Math221 Homework # 2 Solutions
Instructor: James W. Demmel
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First proof that [[zy |2 = ||z[|2[ly[|2:
lzyZ (2 = Amax((@y™)H (zy™)) by Part 7 of Lemma 1.7
— )\max(yl‘Hl'yH)
= (xHx))\max(yyH)

The rank-1 matrix yy? has one (eigenvalue,eigenvector) pair equal to (yy, y); plug in to confirm
this. All the other eigenvalues are equal to 0, with eigenvectors equal to any vector orthogonal to
y. Thus Amax(yy™) = y"y and [Jzy™ |3 = ||=[3]y]3-

Second proof that ||zy|ls = ||z|2]|y]|2:
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The dot product is known to satisfy 3 z = ||y||2]|z||2 cos , where 6 is the angle between the vectors

y and z. Thus |y 2| < ||ly|l2]|z|l2, and the upper bound is attained when 6 = 0, i.e. z is a multiple
of y. Thus
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= lyllzllylizllzll2/lyll2 = [lyll2llz]l2
1.13.
Solution: Given an inner product < .,. >, we construct a Hermitian positive definite (h.p.d.)

matrix A such that < z,y > = y? Az as follows. If e; are the unit vectors in C™ then define

Ajj = < ej,e; >. Ais Hermitian (4;; = Ag, by a property of the inner product) and
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<z, y>=< inei,Zyjej > = Zinyj <eje; > =y Ax.
i=1 j=1 i=1 j=1

Also 2 Az = < 2,2 > >0, and AT Az = < 2,2 > =0 if and only if z = 0, so A is h.p.d.



Conversely, if A is h.p.d. then

1) yH Az = 21 Ay

2) (y+ 2)H Az = yH Az + 21 Ax

3) yH Aaz) = ay™ Ax

4) 2 Ax > 0iff z # 0,27 Az =0 iff 2 = 0.
So yH Az is an inner product.

1.14
We prove Lemma 1.5:

lzl13 = X, @il? < (X, |z])? = ||=||3 since (32, |zi])? includes all terms |z;|> and more, so
lll2 < l]]1-

i =30, 1|z < /> 12/ |22 = /i ||z]|2 by the Cauchy-Schwartz inequality.
|2||cc = max; |z;| = \/maxi |x;)? < \/ZZ |zi]% = [|z||2-

2ll2 = /20y |2 < /- max; |22 = Vi - max; || = i |2 oo

2|00 = max; |z;| < 37, |zi] = ||z

lzlly =323 || < n-max; |2 = n - 2] .

1.15

To show that an operator norm || Al|,, = max,+o ||Az|/m/||z], is a matrix norm, we need to check
that it satisfies all 3 parts of Definition 1.7.

| Allmn > 0 because it is defined as the quotient of nonnegative quantities. It can only equal 0
if ||Az||,, = 0 for all = # 0, which can happen if and only if Az = 0 for all x # 0 (since || - ||, is a
vector norm), which is true if and only A = 0.

|- Allpn = maxg || - Az||m/||2]|n = maxg2o |af - ||Az||m/||2]ln (again since || - ||, is a vector
norm), and this in turn equals |a| - max, 2o ||Az||n/ ||zl = o] - | Allmn-

1A + Bllmn = maxazo (A + B)z|n/[lz]ln = maxeso [|Az + Ba|m/||zlln < maxgzo(([Az{lm +
|Bz||m)/||z||n since || - ||lm satisfies the triangle inequality. This last expression is in turn at most
maxy,-q [|AZ||m/[|2||n + maxy.o || Bx||m/||z||, since maximizing over the two parts separately can
only make it larger. This last expressions equals || Allmn + || Bllmn-

1.16.1.

|All = max,+o Hﬁm” so ||A]l - ||z|| > ||Az|| for « # 0 and is also true for = 0. For the Frobenius
norm from Cauchy-Schwartz we have:
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for 1 <i<mn,so
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Le. [Allrllzllr = Azl F.

1.16.2. For an operator norm, let x be such a vector of norm 1 that ||AB| = ||ABz|. Then
|AB| = ||A(Bx)|| < ||A|ll|Bx|| < [JA|IIB]|||z|| = ||A]|||B]|. For the Frobenius norm we have

n 2 n
(Z aikbkj> < <Z ) (Z bk;) , by Cauchy Schwartz, so

k=1 k=1

ij=1 i,j=1 ik=1 4 k=1

ie. ||AB|r < ||Allp|B|lF-

1.16.4.

If @ is a unitary matrix, then ||Qz||2 = ||z||2 for any x, by the Pythagorean Theorem (rotating a
vector does change its length). Thus

AZ AZ AZ A
(0AZ] — max 19AZal> _  AZ2)y _AZals Al
oo el w0 el e [Zzl v Dyl

= [lAll2
Next, again using [|Qz||2 = ||z||2,

1QAIF =Y 1QAIE =D 1143 = Al

where A,; is the i-th column of A. Now apply the same result to Z¥ and (QA)¥, and use || X | p =
X

1.16.5.

[Alloe =

HAmHoo 7 n
= max [Az|c < Juax E |aijl.
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We can pick x; = sign(a;;) for the row that maximizes the above sum.

1.16.6.
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Both inequalities become equalities if we choose z; = 1, where j maximizes the above sum, and
other z; = 0.



1.16.8.

First assume A is square. [|Allz = v/ Amax(AHA) = /Amax(AAH) = ||AH |3 since the nonzero

eigenvalues of XY and Y X are identical, for any square X and Y. This is enough for full credit.

We reduce the case of nonsquare A to the square case as follows. Suppose that A is m-by-n
with m > n. Let A be a square matrix obtained by attaching m —n zero columns to the right of A:
A = [A,0]. Tt is easy to see from the definition that max,o ||Az||a/||lz]ls = maxs.o | AZ||a/||Z]|2,
and the maximizing & for Ais gotten by adding m — n zeros to the end of the maximizing x for A.
The 2-norms of A# and A¥ can be similarly seen to be equal.

1.16.10.

Using Lemma 1.5 we have ||z||2 < ||z|1 < /n||z||2. Then for all z # 0
|Aalle _ [ Aly _ viilAay
vallzlle = llzlle = llwll

Bl _ Al Vallddls
220 Vilellz = w0 [zl w0l
n~ 2 Al < Al < 02 Al

1.20.2

Let p(z) = anz" + ap_12" ' + ... + ag. Consider the perturbed polynomial p(z) = allz" +
all jan=t 4 .+ all, where all = a;(1+¢;),le;] < e < 1. Let p(r) = 0 and p (r(1 + )) = 0.

Then
n
= Z + 61 1 + O[)

Assuming |o| < 1 and linearizing (i.e. taklng the first 2 terms of the Taylor expansion)

n n
0= Z air' (14 e;)(1 + i) = Z a;ir' (1 4 e; +ia) plus smaller terms that we ignore
i=0 =0

= p(r) + arp(r —i—Za,rez—arp 4—2:%7"6Z
=0

Yisoairter| _ itglair]
rp'(r) T ()]
So we may call ¢(r) the condition number of a root r. The root (nearest r) of the perturbed

polynomial will lie in a disk centered at r with radius ¢(r) - |r| - e
Here is the code to be added to the end of Polyplot.m in order to plot those circles:

Therefore

ol =

e=c(r)-e

radius=e*polyval (abs(p),abs(r)) ./abs(polyval(polyder(p),r));
z=[0:0.001:2%pi];
for i=1:size(r,2)

plot(real(r(i))+radius(i) .*cos(z),imag(r(i))+radius(i).*sin(z));
end



1.20.3

If r is a multiple root we have p'(r) = 0, so ¢(r) = oo. Let p(x) = q(x)(x — r)™. For a slightly
perturbed polynomial p(x) — g(x)e = g(x)[(z — )™ —€]. If r + dr is a root of this polynomial, then
(6r)™ = € and |67| = e[/ ™.

If € is about the order of machine epsilon the number of guaranteed correct decimal digits is

|6|1/m

—log; = —logyg W

r ‘

Thus we expect the roots with multiplicity m to be computed with about (1/m)-th of the maximum
number of significant digits. For example if machine epsilon is about 10716, so that the maximum
number of significant digits is 16, we expect double roots to have at most about 8 digits correct,
quadruple roots to have 2 digits correct, and so on.



