be expressed in two different Wayslefiniteness we shall assume
that every real number is represented as a recurring decimal anckfee forend with all 9's where possible
(i.e., we choose the representati®f9. .. rather than 1000...).

270 see this, write = .999. ... Then 1& = 9.999..., so X =9, and thusc = 1.
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Theorem: The setf0, 1] of real numbers is not countable.

Cantor’s Diagonalization Proof: Suppose towards a contradiction that there is a bijectiofN — [0, 1].
This gives an infinite list of real numbers, namefy0), f(1), ... We can enumerate the infinite list as
follows:

Je————0 .
16————=0.
26e———=0.
3e——0.53

1453356 .
£2985 .
2712
175,

4
-
4

4
.
4

The number circled in the diagonal is some real numbeince it is an infinite decimal expansion. Now
consider the real numbexobtained by modifying every digit of, say by replacing each digit with
d+5 mod 10. (In the above picture= 0.5479.. ands = 0.0924..) We claim thats does not occur in our
infinite list of real numbers. Suppose for contradiction that it did, anditieds then™™ number in the list.
Thenr ands differ in thent" digit, since then™ digit of s is then'" digit of r plus 5 mod 10. So we have a
real numbessthat is not in the range of. But this contradicts the assertion thais a bijection. Thus the
real numbers are not countable.

Let us remark that the reason that we modified each digit by adding 5 masldipased to adding 1 is that
the same real number can have two decimal expansions; for exar8pe..0= 1.000.... But if two real
numbers differ by more than 1 in any digit they cannot be equal.

With Cantor’s diagonalization method, we proved tRas uncountable. What happens if we apply the same
method toQ, in a (futile) attempt to show the rationals are uncountable? Well, supposectortradiction
that our bijective functiorf : N — QN [0, 1] produces the following mapping:

Qf——=0. ooo ...
le——=10. 45 ...
de—> (0.2 1...

4 4
4 4

This time, let us consider the numbgobtained by modifying every digit of the diagonal, replacing each
digit d with d+5 mod 10. Them = 0.648..., and we want to try to show that it does not occur in our infinite
list of rational numbers. However, we do not knowgifs rational (in fact, it is extremely unlikely for the
decimal expansion df to be periodic). This is why the method fails when applied to the rationals. When
dealing with the reals, the modified diagonal number was guaranteed to herangber—a number with

an infinite decimal expansion.
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The Cantor Set

The Cantor set is a remarkable set construction involving the real nurinbirs interval[0,1]. The set is
defined by repeatedly removing the middle thirds of line segments infinitely many, tataesng with the
original interval. For example, the first iteration would involve the removahefinterval(%, %), leaving
[0,3]U [%, 1]. The first three iterations are illustrated below:

0

e —L

1)_ -
2)— ~E— ~E— ~E—

Ej-- L] L] L]

The Cantor set contains all points that hae been removedC = {x: x not thrown ou}. How much of
the original unit interval is left after this process is repeated infinitely? Walstart with 1, and after the
first iteration we remové of the interval, leaving us wit§. For the second iteration, we keép« 3 of the
original interval. As we repeat the iterations infinitely, we are left with:

l—>%—>%X%—>%X%X%—>---—>r|]iﬂgo(%)n:0

According to the calculations, it looks like we have removed everything frenoriginal interval. It seems
intuitive that the Cantor s& should be the empty set. In fact, not onlOsiot empty, but it is uncountable!
To see why, let us first make a few observations about ternary stimggrnary notation, all strings consist
of digits (called “trits”) from the sef0,1,2}. All real numbers in the intervd0, 1] can be written in ternary
notation % can be written asls and% can be written as23). Thus, in the first iteration, the middle third
removed contains all ternary numbers of the form 0.1xxxxXx.The ternary numbers left after the first
removal can all be expressed either in the form 0.0xxxx&r.0.2xxxxX..z (recall that% =.13=.02222.3).
The second iteration removes ternary numbers of the form .0Lypxamxd .21xxxxx (i.e., any number with

1 in the second position). The third iteration removes 1's in the third positiorrefre, what remains
is all ternary numbers with only 0's and 2's. Thatisgc C <= 3 uses only 0’'s and 1's in its ternary
representation (e.g.,¥=.022@, then = 0.110z). But the set of all ternary numbers with only 0's and 1's
can be put into one-to-correspondence with the set of all binary decirmadsx...», and the latter set can
be put into a one-to-one correspondence with thgG&f, which we proved earlier was uncountable. In
other words, there is a bijection betwe@rand the uncountable sgt 1]. Thus, since we found a bijection
between the two set€, must also be uncountable.

Higher Orders of Inﬁnity

Let Sbe any set. Then thgower sebf S, denoted by (9), is the set of all subsets & More formally, it

is defined as:Z2(S) = {T : T C S}. For example, iS={1,2,3}, thenZ(S) = {{},{1},{2},{3},{1,2},
{1,3},{2,3},{1,2,3}}.

What is the cardinality of2(S)? If |§ = k is finite, then|22(S)| = 2%, To see this, let us think of each
subset ofS corresponding to & bit string. In the example above the sub§&t3} corresponds to the string
101. A 1 in thei" position indicates that th&" element ofSis in the subset and a 0 indicates that it is
not. Now the number of binary strings of lendthis 2, since there are two choices for each bit position.
Thus| 2 (S)| = 2X. So for finite setsS, the cardinality of the power set &is exponentially larger than the
cardinality ofS. What about infinite (countable) sets? We claim that there is no bijection &t (9),

so Z(S) is not countable. Thus for example the set of all subsets of natural mansi®ot countable, even
though the set of natural numbers itself is countable.
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Theorem: Let Sbe countably infinite. ThepZ?(S)| > |S.

Proof: Suppose towards a contradiction that there is a bijedtinB— Z7(S). Recall that we can represent
a subset by a binary string, with one bit for each elemers.ofConsider the following diagonalization
picture in which the functiorf maps natural numbessto binary strings which correspond to subset§of
(e.g. 2— 10100...= {0,2}):

5

| —
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= D |wh

e LR o 13 B3

In this case, we have assigned the following mapping>» 0}, 1 — {}, 2 — {0,2}, ...(i.e., for thent"
row, if there is a 1 in thé!" column, then includé in the set. If there is a 0, do not inclué Using a
similar diagonalization argument, flip each bit along the diagonak: @, 0— 1, and leto denote this binary
string. First, we must show that the new element is a subs&t Gfearly it is, sinceb is an infinite binary
string which corresponds to a subseSofNow supposé were then'” binary string. This cannot be the case
though, since the'™" bit of b differs from thent" bit of the diagonal (the bits are flipped). So it's not on our
list, but it should be, since we assumed that the list enumerated all possibltsofs. Thus, we have a
contradiction, implying that iBis an infinite set, thew”(S) is uncountable.

The idea of higher orders of infinity is encapsulated byateph numberswhich are a series of numbers that
represent the cardinality of infinite sefsg (pronounced aleph null) represents the cardinality of countable
sets, and we can continue and defihg [0,, and so on.
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