Math 128a - Homework 7 - Due April 18
1) Problem 8.1.9.
Answer: We will use theorem 2 since it works in this case. Our function f(¢,x) is

flt,x) =t*+¢e°

and our initial value point (¢g,z¢) is just (0,0). So our goal is to find positive numbers a and [ so
that, on the rectangle

{t,2) | t] < a|z] <5}
we have a constant M such that |f(¢,2)] < M and a constant C so that

. B
min(c, M) =C>0.351 .

Since f and Jf/0x are both continuous for all (¢,z), theorem 2 will tell us that there exists a unique
solution on the interval |t| < C, which in particular will mean that there exists a unique solution on
the interval |¢| < 0.351.

First we compute M in terms of o and (. If [t| < a then t? < o? and if |z| < § then e® < €P.
Thus, on this rectangle,

ftx)y=t*+e*<a’+ef =M.

So now we want to find positive o and (3 so that

g

———: > 0.351
a? + e
and then we will remember that we also want a > 0.351 to get
min(a L) > 0.351 .
"a? + e
The simplest thing to do is to plug in § = 1 and hope for the best. When we do this we get:
I6; B 1
a2+ef T al+te
1
3 > 0.351
a®+e
1 > (0.351)a® + (0.351)e
1—(0.351)e
2 _—
@S o351
- [ 1
o —— —e
0.351
= 0.36155...

Thus if we take o = 0.36 and 3 = 1 we achieve the desired result.

2) Problem 8.2.6.
Answer: Differentiating using the fundamental theorem of calculus we get

2'(t) = cos(t + x(t)) + ¢

This is an ordinary differential equation. To get the initial value, note that

x(0) :/(]Ocos(5+:c(s))ds+eo =0+1=1.



3) Problem 8.3.6.
Answer: Here we just calculate all the terms in equation (8) on page 541, with f(¢,z) = Ax.

F1 = h\x
h2\?
h2X\?  R3A3
F3; = (hA+ 5 +T:c
R3X3 hAXA

Fy = (hA+h22%+

5 T )®

and then plug everything in and simplify to get:

1
CC(t + h) = CC(t) + E(Fl + 2Fy + 2F5 + F4)

h2A2 p3A3 piat
= (1
(I14+hX+ 5 + e + 51 )z (t)

4) Problem 8.3.7.
Answer: The point is that we can solve this ODE explicitly. The solution is

z(t) = AeM

for some constant A. Thus
z(t + h) = AT = Mg (1)

The Taylor expansion for e is

R2X2 R3A3 RN
Ah 5
M =1+hAt =+ =+ -+ O(h)

Thus we get
R2XZ R3N3 pAM
2t +h) = (L+hA+ —=+ ==+ = +O(h%))x(t) .




