Math 128a - Midterm - Spring 2002

This exam is open book, open notes, open calculator (you shouldn’t need one). The total
score is 80 pts. The number of points approximately indicates the number of minutes you should
spend on the problem.

1) (20 pts) If you invest a; > 0 dollars each year into an account earning an interest rate of
2%, then after 10 years your account will hold f(x) = ;2 a;(1 4 2/100)'°~7 dollars. You'd
like to know the minimum interest rate x > 0 you need so that at the end of 10 years you have
saved at least $10,000. Assume that 2]1-0:0 a; < 10000. First, show how to set up this problem
as a polynomial zero-finding problem. Second, prove there is a unique nonnegative solution x.
Third, show that Newton’s method will converge to the desired z from any positive starting
point.

Answer: The function p(z) = f(z)—10000 is nonnegative if you have saved at least $10,000,
and negative if you have not. Since

e p(0) = 3;%a; — 10000 < 0 by assumption

e p(x) goes to infinity as = increases, and

e p(z) is a monotonically increasing function of x for # > 0 (p/(z) = )¢ ta;(1 +

x/100)°77 > 0 if x > 0, since all a; > 0)

there is a unique z, > 0 satisfying p(x,) = 0, and this interest rate z, is the answer. Identifying
the polynomial zero-finding problem p(z) = 0 as the answer gets you 5 points, and showing that
it has a unique nonnegative solution is worth another 5 points.

Since p’(z) = X5_, %aj(l +2/100)%77) > 0 when = > 0, we see that p(x) is a convex
function when = > 0. By the analysis in class, Newton can behave in one of two ways:

1. If the starting point xy > x,, then the sequence of Newton iterates x; will decrease mono-
tonically and converge to x,.

2. If the starting point 0 < xg < x,, then x; > x,, and we are in case 1 above.

Either way, Newton will converge from any nonnegative starting point. Even though the function
p(z) is not convex for all values of x, it is convex in the region where Newton generates its iterates,
so the analysis in class applies. This is worth 10 points. You lose 3 out of the 10 points if you
just quote the result in class, since p(z) is not convex for all .



2) (30 pts) Consider the program below for computing the dot product d of two vectors x and
y of floating point numbers:

d=20
fori=1ton

d=d+x; y
end

Modify this program so that in addition to computing d, it explicitly computes a floating point
number e that is guaranteed to bound the round off error in the computed value of d. In other
words the true value of d must be guaranteed to lie in the interval [d —e, d+e¢]. (Note: d+e and
d — e are not necessarily floating point numbers.) Assume that roundoff error can be described
by fl(a ®b) = (a ® b)(1 + §) where ® means addition or multiplication, and where [§| < 27%3.
You should be explicit about any assumptions you may make about the size of n for which your
analysis applies. You will get significant partial credit for getting close the best possible e.
Answer: Let d; = Eé-:l xj - y; so dy is the true dot product. Let d; be the actual computed

value of d;. To get an expression for d; modify the loop to read
di = (di—y + (x5 - y) (14 6.3)) (14 01.4) (1)

where |0.;| < e =275 is the error in the i-th multiplication and |§, ;| < € is the error in the i-th
addition. We want to compute the smallest upper bound e that we can on |d,, — aZn] You get
5 points for this fact. Note that each d.; and d;; can independently take on any value in the
range [—e, €] (minus 2 points for not getting this).

At this point there are (at least) 2 approaches. This is the first approach, which most closely
matches the approach in class for a similar problem, computing a sum 7" ; ;. Expanding the
first few d; yields the general pattern

dy = 0
dy = a- y1(146.1)
because no error is introduced by adding do =0
dy = x-y(1+81)(1+6d42)
+2 - y2(1+6.2) (1 + 04 2)
ds = z1-p(1+0.1)(1+d12)(1+0d43)
+a2 - y2(1 +0.2) (1 + 052)(1 + 04 3)
+w3 - y3(1 +6.3)(1 + 64 3)

I

-y (1+0.)1+042) - (14 040)
g ya(146.0)(1+64) - (1+64.)



Fn - Yn(L+0.0) (L + 04.0)
= Z riyi b
i=1

where each Ej; is the product of 1 + 0 factors. You get 5 points for displaying this pattern.
Simplifying we get that d, = >0 (zy:) E; = d,, + >0 (2y:) (E; — 1) so

|y — do| <1 (i) (B — V)| <0 ey (B — 1) = oyl - | Ei — 1]
=1 =1 =1

You get 5 points for this inequality. For the importance of the absolute values, which many
people missed, see below. To proceed, we need to bound |E; — 1].
Note that

=

Ey = (1+461) (A +64,)

7j=2

=

E, = (1+6,)[[Q1+0;) ifi>2

J

I
-

Thus when ¢ > 2, F; is the product of at most n + 2 — ¢ terms of the form 1 4 4, and Ej is the
produce of n terms of the form 1 + 0, where |§| < e. More briefly, we can write that F; is the
product of min(n,n — i+ 2) terms of the form 1+ §. By a result in class, we can therefore write

min(n,n +2 —i)e

B — 1] < ] (2)

—min(n,n + 2 —i)e
as long as me < 1, or n < e ! = 25, which will certainly be satisfied in practice. You get 5
more points for inequality (2) (minus 1 point for missing the bound on n). You get full credit
by replacing % or even the (slightly too small)
approximation ne.

Thus we can use

ne
1—ne

by the common upper bound

min(n,n + 2 —i)e

=1

1 —min(n,n+2 —i)e

You lose 5 points if you miss the absolute values. So the simplest program is thus

d=0
e=20
fori=1ton
e = e+ abs(x; - ;) famee 2 e
end
or even



d=20

e=20
fori=1ton
d=d+x; - y;
e =e+abs(z; - y;)
end
e=¢e- &

1—ne

This program (or a variant with a different reasonable bound on |E; — 1|) gets 4 points.

However, to get a guaranteed upper bound on |d,, — czn| we would need to take the roundoff
error in the computation of e into account as well. One can use the same approach as above
to get a bound on the error in e. Since e is a sum of positive numbers it turns out that the
computed value of e cannot be much smaller than the true value of e. Without doing the
details, let’s just say that we should multiply the computed value of e above by a final factor
of (1 —(n+2)e)(1+4e)/(1 — (n+2)2¢)), which is a tiny bit larger than 1, to get a guaranteed
upper bound as long as (n + 2)2¢ < 1, or n < 252 — 2. If you take all this into account, you get
1 more point.

Here is a second, simpler approach. From (1) we get that

di=di1+ iy + @i - Yi(0.i + 04+ 0.5 044) + 5+,z‘62i—1 =diy+ Ty + 7

~

where Ty = X4 yz(é,z + 5+,i + 5.71' . 5+7i) + (SJﬁidi,l. Thus
‘TZ“ S ’33'1 . yz\((sﬂ + 5+,i + 5.71' . 5+7i) -+ (SJDZ"CL',J S (26 + 62)’33'1‘ . yz\ -+ E‘Cil;l‘ .

Then we write a recurrence for the error |d; — d;| as follows:

A

di —di] = |(dic1 + @i 9:) — (dic1 + 20y + 1)
|diy — diy — 74
< |dicy — dia| + |7
< dicy — dia| + (26 4 €9)| 2 - il + €ldi]

You get 15 points for this recurrence (minus 5 for missing the absolute values). Thus an error
bound (5 more points) is given by e = >, (2¢ +€2)|z; - y;| + €|d;_1|. The corresponding program
(4 points) is

d=20

e=20

fori=1ton

e =e+abs(z; - y;) - (2¢ + €2) + € - abs(d)

end

As before, a complete solution would take the (tiny) rounding error in the computation of e
into account as well (1 point).

Many people forgot the absolute values when computing the upper bound, resulting in a
bound something like n273 "7 z;y;| instead of n27°3 > | |x;y,|, i.e. that the relative error in
the computed d is always small. This is not true: consider the dot product 1-2°%+1-1+(—1)-2%.
The true value is 1, but the computed value is 0, which is a large relative error. This error (=1)
is not bounded by n2723| ", z;1;| = 0 but is bounded by n2753 " | |x;y;| ~ 6.



Parts 2 and 3 were stated erroneously in the exam as given: the upper bounds you were asked
to prove should have been larger by a factor of 2. The statements and answers given below are
correct. I apologize for this error. We took it into account in the grading, where in fact it made
little difference in people’s answers.

3) (30 pts) Let x; = cos %, 0 < i < n—1, be the zeros of the Chebyshev polynomial
T, (z). Let p(x) be the polynomial that interpolates the function f(z) = 2sin(x) — v/3 cos(2z)

at xo, ..., Tn_1-

1. (5 pts) Write down an expression for the interpolation error f(z) — p(x), in terms of the
n-th derivative of f(x) and T, (x).

Answer: From the book or class notes, f(z) — p(z) = %21*’”@”@). Stating the
theorem gets 3 points, and applying it correctly gets 2 points.

2. (10 pts) Show that the interpolation error |f(x) — p(z)| < 22%?‘/5 as long as |z| < 1.

Answer: f(z) = 2fi(2) + V3 - 2"fs(2), where |fi(2)] = | £ cos(2)| < 1 or |fi(2)] =
| £sin(z)] < 1 and where |fa(2)| = | £ cos(22)] < 1 or |fo(2)] = | £sin(22)] < 1, so
1™ (2)] < 2++/3-2" Furthermore, |T,,()] < 1 when |z| < 1. Plugging these bounds
into the answer to part 1 yields the result.

Bounding | ™ (2)| gets 4 points, bounding |T},(z)| gets 4 points, and putting it all together
gets 2 points.

3. (15 pts) Show that the interpolation error | f'(x;) —p'(z;)| < %ﬁ!ﬁ’) as long as |z;| < %

Answer: From part 1,

(L ((2) - 2 (x ™) (z(x
o) pl(a) = LCEL D) grong, gy o LECOD) gicagy

Plugging in x = x; yields f/(x;) — p/'(z;) = MT”’TA(@). The factor f((z(z)) is

n!

bounded by 2 + V32" as before. We differentiate

T, (x) = — cos(n arccos x) = — sin(n arccos x) - 1

dz /1 — 22

so that if |z| < % then |T(z)| < 1- 173 = 2n. Altogether then

(2" 4+/3) -2 427" +/3)

, , 2n
|f' (i) — p'(xi)] < - (n—1)!

n!

as desired.

Differentiating the bound gets 5 points, evaluating and simplifying it for x; gets 2 points,
bounding |7} (z;)| gets 5 points (2 for using 7T,,(z) = cos(n arccosx), 2 for differentiating
this formula, and 1 for bounding it), bounding |f™ ()| gets 1 points, and putting it all
together gets 2 points.



