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Cake Cutting and Fair Division A]gorithms

The cake-cutting problem is as follows. We have a cake, to be sharedganodrus, and we want to split
it amongst themselves fairly. However, each person might value diffprtions of the cake differently.
(I like flowers; you hate them. | hate icing; you prefer it.) What's worsergene is greedy and will try
to end up with as much cake if they can do so without noticeably deviating fremules of the game.
Nonetheless, we want some way to split the cake that everyone will agede MW/hat can we do?

First, let's try to make the problem statement more precise. We assume thgveraoh has their own
measure of the value of parts of the cakeX|Ifs one of the participants, ar8irepresents a portion of the
cake, letmy (S) denote the value that associates t& We will assume that & my (S) < 1, that measures
are scaled so that every person values the whole cake at exactly thaandeasures are additive, so that
mx (SUT) =mx(S)+mx(T) if ST are two disjoint pieces of the cake. Each participant knows their own
measure, but not necessarily the measure of anyone else (we eahdther people’s minds).

A cake-cutting protocol specifies how each of thparticipants is supposed to behave. Each participant
might follow the protocol, or he might deviate from the protocol if the particighimks he can get more
cake by deviating. We assume that no participant will behave in a way thexttdbly deviates from the
protocol (for instance, no participant will just grab the whole cake andaway with it), perhaps for fear of
retribution. However, if a participant can behave in a way that appeargtgone else to follow the protocol,
but actually deviates from the protocol, then a participant might well do se.cMésify a participant as
honest if she follows the protocol, odishonest otherwise. Of course, there is no way for any participant to
know which of the other participants may be honest or dishonest.

First, we need to define what we mean by “fair.”

Definition. A cake-cutting protocol fon participants idair for X if the following property is true: If par-
ticipantX follows the protocol, theiX is guaranteed to receive at leaghith of the cake (byK's measure),
no matter what happens. A cake-cutting protocdais if it is fair for every participant.

In general, we will try to ensure that honest participants receive theid@sserts; but dishonest participants
are not promised anything. In other words, a fair cake-cutting protssolpposed to ensure that each honest
participant receives a piece of the cake that he thinks is worth at Iéagbyl his own measure.

Here is a simple and classic protocol for splitting a cake betweer2 people, say Alice and Bob:
1. Alice cuts the cake into two pieces that she considers of equal wortefayjeasure).
2. Bob chooses whichever piece he considers to be worth more (by hisiraga
3. Alice receives the remaining piece.
This is known as the cut-and-choose protocol, because one particigarsind the other chooses.
Theorem. The cut-and-choose protocol for= 2 is a fair cake-cutting protocol.

Proof: If Alice follows the protocol, then both pieces are worth the same to herasb piece must be
worth exactly ¥2 by her measure. (If we call the two piec83, thenma(S) + mMa(T) = ma(SUT) =1
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andma(S) = ma(T), soma(S) = ma(T) = 1/2.) As a result, it doesn’t matter what Bob does; Alice is
guaranteed to receive a piece that she considers to be worth ex&tlsliong as she follows the protocol.
In other words, the protocol is fair for Alice.

The protocol is also fair for Bob. Call the two piec8sT. We havemg(S) +mg(T) = mg(SUT) =1
andmg(S),mg(T) > 0, so one of these two pieces must be worth at legttly Bob’s measure. Thus by
choosing the larger of the two pieces, Bob ensures that his piece will tib atdeast 12 by his measure.
O

Notice how the protocol rewards honesty: as long as Alice is honesb#lod'$ the protocol, she is guaran-
teed to receive her fair share. In principle Alice could deviate from tbepol by cutting the cake into two
pieces that she did not consider to be of equal worth, but then sheh@imisk of receiving a piece of the
cake that is worth less than'2. Consequently we might say that this protocol helps to “keep honeptegpeo
honest,” by removing the temptation to cheat.

In contrast, asking Alice to cut the cake into two equal pieces and therselw® would create two prob-
lems. First, Alice’s measure might not be the same as Bob’s measure, sié Aliea followed our instruc-
tions faithfully, Bob might end up with a piece that he considers to be worththessl/2. Second, Alice
would have every incentive to cut the cake unequally and then chooserglee of the two pieces. If Bob
gets upset, she can always claim that the two pieces were equal by h&urmeBob may suspect what
really happened, but Alice has plausible deniability.

So far, this has been pretty straightforward. But what about a priosdw@nn > 2? Take a moment to think
about how you might solve the problem when there are more than two panti€ipa

Fairness for Many Participants

Here is a first attempt at a protocol foe= 3:

1. Alice cuts the cake into three pieces that she considers of equal Wgrtie measure).

2. Bob chooses whichever piece he considers to be worth most (by hisirega

3. Carol chooses whichever of the two remaining pieces she considesstorth more (by her measure).
4. Alice receives the remaining piece.

What do you think of this protocol? Is it fair?

This protocol is certainly fair to Alice (since if she follows the protocol, sheeives a piece worth/B to
her) and to Bob (since at least one of the three pieces must be worttsial8&o him). However, it is
not fair to Carol. For instance, if Alice and Bob are dishonest, they coald)gip to cheat Carol: Alice
could divide the cake into one very large piece and two tiny pieces. Bolidwake the very large piece,
and Carol would then be stuck with the tiny piece. This demonstrates thatdtuepkis not fair to Carol,
and consequently that this is not a fair cake-cutting protocol.

In this case, Alice and Bob might have an incentive to cheat in this way. Jfageee to split their winnings
evenly, by cheating as described above Alice and Bob will end up with ¢4¢2 of the cake, which
is more than they are guaranteed if they followed the protocol. Howevemibith emphasizing that the
definition of fairness does not assume that assume that all players walld@htheir own interest. Even if
Alice and Bob had no incentive to cheat in this way, from Carol’s pointi@fvythe fact that thegan cheat
her out of her fair share is unacceptable and sufficient to condemrmrdkacpl as not fair to Carol. The
definition of fairness requires that, even if everyone else conspiregtin ¢theat Carol out of her fair share,
Carol is still guaranteed her fair share.
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It's also worth pointing out that what can happen through malice can sometis®happen by chance. In
the protocol given above, Carol might end up with less than her faieshaan if Alice and Bob faithfully
follow the protocol. For instance, suppose that the cake happens to ke ghatiocolate, vanilla, and
strawberry, and Alice cuts it into an all-chocolate piece, an all-vanilla pee,an all-strawberry piece.
Imagine that Carol hates vanilla and strawberry and considers them tortle @(by her measure). If Bob
happens to take the chocolate piece before Carol gets a chance at @ateémvill be stuck with a piece of
the cake that is worth nothing to her. That’s not very fair to her. This kirttling could easily happen just
by bad luck.

Nonetheless, when analyzing cake-cutting protocols, it is often helpfaiisider what happens if everyone
else tries to gang up on you and cheat you out of your fair share.ulfeystill guaranteed to get at least
1/n-th of the cake, even when everyone else is malicious and conspiringnérerbad luck can't hurt you.

With that preamble, here is a general protocol for fair cake-cuttingrfmtrarily many participants:

1. If n= 2, use the cut-and-choose protocol. Otherwise:

2. The firstn— 1 participants divide the cake by recursively invoking this procedure.

3. Fori=12,...,n—1, do:

4. Participant divides her share into pieces she considers of equal worth (by her measure).

5. Participant collects whichever of thosepieces he considers to be worth most (by his measure).

Theorem. This cake-cutting protocol is fair for every

Proof: The proof is by induction om. The base cas@&,= 2, was already proven to be fair, so let us focus
our attention on the case wheare- 2.

Let Alice be one of the firat— 1 participants. Suppose Alice follows the protocol honestly. By the induction
hypothesis, in step 2 Alice receives a share that she considers to theavtgast ¥ (n— 1)-th of the cake.

In step 4, Alice divides her share intopieces, each of which must be worth at leasfn{n— 1)) to her.

No matter which piece participantcollects in step 5, Alice is left witlm — 1 pieces, each worth at least
1/(n(n—1)), so Alice is left with a share that she considers to be worth at IeastTherefore, the protocol

is fair to each of the firah — 1 participants.

Next suppose theth participant, call him Bob, follows the protocol honestly. L%tdenote the share
that participani receives after step 2, and bgt= mg(S). Since step 2 divides the entire cake, we know
X1+ ---+X-1 = 1. Also in step 5 Bob is guaranteed to collect a piece from participtat is worth at
leastx;/n to him. After the protocol is finished, Bob has collected pieces that in totalvarth at least
X1/N+--+Xn_1/N= (X1+---+X—1)/N=1/nto him. Therefore, the protocol is fair to tineh participant.

O

Unfortunately, the recursive protocol shown above requitesteps to split a cake amongparticipants.
This is an unreasonable amount of work if we have many participantds@lt@quires unreasonably precise
cutting of the cake.) Is there a more efficient solution?

One answer might be to use a so-calieoving-knife protocol. The idea is that someone moves a knife
slowly from left to right. As soon as the area to the left of the knife coveleast 1/nth of the cake (by your
measure), you are supposed to yell “Stop!” at the top of your lungshatpoint, the knife-holder cuts the
cake whereever the knife was when you yelled “Stop!”, the personlttéStep!” receives the piece of cake
to the left of the knife, and the protocol continues with the remainingl participants. It is easy to see that
this is fair to everyone. It is fair to the first person to yell “Stop!”, besmuf he followed the protocol he
receives a piece that he considers to be wofth Also, because the othar- 1 participants have not yelled
“Stop!” yet, if they were following the protocol honestly, they must consttie remainder of the cake to be
worth at leas{n— 1) /n, and by induction, they are guaranteed to receive at lg@st-11) of the remainder.
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The moving-knife solution is elegant and efficient. However, we might eatdmpletely satisfied with it.
For instance, if we were going to implement this in a distributed system wherettieipants are spread
around the world, then the latency of Internet connections poses argjmlleBy the time my “Stop!”
message reaches the knife-holder, the knife may have moved on a smgndfisEnce and someone else
closer to the knife-holder may have already claimed the piece.

This suggests a nice challenge: find an efficient, fair cake-cutting midiarcn participants, without using
a moving knife. In fact, the moving-knife solution can be translated into onalties not require a moving
knife, as follows. Each participant marks the first point on the cakeevtey would have yelled “Stop!”, if
there had been a moving knife. We cut the cake at the leftmost of the matkg\enthat piece to whoever
made that mark. Then, we continue dividing up the rest of the cake amomgrttaéningn — 1 parties. It
can be seen that this requires approximatgl§2 operations to split a cake amongarties, and it is fair
for precisely the same reasons that the moving-knife protocol is. Thiseeprotocol is now suitable for
use in a distributed system. In fact, you might recognize that we have Ihagiwanted an auction. Each
person “bids” by pointing to the smallest piece that they'd be willing to acceptoa¥er’s bid is smallest
wins the auction, and we repeat until the entire cake has been apportioned

Envy—free Cake—Cutting

Fairness is all well and good, but some might say it does not accouhufoan nature. For example, if

n = 3, | might receive a piece that | consider to be wort8,1but | might notice that Alice received a piece
that | consider to be worth more thaf3 and be envious of her. This suggests looking at the notion of
envy-free cake-cutting protocols.

Definition. A cake-cutting protocol ienvy-free for X if it has the following property: ifX follows the
protocol, thenX is guaranteed to receive a piece worth at least as mucK'éomeasure) as anyone else’s
piece is worth (byX’s measure), no matter what happens. A cake-cutting protoeolysfreeif it is envy-
free for every participant.

Theorem. Every envy-free protocol is also fair.

Proof: Suppose Alice receives a piece that she considers to be worhd the othen— 1 participants
receive pieces she considers to be waith. ., x,_1, respectively. We know that+x; +--- +xp_1 = 1. If
the protocol is envy-freay > x; for everyi, sonw=w+Ww+---+W>W-+X; +--- +X5_1 = 1, or in other
words,w > 1/n. Therefore, if the protocol is envy-free, every participant reee® piece that she considers
to be worth at least/h. O

Theorem. The cut-and-choose protocol for= 2 participants is envy-free.

Proof: If a person receives a piece she considers to be worth at I¢adtylher measure, than she must
consider the piece received by the other person to be worth at r@ssihce those two valuations must
sum to 1. The cut-and-choose protocol ensures that both Alice andeBelve a piece that they consider to
be worth at least 2. O

Unfortunately, the recursive algorithm described earlier is not eresy-fFor instance, suppore= 3 and
the three parties are Alice, Bob, and Carol. In step 2, Alice and Bob migispi® to give the whole cake
to Alice. Then Carol will receive A3 of the cake from Alice (and nothing from Bob) in step 5, but Alice
receives 23 of the cake, so Carol will be envious of Alice.

[ Exercise: Is the 3-party moving-knife protocol envy-free? ]

As it turns out, it is possible to build an envy-free cake-cutting protocohfe- 3 participants. For the
curious, here is one:
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=

. Alice cuts the cake into three pieces that she considers to be of equalnmea

2. Bob trims the piece he considers worth the most so that, after trimming, the dangiexactly worth
the same (by his measure) as the 2nd-largest. The trimmings are set asitednd.

3. Carol takes whichever of these 3 pieces (excluding the trimmings) sisedeos worth the most.

4. Ifin step 3 Carol took the piece that Bob trimmed, then:

(a) Bob takes whichever of the two remaining pieces (excluding the trimmimgsdsiders worth
more. Alice gets the piece that neither Carol nor Bob took.

(b) Next, to divide the trimmings, Bob cuts the trimmings into three pieces he cossitiequal
worth. Carol chooses one of those three (whichever she considete most), then Alice
chooses one (whichever she considers worth more), then Bob takésvehis left.

5. Otherwise, if in step 3 Carol did not take the piece that Bob trimmed, then:

(a) Bob must take the piece he trimmed in step 2. Alice gets the piece that neitloénGaBob
took.

(b) Next, to divide the trimmings, Carol cuts the trimmings into three pieces ststdewa of equal
worth. Bob chooses one of those three (whichever he considers mo#st), then Alice chooses
one (whichever she considers worth more), then Carol takes whaddeér

It is possible to prove that this protocol is envy-free, but we will notdo s

As far as | know, it is an open problem to devise an efficient protocokfwy-free cake-cutting for an
arbitrary number of participants.
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