CS267 L22 N-Body Problem II.1 Demmel Sp 1999

CS 267 Applications of Parallel Computers Lecture 22:

Hierarchical Methods for the N-Body problem - II

James Demmel

http://www.cs.berkeley.edu/~demmel/cs267_Spr99

CS267 L22 N-Body Problem II.2 Demmel Sp 1999

Review of Last Lecture and Outline

� Motivation

� Obvious algorithm for computing gravitational or electrostatic force on N bodies takes O(N2) work

� How to reduce the number of particles in the force sum

� We must settle for an approximate answer (say 2 decimal digits, or perhaps 16 � )

� Basic Data Structures: Quad Trees and Oct Trees � The Barnes-Hut Algorithm (BH)

� An O(N log N) approximate algorithm for the N-Body problem

� The Fast Multipole Method (FMM) (continued) � An O(N) approximate algorithm for the N-Body problem

� Parallelizing BH, FMM and other algorithms � Example applications

CS267 L22 N-Body Problem II.3 Demmel Sp 1999

Fast Multiple Method (FMM)

� �A fast algorithm for particle simulation�, L. Greengard and V.

Rokhlin, J. Comp. Phys. V. 73, 1987, many later papers

� Greengard won 1987 ACM Dissertation Award

� Differences from Barnes-Hut

� FMM computes the potential at every point, not just the force

� FMM uses more information in each box than the CM and TM, so it is both more accurate and more expensive

� In compensation, FMM accesses a fixed set of boxes at every level, independent of D/r

� BH uses fixed information (CM and TM) in every box, but # boxes increases with accuracy. FMM uses a fixed # boxes, but the amount of information per box increase with accuracy.

� FMM uses two kinds of expansions

� Outer expansions represent potential outside node due to particles inside, analogous to (CM,TM)

� Inner expansions represent potential inside node due to particles outside;

Computing this for every leaf node is the computational goal of FMM

� First review potential, then return to FMM

CS267 L22 N-Body Problem II.4 Demmel Sp 1999

Gravitational/Electrostatic Potential

� FMM will compute a compact express for potential ϕ(x,y,z), which can be evaluated and/or differentiated at any point

� In 3D with x,y,z coordinates

�_{Potential =} _{ϕ(x,y,z) = -1/r = -1/(x2 + y2 + z2)1/2}

�Force = -grad ϕ(x,y,z) = - (dϕ/dx , dϕ/dy , dϕ/dz) = -(x,y,z)/r3

� In 2D with x,y coordinates

�_{Potential =} _{ϕ(x,y) = log r = log (x2 + y2)1/2}

�Force = -grad ϕ(x,y) = - (dϕ/dx , dϕ/dy ) = -(x,y)/r2

� In 2D with z = x+iy coordinates

�_{Potential =} _{ϕ(z) = log |z| = Real( log z )}

� because log z = log |z|eiθ = log |z| + iθ

�_{Drop Real( ) from calculations, for simplicity}

CS267 L22 N-Body Problem II.5 Demmel Sp 1999

2D Multipole Expansion (Taylor expansion in 1/z)

ϕ(z) = potential due to zk, k=1,� ,n = Σk mk * log |z - zk| � sum from k=1 to n = Real( Σk mk * log (z - zk) ) � drop Real() from now on = M * log(z) + Σ e>=1 z-e α e � where M = Σk mk = Total Mass and � α e = Σk mk zke � This is called a Multipole Expansion in z (Taylor exp. in 1/z) = M * log(z) + Σ r>=e>=1 z-e αe + error( r ) � r = number of terms in Truncated Multipole Expansion � and error( r ) = Σ r<ez-e α e � Note that α 1 = Σk mk zk

= CM*M � so that M and α 1 terms have same info as Barnes-Hut

CS267 L22 N-Body Problem II.6 Demmel Sp 1999

Error in Truncated 2D Multipole Expansion

� error( r ) = O( {max_k |z_k| /|z|}r+1 )

� bounded by geometric sum � Suppose max_k |z_k|/ |z| <= c < 1, then error( r ) = O(c^{r+1}) � Suppose all the particles z_klie inside a D-by-D square centered at the origin � Suppose z is outside a 3D-by-3D square centered at the origin �1/c ~ 2.12, so each extra term in expansion increases accuracy about 1 bit � 24 terms enough for single precision, 53 terms for double precision

� In 3D, can use spherical harmonics or other expansions

CS267 L22 N-Body Problem II.7 Demmel Sp 1999

Outer(n) and Outer Expansion

ϕ(z) ~ M * log(z - zn) + Σ r>=e>=1 (z-zn)-e α e

� Outer(n) = (M, α 1 , α 2 , � , α r , zn )

� Stores data for evaluating potential ϕ(z) outside node n due to particles inside n

� zn = center of node n

� Cost of evaluating ϕ(z) is O( r ), independent of the number of particles inside n

� Cost grows linearly with desired number of bits of precision ~r

� Will be computed for each node in QuadTree

� Analogous to (TM,CM) in Barnes-Hut

CS267 L22 N-Body Problem II.8 Demmel Sp 1999

Inner(n) and Inner Expansion

�Outer(n) used to evaluate potential outside node n due to particles inside n

�Inner(n) will be used to evaluate potential inside node n due to particles outside n

°Σ ^{0<=e<=r} β^e * (z-z^n)_e

�zn = center of node n, a D-by-D box

�Inner(n) = ( β^0 , β^1 , � , β^r , z^n )

�Particles outside n must lie outside 3D-by-3D box centered at z^n

CS267 L22 N-Body Problem II.9 Demmel Sp 1999

Top Level Description of FMM

(1) Build the QuadTree

(2) Call Build_Outer(root), to compute outer expansions of each node n in the QuadTree

� Traverse QuadTree from bottom to top, � combining outer expansions of children � to get out outer expansion of parent (3) Call Build_ Inner(root), to compute inner expansions of each node n in the QuadTree

� Traverse QuadTree from top to bottom, � converting outer to inner expansions � and combining them (4) For each leaf node n, add contributions of nearest particles directly into Inner(n) � final Inner(n) is desired output: expansion for potential at each point due to all particles

CS267 L22 N-Body Problem II.10 Demmel Sp 1999

Step 2 of FMM: Outer_shift: converting Outer(n_1) to Outer(n_2)

� For step 2 of FMM (as in step 2 of BH) we want to compute Outer(n) cheaply from Outer( c ) for all children c of n

� How to combine outer expansions around different points?

• ϕk(z) ~ Mk * log(z-zk) + Σ _{r>=e>=1} (z-zk)^{-e}α_{ek}expands around zk , k=1,2 � First step: make them expansions around same point

� n_1 is a child (subsquare) of n_2

� z_k = center(n_k) for k=1,2

� Outer(n_1) expansion accurate outside

blue dashed square, so also accurate

outside black dashed square

� So there is an Outer(n_2) expansion

with different α_k and center z_2 which

represents the same potential as

Outer(n_1) outside the black dashed box

CS267 L22 N-Body Problem II.11 Demmel Sp 1999

Outer_shift: continued

� Given

� Solve for M2 and α e2 in

� Get M2 = M1 and each α e2is a linear combination of the αe1

� multiply r-vector of αe1 values by a fixed r-by-r matrix to get α e2

� ( M2 , α 12 , � , α r2 , z2 ) = Outer_shift( Outer(n1) , z2 )

= desired Outer( n2 )

ϕ1(z) = M1 * log(z-z1) + Σ r>=e>=1 (z-z1)-e αe1 ϕ1(z) ~ ϕ2(z) = M2 * log(z-z2) + Σ r>=e>=1 (z-z1)-e αe2

CS267 L22 N-Body Problem II.12 Demmel Sp 1999

Step 2 of FMM: compute Outer(n) for each node n in QuadTree

� Compute Outer(n) for each node of the QuadTree outer = Build_Outer( root ) function ( M, α1,� ,αr , zn) = Build_Outer( n ) � compute outer expansion of node n if n if a leaf � it contains 1 (or a few) particles compute and return Outer(n) = ( M, α1,� ,αr , zn) directly from its definition as a sum else � �post order traversal�: process parent after all children

Outer(n) = 0 for all children c(k) of n � k = 1,2,3,4

Outer( c(k) ) = Build_Outer( c(k) )

Outer(n) = Outer(n) +

Outer_shift( Outer(c(k)) , center(n))

� just add component by component endfor return Outer(n) end if

Cost = O(# nodes in QuadTree) = O( N ) same as for Barnes-Hut

CS267 L22 N-Body Problem II.13 Demmel Sp 1999

Top Level Description of FMM

(1) Build the QuadTree (2) Call Build_Outer(root), to compute outer expansions of each node n in the QuadTree � Traverse QuadTree from bottom to top, � combining outer expansions of children � to get out outer expansion of parent

(3) Call Build_ Inner(root), to compute inner expansions of each node n in the QuadTree

� Traverse QuadTree from top to bottom, � converting outer to inner expansions � and combining them (4) For each leaf node n, add contributions of nearest particles directly into Inner(n) � final Inner(n) is desired output: expansion for potential at each point due to all particles

CS267 L22 N-Body Problem II.14 Demmel Sp 1999

Step 3 of FMM: Compute Inner(n) for each n in QuadTree

� Need Inner(n_1) =

Inner_shift(Inner(n_2))

� Need Inner(n_4) =

Convert(Outer(n_3))

CS267 L22 N-Body Problem II.15 Demmel Sp 1999

Step 3 of FMM: Inner(n^1) = Inner_shift(Inner(n^2))

�Inner(n^k) =

( β^{0k} , β^{1k} , � , β^{rk} , z^k )

�Inner expansion = Σ ^{0<=e<=r} β^{ek} * (z-z^k)_e

�SolveΣ ^{0<=e<=r} β^{e1} * (z-z^1)_e = Σ ^{0<=e<=r} β^{e2} * (z-z^2)_e

for βe1 given z1, βe2 , and z2

�(r+1) x (r+1) matrix-vector multiply

CS267 L22 N-Body Problem II.16 Demmel Sp 1999

Step 3 of FMM: Inner(n^4) = Convert(Outer(n^3))

�Inner(n^4) =

( β^0 , β^1 , � , β^r , z4 )

�Outer(n^3) =

(M, α^1 , α^2, � , α^r, z3 )

�SolveΣ ^{0<=e<=r} β^e * (z-z4)_e = M*log (z-z^3) + Σ ^{0<=e<=r} α^e * (z-z^3)_{-e}

for βe given z4 , α e , and z3

�(r+1) x (r+1) matrix-vector multiply

CS267 L22 N-Body Problem II.19 Demmel Sp 1999

Step 3 of FMM: Compute Inner(n) for each n in QuadTree

� Compute Inner(n) for each node of the QuadTree outer = Build_ Inner( root ) function ( β1,� ,βr , zn) = Build_ Inner( n ) � compute inner expansion of node n p = parent(n) � p=nil if n = root

Inner(n) = Inner_shift( Inner(p), center(n) ) � Inner(n) = 0 if p = root for all i in Interaction_Set(n) � Interaction_Set(root) is empty

Inner(n) = Inner(n) + Convert( Outer(i), center(n) )

� add component by component end for for all children c of n � complete preorder traversal of QuadTree

Build_Inner( c ) end for

Cost = O(# nodes in QuadTree)

= O( N )

CS267 L22 N-Body Problem II.20 Demmel Sp 1999

Top Level Description of FMM

(1) Build the QuadTree

(2) Call Build_Outer(root), to compute outer expansions of each node n in the QuadTree

� Traverse QuadTree from bottom to top,

� combining outer expansions of children

� to get out outer expansion of parent

(3) Call Build_ Inner(root), to compute inner expansions of each node n in the QuadTree

� Traverse QuadTree from top to bottom,

� converting outer to inner expansions

� and combining them

(4) For each leaf node n, add contributions of nearest particles directly into Inner(n)

� if 1 node/leaf, then each particles accessed once,

� so cost = O( N )

� final Inner(n) is desired output: expansion for potential at each point due to all particles

CS267 L22 N-Body Problem II.21 Demmel Sp 1999

Parallelizing Hierachical N-Body codes

� Barnes-Hut, FMM and related algorithm have similar computational structure:

1) Build the QuadTree 2) Traverse QuadTree from leaves to root and build outer expansions (just (TM,CM) for Barnes-Hut) 3) Traverse QuadTree from root to leaves and build any inner expansions 4) Traverse QuadTree to accumulate forces for each particle

� One parallelization scheme will work for them all

� Based on D. Blackston and T. Suel, Supercomputing 97

- www.cs.berkeley.edu/~davidb/Pbody.html � Assign regions of space to each processor � Regions may have different shapes, to get load balance

- Each region will have about N/p particles � Each processor will store part of Quadtree containing all particles (=leaves) in its region, and their ancestors in Quadtree - Top of tree stored by all processors, lower nodes may also be shared � Each processor will also store adjoining parts of Quadtree needed to compute forces for particles it owns

- Subset of Quadtree needed by a processor called the Locally Essential Tree (LET) � Given the LET, all force accumulations (step 4)) are done in parallel, without communication

CS267 L22 N-Body Problem II.22 Demmel Sp 1999

Programming Model - BSP �BSP Model = Bulk Synchronous Programming Model

� All processors compute; barrier; all processors communicate;

barrier; repeat

�Advantages

� easy to program (parallel code looks like serial code) � easy to port (MPI, shared memory, TCP network)

�Possible disadvantage

� Rigidly synchronous style might mean inefficiency?

�Not a real problem, since communication costs low

� FMM 80% efficient on 32 processor Cray T3E � FMM 90% efficient on 4 PCs on slow network � FMM 85% efficient on 16 processor SGI SMP (Power Challenge) � Better efficiencies for Barnes-Hut, other algorithms

CS267 L22 N-Body Problem II.23 Demmel Sp 1999

Load Balancing Scheme 1: Orthogonal Recursive Bisection (ORB)

�Warren and Salmon, Supercomputing 92

�Recursively split region along axes into regions containing equal numbers of particles

�Works well for 2D, not 3D (available in Pbody)

Partitioning for 16 procs:

CS267 L22 N-Body Problem II.24 Demmel Sp 1999

Load Balancing Scheme 2: Costzones

� Called Costzones for Shared Memory

� PhD thesis, J.P. Singh, Stanford, 1993

� Called �Hashed Oct Tree� for Distributed Memory

� Warren and Salmon, Supercomputing 93

� We will use the name Costzones for both; also in Pbody

� Idea: partition QuadTree instead of space

� Estimate work for each node, call total work W

� Arrange nodes of QuadTree in some linear order (lots of choices)

� Assign contiguous blocks of nodes with work W/p to processors

� Works well in 3D

CS267 L22 N-Body Problem II.25 Demmel Sp 1999

Linearly Ordering Quadtree nodes for Costzones � Hashed QuadTrees (Warren and Salmon) � Assign unique key to each node in QuadTree, then compute hash(key) to get integers that can be linearly ordered � If (x,y) are coordinates of center of node, interleave bits to get key

� Put 1 at left as �sentinel� � Nodes at root of tree have shorter keys

CS267 L22 N-Body Problem II.26 Demmel Sp 1999

Linearly Ordering Quadtree nodes for Costzones (continued)

� Assign unique key to each node in QuadTree, then compute hash(key) to get a linear order � key = interleaved bits of x,y coordinates of node, prefixed by 1

� Hash(key) = bottom h bits of key (eg h=4) � Assign contiguous blocks of hash(key) to same processors