Math221 Homework # 6 Solutions

Instructor: James W. Demmel

October 10, 2009

Prob. 3.3

(1) We have r = b — Az, ATr = 0. Therefore ATr = ATb — AT Az = 0, i.e. z satisfies the
normal equations of the least squares problem.

(2) Write the SVD of A = USVT where U is m-by-m and orthogonal, ¥ is m-by-n with
> = o; and its other entries zero, and V is n-by-n and orthogonal. Then the m + n-
by-m 4+ n symmetric matrix H may be written
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The eigenvalues of H and S are the same. By permuting the rows and columns of S in

theorder I, m+ 1,2, m+2,... n,m+n,n+1, n+ 2,..., m we get the similar matrix
below, which is block diagonal:

S1
pPspT =
S

Here P is the permutation just described, blocks Sy through S,, are 2-by-2 with

1 o
5=l 5

and blocks S, 11 through S,, (if m > n) are 1-by-1 and equal to 1. The eigenvalues of this
block diagonal matrix are just the union of the eigenvalues of the diagonal blocks, namely

/ 2
Agi = &# fori=1,...,nand A\py1 =--+- = Ay, = 1. It is easy to see that A\;; > 1
2
and A_; <0, so the largest eigenvalue in absolute value is Ay = %, and smallest

. : : 1—/1+402 : .
eigenvalue in absolute value is A\, = —5—". So if m = n, the condition number

. 1+402+1 . " .
of H is /\/\“ = L~ and if m > n the condition number of H is % =
—A-n V1+402 -1 min(—A—y,1)
1+402+1

min(\/1+40',2171,2) ’



(3) Doing block Gaussian Elimination

a=[ g o= 0] 8 il

and inverting yields
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The (2,1) entry is the Moore-Penrose pseudo-inverse of A.

Prob. 3.4
|Az — b||Z = (Az — b)TC(Az — b) = (Az — b)T LT L(Ax — b) where C = LT L is the Cholesky
factorization of the s.p.d. matrix C.
So ||[Az—b||Z = ||L(Az—b)||2 = ||LAz—Lb||2, the normal equations for which are (LA)T (LA)x =
(LA)T Lb which is equivalent to ATC Az = ATCb.

. . I A r b .
The formulation analogous to problem 3.3 is to solve { ATC 0 } { . } = [ 0 ] This re-

sultsinr = b— Az, ATCr =0, i.e. ATCAz = ATCb - the normal equations as above. We can

make this matrix symmetric by multiplying the first block row by C' to get [ Ag C C(’)A } [ ;; ] =
[ Cb ]
0
Prob. 3.9
(1) (ATA) L =vy2yT
(2) (ATA)1AT = vy-tUT

(3) A(ATA) L =Uux-tvT
(4) A(ATA)7LAT = UUT (note that UUT # I unless m = n).

)
)



Prob. 3.12
We can write the SVD of A in two ways: A = UpX AV;{ where Ua4 and V4 are both square
and orthogonal and ¥4 has the same dimensions as A, and as

a1 O

AZUAZAVEZ [UA17UA2]' |: 0 0

] Va1, Vag]' = U121V

where . 41 is square and nonsingular. Depending the dimensions of A and whether it is full
rank or not, some blocks in the above factorization may be missing. These factorizations make
sense for any dimensions of A. This lets us write the pseudo-inverse of A as AT = Vy; EHU;&,
whether A has full rank or not. We use similar notation for the SVD of B. Now we can write

|AXB - C||3 = |UaZaViXUpSpVE - C|%
1S4(ViXUg)Sp — UL CVE|E
1Z4(X)Sp - C||7
X1 X2 Cii Cri2 |2

= izl R e QG e

where X;; = VI XUg; and Cy; = U, X Vg,
— [ EAlXHEBl 0 ] _ [ C:'n (?12 ] ”%

0 0 Ca1 Cao

= [|ZaiXuZp — Cullf + [Crallf + [Con I3 + 1| Coz |7

This is clearly minimized when the first term is zero, i.e. Xn = Z;%CA’HEE. The other
blocks of X (Xlg, X5 and ng) are arbitrary, but since

1X N7 = X7 = 1 XullF + |1 X2l % + | Xo1 7 + | X2l F

the norm of X is minimized by choosing Xlz =0, Xgl =0, and ng = (. Call this minimal
norm solution Xg. Then

Xy = VuXoUp
Sacng o

_ T
= Va 0 o |VB
= VS 1CuX5iUE,

= VaS ULCVei S5 Ub
= ATCBT

has the same minimal norm as X as desired.



Prob. 3.13 When A is full rank, so that A™ = (AT A)71 AT we can write

e A-AT- A=A (ATA)1AT . A=A

AT A AT = (ATA)TAT - A . (ATA) AT = (ATA)1 . (ATA) . (ATA) AT =
(ATA)1AT = At

At A= (ATA)TATA=T=1I"

(A-ANT = (A (ATA)TAT)T = (AT)T(ATA)"TAT = A(ATA)1AT = A - AT,

When A is not necessarily full rank, we have to write A = ULV7 and then AT = VX+U7T

where 1 = diag(c},...,o;") and o = o, if 0; > 0 and 07 = 0. Plugging in we get

e A AT A=UxVT.VStUT . USVT == USST2VT = USVT = A, since (X-37-%); =
Ui-aj-aizami_laizai ifo;20,and 0-0-0=0if g; = 0.

e AT . A At = VxtuT . UuxvT . vetuT = vEtestul = vStuT = A*, since
YTYYT = ¥+ for analogous reasons as before.

e AT A=VStUT.UsVT = VEt2VT = VDVT where D is diagonal with D;; = 0} 0; =
1if o; # 0 and D;; = 0 if o; = 0. This is clearly a symmetric matrix as desired.

o A- AT =UXVT . VvetUT = USStUT = UDUT, with D as before. This is also clearly
symmetric as desired.

Prob. 3.15
Solution via QR: Let AT = QR, Q n-by-m and orthogonal, R m-by-m and upper triangular.

A is of full row rank so AT is of full column rank and therefore R is nonsingular. Write

AT = [Q, Q" [ ? } =Q [ g ] where Q is square and orthogonal, so A = [ RT 0 ] Qr.

. . T
Then Az = b is equivalent to [RT 0]QTz =b. Let y = QTx = [ S/T:; ] = [ Z; } So we
2

solve Az = RTy; = b and gy, can be chosen arbitrarily. Therefore the solution x = Qy =
Qui + Qy2 = QR™Tb+ Q'ya can be anywhere in the (n — m)-dimensional set

P= {QR_Tb + Q'ys such that yo € R"_m}

Since ||z = [[yl = lll3 + ly2l3 = IR"TBI3 + lly2l3, the minimum norm solution is
obtained when 3 = 0, namely z = QR™Tb.
by

Solution via SVD: Write AT = UXVT = [U,U’] [ 0

] VT, where [U,U’] is square and
orthogonal. Then
|Az = blly = |[VEUTz —b|ls = |2UTz — VTb|2
is 0 when UTz = R7'W7Th. Write 2 = [U,U'ly = [U,U’] [ ‘Zl ] = Uy; + U'ya. Then
2

UTe =y =3""VTband |[2]3 = [lyll3 = ll1ll3 + lly2ll3 = 157'V7blI3 + lly2l3 is minimized
by choosing yo = 0, i.e. . = Uy, = ULV 7.

Solution via normal equations: Write * = z; + x2 where x; is in the space spanned
by the rows of A and xo is orthogonal to this space. Then z; = ATy for some y, and



Ax = A(xy + x9) = Azy = AATy = b exactly when y = (AAT)"1b and 2 = AT(AAT)" b,
Furthermmore, |23 = ||z1]|3 + ||z2/|3 is minimized when x5 = 0, so z = 71 = AT(A4AT)~1p
is the minimum norm solution.



