MATH 110: LINEAR ALGEBRA
HOMEWORK #11

DAVID ZYWINA

§5.2

Problem 3. In each of these questions we choose a standard basis v, and the use [T, to
compute the eigenvalues of 7. We then find a basis 3 of eigenvectors of T (if possible); this
is the required basis.

(a) Let v = {1, z, 2%, 2*} be the standard basis. Then

[T]'y =

oo OO
o OO O
S O NN
S w oo

The eigenvalues of [T, are 0 (with multiplicity 4), but dim Ey([T],) = 1. Therefore [T,
(and hence T') is not diagonalizable.
(b) Let v = {1, 2,27}

The eigenvalues of T" are the roots of the polynomial

-2 0 1
e - T A S S N STy .
det([T], — M) = det (1) 10>\ _0A (1 A)dt( 1 _A) A=1)*(A+1)

A vector ax? +bx +cis in B (T) if ca? +bx +a = ax?+bx +a. Thus Ey(T) has dimension
2 and is spanned by z, 2? + 1.

A vector ar? + bx + cisin E_{(T) if cz? + bx + a = —az? — bx — a. Thus E_(T) has
dimension 1 and is spanned by 2% — 1.

Therefore the basis 3 = {x,2* + 1,2? — 1} will diagonalize T'.
(¢) Let v = {(1,0,0),(0,1,0),(0,0,1)}.
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The eigenvalues of T" are the roots of the polynomial

-\ 1 0
det([T), = Al)=det | =1 =X 0 =(A=2)(\+1).
0 0 2-2X

Therefore the only (real) eigenvalues are 2 with multiplicity 1. Thus we don’t have enough
eigenvectors to construct a basis that diagonalizes T'. Therefore T" is not diagonalizable.
(d) Let v = {1, z, 2%}.

[T]'y =

—_ = =

0
1
1

=)

w

A computation shows that det([T], — ) = —t
Thus the eigenvalues of T" are 0, 1, 2.
In general, T'(a + bxr + cz?) = a+ (a+ b+ c)x + (a + b+ c)a?

A vector a + bx + cx? is in Eo(T) if a+ (a+b+c)x + (a+ b+ c)x? = 0. Thus Ey(T) is

spanned by z — 2.

A vector a+bx +cx? isin By (T) ifa+ (a+b+c)r+ (a+b+c)x? = a+ bx + cx?®. Thus
Ey(T) is spanned by 1 — x — 2.

A vector a + bx + cx? is in E5(T) if a+ (a+ b+ c)x + (a+ b+ c)x? = 2a + 2bx + 2cz*.
Thus E»(T) is spanned by = + x2.

Therefore the basis 3 = {x — 2%, 1 — x — 2%, + 2°} diagonalizes T.

m=(7 1)

The eigenvalues of T" are the roots of the polynomial

det([T] —~4I) = A\* — 2\ + 2,

+3t2 =2t = —t(t*—3t+2) = —t(t—1)(t—2).

(e) Let v = {(1,0), (0, 1)}, then

which are 1 + 4. Now we to find corresponding eigenvectors.

An eigenvector for 1 + 4, would satisfy (z + iw,iz + w) = T(z,w) = (1 +i)(z,w) =
(z+iz,w + iw). Thus we must have w = z, which shows that (1,1) is an eigenvector.

An eigenvector for 1 — i, would satisfy (z + iw,iz + w) = T(z,w) = (1 —i)(z,w) =
(z —iz,w —iw). Thus we must have w = —z, which shows that (1, —1) is an eigenvector.

Therefore the basis § = {(1,1), (1, —1)} will diagonalize 7.
10 01 0 0 0 0
ot =1(o0)- (50 ) (3 0)-(57) e

[T]’Y =

O = OO
_— o O O =

o O O
OO = O

The eigenvalues of T" are roots of the polynomial

det([T], — AI) = (A — 13 (A + 1),
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that is 1,1,1, —1. The space E;(T) is easily seen to be spanned by the vectors

1 0 0
0 1 0
0 ’ 1 ’ 0 ’
0 0 1
0
and the vector _11 spans E_q(T). Therefore the basis
0
1 0 0 0
0 1 0 1
p= ol 11 o] | -1
0 0 1 0

diagonalizes T'.

Problem 11. Since similar matrices have the same eigenvalues, and the eigenvalues of an
upper triangular matrix are exactly those on the diagonal; we know from our assumption
that there is an invertible () such that

M1, * * *
0 )‘2]m2 * *
A= -1
¢ 0 0 * @
0 0 0 el
(a)
ML, * * *

k k
tr(A) = tr N = tr(Ail,) = > mik;
’ i=1 i=1

)\1[m * *

1

0 )\2[m2 *x * k k
det(A) = det = || det(N\il,) = | | A"
(4) 0 0 1} (Ailm,) 11
0 0 0 el

Problem 14.

(a) The equations ' = x + y and 3y’ = 3z — y can be re-written as:

(1) (3 )omwman (32
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Diagonalizing the matrix A, we find that A = @) _02 g ) Q!, where Q = ( _11/3 1 ) .

Lt (1) =@ () )
(1) =a(5)=ama(y)=ame(t)=(32)(Y)=()

Thus we get the much simpler equations: w’ = —2w and 2z’ = 2z. Therefore we
have w = ce™? and z = c9e?, where c;, ¢y are constants.

T\ 0 cre ? %1016*2’5 + coe?t
y ) et ] T cre” 2 4 cye?t
~1

Thus the solution is # = Zreie™ 2 + e and y = cie™? + coe

2t
3 .

(b) The equations x} = 81 + 1025 and z, = —bxy — 7x2 can be re-written as:

o\ = /8 10
(m) —A(xQ),WhereA—(_5 _7).

Diagonalizing the matrix A, we find that A = @ ( 2 g ) Q~', where Q = ( _11 _12 ) :

0
Let(z;):Ql(Z),then
n ,_ - T /_ — T - n o -2 0 n o —21,
()= () o) -eme ()= (0 5) ()= ().

Thus we get the much simpler equations: y; = —2y; and y5 = 3ys. Therefore we
have y; = cie™?" and yo = c2€®', where c;, cp are constants.where ¢, ¢, are constants.

x4 _0 cre % _Q crie™® [ —cre7? — 2¢pe
Ty coe3t coedt cre 2t + coedt

Thus the solution is 7 = —cie 2t — 2¢9€3 and x9 = 1672 + coe®.
(c)
1\’ ) 101
To =A| 22 |, where A=| 0 1 1
T3 xIs3 0 0 2

Diagonalizing the matrix A, we find that

A=0Q Q~ !, where Q =

O O =
O = O
N OO
O O =
O = O
===
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hn Ty
As in the earlier parts the functions | s = Q' =z satisfy the easier
Ys 3

differential equations: v} = y1, ¥, = yo and y; = 2y3. So there are constants ¢y, ¢z, c3
such that y; = cief, yo = coe’ and y3 = cze?.

x m cret cret + cge?
2o | =Q| 12 | =0Q| e = | coe! + c3e?
T3 Y3 cse?t cse?t

Therefore the solutions are x; = cie! + c3e?, 1y = cpe! + c3e? and x5 = c3e?.

§5.3

Problem 1.

(a) T; this is the corollary to Theorem 5.12
(b) T; this is a consequence of Theorem 5.13
(¢) F; the coordinates also need to be non-negative
(d) F; it is true for columns, but not rows. See the examples in the book.
(e) T; this is a corollary to Theorem 5.15
(f) T; The Gerschgorin disks for the matrix are described as:
e center 1 with radius |z| +| —1| <2
e center 1 with radius |z| + |1] < 2
e center z with radius | — 1| + [1] = 2.
It is easy to show that 3 is not in any of these disk, and hence Gerschgorin’s disk
Theorem implies that 3 is not an eigenvalue.
(g) T; this is Theorem 5.17

(h) F; a counter example is ( ? (1) )

0 1

10 ) lim,,, .o, A™ does not converge since A

(i) F; again a counter example is A = <

has an eigenvalue -1
(j) T; The convergence follows from Theorem 5.20(b), the rank one property follows
from Theorem 5.20(e)

Problem 2. e)

The eigenvalues of the matrix A = _42
AM)=X=-X-2=A=-2)(A+1).

If lim,,, ., A™ exists, then Theorem 5.13 (the part of the theorem we need is proved in the
remarks afterwards in the text) implies that its eigenvalues A of A are all in the set

_31 ) are the roots of the polynomial det(A —

{AeC: |\ <lor =1}

Since A = 2 is not in this set, we find that lim,,_., A™ does not exist.
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2 —0.5
3 —0.5
M)=2-=MN)(-05-XN)+15=X =151 +05=(A—1)(A—0.5).

(f) The eigenvalues of the matrix A = ) are the roots of the polynomial det(A —

A quick calculation shows that ( ; ) is an eigenvector for A = 1, and ( é ) is an
eigenvector for A = 0.5.

Therefore we let Q) = ( ! ) and get

lim A™ — 1imQ<1O o%n) -1

m—0o0 m—0o0

Problem 5. Let A = ) and B = ( (1) 8 ) Since A2 = B? = 0 we find that

1 m _ 13 m
lim,,, oo A™ = lim,,,_,oc B )

However, the matrix AB = ( 0 ) satisfies (AB)™ = AB, for all m > 1. Therefore

1
0 0

m—0o0 m—00 m—00

. w10 00\  © am
lim (AB) —(00)7&(00)—hm14 lim B™.

Problem 6. This will be a four-state Markov chain with the following states:

(1) recovered
(2) ambulatory
(3) bedridden
(4) dead.

The initial probability vector is

0.3
0.7
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The transition matrix is

1 06 0.1
0 0.2 0.2
0 0.2 0.5
0 0 0.2

(we have made the reasonable assumptions that those people who recovered stay recovered,
and those people who died stay dead!).
Since

A:

_— o O O

0.25

0.2
AP =104 |
0.14

we see that after one month, 25% of the patients recover, 20% are ambulatory, 41% are

bedridden and 14% have died.
We now find the eigenvalues of A.

1—X 06 0

02—\ 0

det(A— M) = 0.2 05_ 0

0

0

oo o |

0

02—\
— (1—=XA)det| 0.2 05—)\
0 02 1-2X

o e (02-2 02
= (=3 det( 02 05—

= (A—1)*(A\* = 0.7A 4 0.06)
= (A=12*(\-0.1)(A—0.6)

Therefore the eigenvalues of A are 1,1,0.1,0.6.

1 0
The standard computations show that the eigenspace of A = 1 has basis 8 8
0 1
—11 2
that i% is an eigenvector for A = 0.1; and that :2 is an eigenvector of A = 0.6.
2 1
Thus
10 0 0
- 01 0 0 1
4=0Q 00 01 O @
00 0 06
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1 0 —11 2
00 18 -1
where @) = 00 —9 _9
01 2 1
We need to compute v := lim,, .., A™P.
v = lim A™P
1m0 0 0
. 0 1 0 0 1
= @l g o oom o |¢F
0 0 0 0.6™
1 000
- 0100 1
= @ 0000 @r
0000
1 0 —11 2 1000
- 00 18 -1 0100 1
a 00 -9 =2 0000 Q@FP
01 2 1 0000
1000
- 0000 1
N 0000 @FP
0100

To compute z := Q' P, is the same as solving the equation

1 0 —11 2 0
00 18 -1 1 03
00 -9 -2 [*7| 07
01 2 1 0
59/90
. . 31/90 o 1
This can see to have solution z = _1/450 | (Note that we didn’t need to compute @
—17/50
in order to compute Q71 P.)
Thus
1000 1000 59/90 59/90
10000 15 _|1 0000 31/90 _ 0
"“1ooo0o0 @ P = 0000 —1/450 | 0
0100 0100 —17/50 31/90

Therefore eventually all of the patients either recover or die. In particular, 59% of the
patients will recover and 31% will die.
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0.3
Problem 10(a). The initial probability vector is P = | 0.3 |, and the transition matrix
0.4
0.6 0.1 0.1
isA=1{ 0.1 09 0.2
03 0 0.7
0.25 0.225
AP = 0.38 A’P = 0441
0.37 0.334

The eigenvectors w of A with eigenvalue 1 are solutions of the equation

-04 0.1 0.1
0.1 —-01 02 Jw=(A-DHw=0.
0.3 0 -03

1
Solving this we see that F(A) = span 3 . The unique probability vector in E;(A)
1
1/5 1/5
isv=| 3/5 |.By Theorem 5.20 we have lim,, ...(A"P)=v= | 3/5
1/5 1/5
01 00\ w12 oo
Problem 23. Let A = 00 and B = 10 ) Since A° = B* = 0 we find that
N 11
=T+ ANH04+0+-=1+A=( |
and
s 10
e?=I+B/Il+04+0+---=1+A= 11 )

Thus we have

Now consider the matrix A+ B = (1) It has eigenvalues 1 and —1, so there is an

2 1
A B _
ee” = ( 11 ) .
1
0 )
invertible matrix () such that

A+B=Q<é_ﬂ)@%
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We now compute eA+5,
A+ B)? A+ B)3
o = Ly (a gy BEBE AT B
2 3
1 0 _ 1 0 _
oy, (200 )e) (el S )er)
= 1+Q Q'+ + + -
0 1 21 3!
2 3
1 0 , 1 0 »
(1 0y, 2o a) e e b
= Ir@lg o )@ 2l * 3! A
(1 0)2 (1 0>3
1 0 0 -1 0 —1 .
= @ I+(0_1)+ 5 + 3 +--- | @
1 0 oo Lo _
=« ”(o —1)*(3 <1>2)+<?)! <1>3>+“'>Q1
2! 3!
_ Zf:o% 0 -1 _ e 0 -1
- (5T gy Jor-e(l )

So to show ede? # eA*B it suffices to check that

(1) va(; 2)e

However this is a consequence of the fact that these two matrices have different traces, and
hence are different.

21
11

tr(e?e®)=2+1=3 and tr(e?™P)=c+e' ~3.086..

(Of course we could have also shown the two are different by explicitly computing ¢ and
then e“*5 but this would be significantly more work.)

§NON-BOOK QUESTIONS

Problem (3).
(1) Take any w € E;(P), so we have Pw = w. We find that w € E,(P*) since

Pkw=Pw=...= PPw=Pw=w.

Thus F;(P) is a subspace of E1(P¥). Since P is a probability matrix, we know that
Ey(P) # 0. So E;(P) is a nonzero subspace of the 1-dimensional space E;(P*).
Therefore E,(P) = E,(P*), which is equivalent to what we needed to show.

(2) If B is a square matrix then rank B = rank B* (This is Corollary 2 on page 158, and
should be familiar from Math 54. It could be derived from the LU decomposition,
since transposing B essentially just transposes its LU decomposition). The dimension



MATH 110: HOMEWORK #1 11

theorem then implies that nullity B = nullity B*.
Now apply these general remarks to the matrix B := A — \I:

dim E)\(At)

dim N (A" — XI)

nullity (A" — \I)
nullity (A4 — \I)*
nullity (A — \I)
dim N (A — \I)
dim E)(A) =1

(3) Following the hint, if A = (P*)! then A has all positive entries and unit row sums.
So Av = v has as one solution, v = u, where u is the vector of all ones. We want to
show there are no other independent solution. Take any 0 # v € dim E;(A). Divide
v by v;, (where vy, is a component of v with maximal absolute value) to get w = v /vy.
Then w;, = 1 and all other entries of w are have absolute value less than or equal to
1. Now Aw = w implies 1 = wy, = > Ay w;.

IN

IN

n
\ Z Ak-,z'wi\
i=1
n
> [Agilwi
=1
n
> Ari
=1

1

(triangle inequality)

(since Ag; > 0 and |w;| <1

Thus all these inequalities are in fact equalities, since everything is sandwiched be-
tween 1 and 1. In particular each Ay ;w; equals either Aj,; or —Ay ;. Since wy, = 1 we
must have Ay ;w; = Ay, for each w; (otherwise we couldn’t have all equalities above).
Since each Ay ; is nonzero, each w; = 1 as desired.
(The hint about Gershgorin seems to be a red herring).

(4) Part 3 tells us that dim E;((P*)!) = 1. Part 2 then tells us that dim E,(P*) = 1.
Finally part 1 applies to give us that dim F1(P) = 1 as desired.

(5) Everything is laid out in the question until we get to (*):

where

(*)

e v is the vector of all 1’s,
e Bj; and B have positive entries and column sums are < 1
e w, has positive entries

e w, has nonpositive entries
Thus u'Bjjw; = (u'Byp)w; = x'wy, where x := u'By; and each 0 < z; < 1, so

utanl < Z(’U}l)l

t t t
u' Blywy + u’ Bisws = u'wy,
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Also u!Bjswy < 0 by a similar argument. So

u' Biywy + u! Biawy < Z(wl)i = ulw,

)

contradicting (*). Thus there cannot be any nonpostive entries wy in w, and by
scaling we can make all the entries of w not just positive but sum to 1.
(6) The identity matrix I, is a probability matrix with dim E,(1,,) = n.

Problem 4.

(1) If you draw a Gershgorin Circle for A = P*_ it has a center at 0 < A4;; < 1 and radius
1 — A;;. So the Circle is tangent to the unit circle at 1 and otherwise lies entirely
inside the unit circle. So an eigenvalue must either lie inside the unit circle or equal
1.

(2) The question is how to guarantee that P does not have any eigenvalues on the unit
circle other than at 1.

If P had an eigenvalue on the unit circle somewhere else than 1, say at e # 1,
then P™ would have an eigenvalue at €™, for all m > 1. We can pick arbitrarily
large m such that mt is not a multiple of 27. Thus we have infinitely many m > 1
such that P™ has positive entries and has an eigenvalue of absolute value 1 which is
not 1. This however contradicts part 1.

Therefore, P has no eigenvalues on the unit circle besides 1.

§5.4

Problem 18. (a) By definition f(¢) = det(A — tI), thus ap = f(0) = det(A — 0) = det(A).
The matrix A is then invertible, if and only if, ag = det(A) is non-zero.

(b) The Cayley-Hamilton theorem says that f(A) = 0. More explicitly this can be written
as

(=1)"A" +a, A"+t @A+ a = 0.
Multiplying both sides by A~! we get:
(=1)"A" ! fa, AV a ] +agAT = 0.
Solving for A~! we find (recall that ay # 0 by part (a))
1

A= = ()" A b, AV )
Qo
1 2 1
(c¢) Now consider the specific matrix A= 0 2 3
00 —1
1—-t¢ 2 1
f(t) = det(A—tI) = det 0 2—-t 3 = —(t-1)(t=2)(t+1) = -t +2*+t—-2.
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Part (b) then shows that

At = 1(—A?JFQAJFI)

2
. 12 1\’ 12 1 100
:5—023 +21 02 3 |4+ 010
0 0 —1 0 0 —1 0 01
1 1 6 6 3 4 2
= —!—-104 3]+ 05 6
2 00 1 00 -1
-1
= 0 1/2 3/2
66.1
Problem 1.
(a) T; an inner product is a function from V' x V' — F for a vector space over the field
F
(b) T; In the comments at the beginning of this section, we restrict to the case F' = R
or C

(c¢) F; If F = C, then an inner product is not linear in the second component since scalars
come out as their conjugate, i.e (x,cy) = ¢(x,y)

(d) F; there are lots of inner products on R", for example if (-, -} is an inner product then
a(-,-) is an inner product for all real a > 0.

(e) F; the proof given makes no use of dimension.

(f) F; directly from definition on p.331

(g) F; Consider z = (1,0),y = (0,1),2 = (0,2) € R? and (-, ) is the usual dot product.
Then (x,y) =0 = (x, z), but y # 2.

(h) T; If (z,y) = 0 for all x, then in particular if x = y we have (y,y) = 0. From the
fourth axiom of an inner product space we then find that y = 0.

Problem 6. The remaining proofs from Theorem 6.1. We will use the four inner product
axioms without comment.

(b) (z,cy) = (cy, x) = c{y, x) = &y, x) = &(z, y)

(c) (0,2) = (0-0,2) = 0(0,2,=)0. (z,0) = (0,z) =0 = 0.

(d) If z = 0, then (z,z) =0 follows from part (c).

Conversely suppose that (z,x) = 0. If  # 0, then this would contradict the last inner
product axiom. Therefore x = 0.

(e) Suppose that (x,y) = (z, z) for all z € V. Then for all z € V' (using part (a) and (b)),

<ZL‘,y—Z> = <I,y>—<l‘,2> = 0.

In particular, if x = y — z then we have (y — z,y — z) = 0. Part (d) then implies that
y—z=01e y==z.
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Problem 7. The remaining proofs from Theorem 6.2.

(a)
lex|| = V{ex, cx) = Vela,ex) = Vee(e, 2) = V/]e]*a,z) = |eV/ (@, x) = |ef ||]]
(b) That ||z|| > 0 for all x € V is clear from the definition since (x,x) > 0.

We see that (z, ) = 0, if and only if, ||z|| := y/(z,z) = 0. The result then follows directly
from Theorem 6.1(d).

Problem 11. Take any z,y € V.

lz+yllP +llz—yl> = @+yz+y)+@—yz—y)
= ((z,2) + (2,9) + (v, 2) + (y,v)) + (z,2) — (z,9) — (y,2) + (v, 9))
= 2(z,z) +2(y,y)
= 2|ja|* + |yl

In R? it says that for any parallelogram, the sum of the squares of the length of the four
sides is equal to the sum of the squares of the lengths of the two diagonals.

Problem 12. That the set {vy,--- , v} is orthogonal means, (v;,v;) = 0if i # j.

2

k
E a;v; = E CLzUZ,E (IJU]
=1 j=1
k
= E CLZ‘<UZ‘,E (ljUj>
1=1 j=1

k k
= D) a(v,vy)
=1 =1
k
= Zaia_i<viyvi>
i=1
k
2
= )l [[v]
i=1

Problem 13. We check the axioms of an inner product. We will use the corresponding
axioms for (-,-); and (-, ) without comment. Take any z,y,z € V and ¢ € F.

(a)

z,y)1 + (T + 2,9)2

Y)1+ (2,90 + (T, 9)2 + (2, ¥)2
U+ (@, y)2) + ({29 + (2, 9)2)
) +

+(z,9)

(x+2,9) T+
ZE

{
{
= (=
(z

7
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<C(L‘,y> = <C(L‘,y>1 + <C[)3,y>2
= +c

= c{z,yh + (T, y)2
= c((z,y)1 + (2,9)2)
= c(z,y)
()
(m,y) = (@Y1 +(z,9)2
= (T, y)1 + (2,9)2
= (W, 201+ (Y, 7)2
= (y,2)
(d) Suppose z # 0.
<x,x> = <x,x>1+<x,x>2
> (z,x)9
> 0.

Problem 15. (a) If x is a multiple of y, say = = cy, then

[, )| = ey, )| = leCy, )l = el lyll” = lleyll vl = ]| y]]-

The same idea works if y is a multiple of x.

Conversely suppose that |[(x,y)| = ||z|| ||y||. We will show that one of the vectors x or y is
a multiple of the other. We may assume that y # 0 because the result is trivial in the other
case.

As the hint suggests define

= <$’y2> and z = 7 — ay.

1yl
(This is not a completely random definition, it is the Gram-Schmidt process from the next
section)

First we note, using our hypothesis, that
_ Kzl =l gl ]
|a| = 2 = 2 = :

1yl [yl [yl

Now note that z and y are orthogonal:
(z,)
(z,y) = (x —ay,y) = (z,y) —aly,y) = (z,y) — T {y,y) = 0.

Then since z and ay are orthogonal, Exercise 10 show that ||ay + z||* = ||ay]|” +||z||* . Thus

we have

2
2 2 2 2 2 2 ||$|| 2 2 2 2
22 = llay + #I% = llaglP+ 1121 = Jaf? lg] ]2 :(—Ilyl\) I+ 1121 = [P+ 121
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and cancelling ||z||* from both sides we get ||z||*> = 0. This the implies that z = 0, and that
xr = ay as desired.

(b) We are going to show that ||z +y|| = ||z|| + ||y||, if and only if, the vectors z and y
“point in the same direction” or more precisely there exists a real number ¢ > 0 such that
T =cyory=cx.

First suppose that x = cy for ¢ > 0 (the y = cx case is similar).

|z +yll = lley + yll = [I(L+ )yl = 1+l [lyll = [lyll+ellyll = [lyll+lel Tyl = llyll+eyl] = [yll+[l=]

Conversely suppose that ||z + y|| = ||z|| + ||y|]|. We may assume that y # 0. The proof
of the triangle inequality has the following string of inequalities, with the last line coming
from our assumption.

lle+yll”> = llzll” +2R(z, y) + [yl
<l + 20z, )l + [yl
< al® + 212l llyll + Nyl
= (ll=]l + llyl)*
= e+l

Since the first and last terms are the same, all of the inequalities are in fact equalities. In
particular we find that

(@, )| = [lz[| |[y]] and [(z,y)| = Rz, y).

From part (a) the equality |(z,y)| = ||=||||y|| implies that there is a scalar ¢ such that
r = cy. It remains to show that c is real and ¢ > 0.

We have (z,y) = (cy,y) = ¢||y||%, thus ¢ = (z, )/ |Jy||*. So it suffices to show that (z,y)
is real and (x,y) > 0.

Let (z,y) = a+if for , 5 € R. Then
o + 32 = {2, y)]* = R(z,y))* = o®.
Canceling o from both sides we see that 5% = 0, hence (z,y) = o € R.
<x,y) = §R<x7y> = \<x,y)! >0

Problem 20). (a) z,y € V a real inner product space.

et gl = Jlle—olf = jatyaty) - j@—ya—y)
= i((fuw) + (@, y) + (y2) + (. y) — i((fuw) —(z,y) — (v, 2) + (,9))
= LUma) 20 )+ (9) — (e — 2e) + (0,0)

= (z,y)
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(b) x,y € V a complex inner product space.

4 4
ZikajLikyHQ = Zik(x+iky,x+iky)
k=1 k=1
4
= > iz, x +i*y) + iy, +i*y))
k=1
4

= Y i*((w,x) + Fa,y) + iy, 2) + FF (y,y))

= Y (@, x) + FiF(x,y) + iy, ) + E ()
>

= O )2y + O D) + O (1", 2) + O i)y y)
0-(z,2) + Hz,y) +0- (y,z) + 0 (y, )
4w, y)

Problem 24. (a) V = M,,«,(F), ||A|| = max; ; |A; ;| for all A e V.
Take A,Be€V and a € F.

(1) |A|| > 0 is clear.
|A|]| =0 < IIZ!%X|AZ'7]'| =0« |A;j]=0foralli,j © A, ;j=0forallijsA=0
(2) [laA|l = max;; [aA; ;| = max; ; [al|A; ;| = |a| max;; |A; ;| = [a] [|A]|
(3)
|A+ B|| = Hllf;X|Az‘,j + Byl
< %%X(\Ai,j! +[Bi,l) < Hzng’Ai,j\ +Hzlg@X\Bi,j\ = [|A[| + [|B]]

(d) V' =R?, ||(a, b)|| = max(|al, [b]).
Take (a,b), (z,y) € V and ¢ € R.

(1) ||(a,b)|| > 0 is clear.
[|(a,b)|]| =0 < max(|al,[b]) =0 |a| =0 =0 a=b=0<%< (a,b) =0

(2) [lea, b)[| = max(|cal, |cb]) = max([c[al, |¢[|b]) = |c| max(|al, [b]) = |] [|(a, b)]]
(3)
I(a; ) + (=, 9)l| = [l(a+zb+y)|| = max(la+ x|, b+ yl)

< max(|a| + |2/, [b] + |y[) < max(|al, [b]) + max(|z], [y]) = |[(a, 0)[| + |[(z, )|



18

DAVID ZYWINA

Problem 25. Suppose that the norm from Exercise 24(d) did come from an inner product
(+,+). Then using Exercise 20 we can recover the inner product. That is for x = (21, 22),y =

(y1,y2) € R?* we would have

1 1
(@) =7 lz +yll* — 2 [l —yl[*.

However, this “inner product” does not satisfy all of the required axioms. For example:

(2(1,0), (1, 1))

2((1,0), (1, 1))

1 2 1 2
1 HQ(LO) + (171)“ - Z ||2(170) - (171)“

1 s 1 2
“ GO ==, -1
DI =110 -1l
1 1 8

33— -1P=- =2

4 4 4

21010 + (L DI = 2 111,0) — (1, 1)

1 o 1 2
~ 12, D] = =(0, -1
N2, DI = 5110, -1)]

122_112:§
2 2 2

Thus (2(1,0), (1,1)) # 2((1,0),(1,1)), and in particular (-,-) is not an inner product.

§NON-BOOK QUESTION

Problem (7).  Prove that (z,y) = .1, 24 + S0 @i¥is1 + Sory Yiiv1 s an inner

product on R™.

The first three of the inner product axioms are easy. Take any z,y,z € R™ and ¢ € R.

n

n—1 n—1

(@+zy) = Y 2zmi+z)ui+ Y (i+ 20+ O vii + zi41)

i=1

i=1 i=1

n n—1 n—1
= (Z 2wy + Z TilYit1 + Z YiTit1)
i=1 i=1 i=1
n n—1 n—1
+(Z 22yi + Z ZilYiv1 t Z Yizit1)
i=1 i=1 i=1

= (z,y)+(2,9)
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n n—1

(cxy) = Y 2ca)y; + i(cxz‘)ym + > wilewin)

i=1 =1 i=1

n n—1 n—1
= C(Z 22y + Z ZiYit1 + Z YiTit1)
i=1 i=1 i=1

= c(z,y)

n n—1 n—1
(y,z) = Z 2y + Z YiTit1 + Z TiYit1
i=1 i=1 i=1

n n—1 n—1
= Z 22y + Z TilYiv1 + Z Yilit1
i1 i1 i1

= (z,y)
It remains to verify the final axiom. As the hint suggests, we express (z,x) as a sum of
squares.

n n—1
(x,x) = Z 227 + Z 20,541
=1 =1
n n—1
— Z 2.%3 + Z ((33'1 + .CEZ'+1)2 — JZ'ZQ — .T?_H)
=1 =1

n n—1 n—1 n—1
2 2 2 2
= 2} 1}‘“‘_2:1}_2 xi+1+§ (@; + Tis1)
i=1 i=1 i=1 i=1
n—1

= 2o+ ) (3 + i)
=1

From this expression it is clear that (z,x) > 0 for all x € R™.

Finally suppose that (x,z) = 0.
Our explicit expression gives us that 1 =z, =0, and z; = —x;.1 fori=1,... ,n—1. It is
then clear that x1 =29 = --- = 2,1 = x, = 0. That is, x = 0, and this concludes the proof
of the last axiom.



