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with a*(M,") = (I”‘“”’“IP.,H o P, I""‘j;;P Ly lPi+1)- Now yq.
arrange the rows of M{" to produce M;", where @ (M )= T Py, - Py
I ‘P.,+2 , +*+ , Pips). By the derivation of M, P " from M; i, we have ’

( __1)(".—7') (nwr—a')ci [ S VIC TIRE rﬁcsg_.l-hl)(n- H_ﬂ@(Mj) - @(M ”') ( 1 )

We now consider the four cases of the lemma. Suppose first that 7 < nie . Let Ag
be the matrix obtained from M,” by delcting the first n; — nye = 8 + din rc;.‘;.vHq
and columns. Clearly Q(M,™) = 8$;{Pia, Poye) and (M"Y = ¢hfhie. QM 3,
since the first & + 8.1 diagonal elements of M " are ¢i and only zeros oceur belﬂw
these diagonal elements. Cornbining this with (1), and using G(M;) = $;(Fi, Piyq),
we obtain (a).

Now assume j = #i;42 . Then

deg (I“i"l_jan‘ 2) = (ni-l-l _‘J — 1) + Niyz = Nip1 — 1

and hence M, is a triangular matrix whose first n; — j diagonal elements are ¢y, 4
and whose other n:y — 7 diagonal elements are ¢4z . Henee

" - - 48 ] -1
G(M.i ) = Caﬂiljcﬂil j—Pﬂ-z = C;?l‘“cz'ﬁ' P.'.}.g.

Setting 7 = n4yq in (1), we have
(1) e DS g (P i) = (M"Y = 3RO P
Since (—1)@ b — ( CHs o d 5 4 By — (84 Do = — 66 — 1),

we obtain (b). )
Assume 7 = #igy — L. Then @ (M”’) = (I"'Piy, -+, Pi, Piya). Hence

"

M;” is triangular and G(M,”) = 5P, . Setting j = nsn — 1in (1), we have
(___1)5.'-‘-1 (5|_.1+1) 5 H‘S,(Pg , PH-l) e @(M ) — 01+1 P1,+2 ,

from which (e) is obtained.
Finally, assume nyp < 7 < 1441 — 1. Then

deg (I™ "7 7'Pyn) = ngpn — § — 1+ e = (o — 1)+ (Mo — §) < g — 1,

and nga—j > 1. Hence, M, is triangular and the (n; — j - 1)-th diagonal element,
which is not the last, is zero. So @(M,;”) = 0. Then, by (1), &(M;) = 0, estab-
lishing (d).

LEmMa 2. et Py, Py, -+, Pibea reduced pr.s. Let c; = £(P)), ni = deg (4D
and b; =n; —nua . Let2 < v <k — 2and seba, = 2 imt (i — 7) (i — J), where
0 gj < Mgt » Then

8;(Py, Py = (___l)fr I:II C‘;'ﬁi_x(ﬁi-l)] c":(ﬁru:ﬂ)(nrn"*i)sj(Pr’ Poa).
2=3
Proor. BSetting 7 = 1 in Lemma 1 yields
8;(Py, Py) = (_]_)(m—:'J(nr:‘)'c:z—calﬂ)(ng—ﬂ-{-al-mg‘Sj(Pz P).
Since — (&4 1)(na —7) + o+ 8= —(8+1)8 — (&1 L(ns—5) + 8 + & ==

—61(8s — 1) — (& + 1)(n3 — 7}, this proves Lemma 2 for r = 2. Assume Lemm.&v 2
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holds for 7 and that v + 1 < k — 2. Using Lemma 1 with 4 = r, we have

7

§{(Pi, Py = (=1)7 [H c?“*“f*”] G Gl P Py

i=2

.
= (~i.)"+(“"’)""+1‘ﬂ.[q (}?6"‘1(31“1)]
A

R C—(ar._ 1D (ﬂrq.]—‘f)'{"wf_]_‘f'l) (ﬂr+1—j)
r

—(8p 1) Ry oy D818
“Crp1” e ’ r+l'§5(PT~H: Pr—+-2).

Since
o + (nr — ) (Rpt — J) = orpa
and
=& + 1)y —J) F 8+ S = —(8 4 1)dgs — (& + 1) (Rpz — )
8 b = —8(bes — 1) = (b + D){nrge — ),

this shows Lemma 2 holds for #+-+1. By induction, this completes the proof of
Lemma 2.
TrrorEM 1. Let P1, Py, -+, Py be o reduced pas. Let ¢; = &(P), n; =
deg (Pi) and §; = n; — iyl » The’n
(a) 8u(Pr, Po) = (— 1)'”[Hf:; ;G R-TE phere o = 3 ok NNyt
+ (4 E)ne
(b) Sm_nlPr, Pa) = (—D™MI[ZE ™1 where 7 = 2058 navin +
(m + k) + 1);
(e) 8(Pi,Pa) =0 forme <j<mpy— 1
Proor. If &k = 3, these results follow by setting « = 1 in Lermoma 1; hence we
may assume k > 4. Setting» = k — 2andj = n, in Lemma 2, we obtain
k—2

S (P15 Pz) = (=1 [H "‘5"““"'“]cﬁ‘—?*“*“‘““sn,,(PH, Piy),

]

where
k—3
@ = 2 (n = m)(nia — ma).

Setting 7 = k — 2 in (b) of Lemmna 1, we obtain
snk(Pk—ﬂ 3 Pk—l) =

Combining these two equations results in
k~1

(i, P) = (~1)- [ 11 076"""“”} SR

=2

So1llp—3tl) —dx_a(lk_1—D ti-1—1
(_1)(Bk-e+l)5k._1€k£21(k 2 )ck—’{ 20k Ckl‘ =ip, .

where
8

= ; (n: — e} (Rep — Nz) b (Bre + 1)50x .
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Using “=" to denote congruence modulo two,

k—3
o) = Z (ni — Tiz{g)(’fb,‘.{.], — nk) -+ (51;_2 + ak—l)‘sk—l
=]

&2
y (ne — 1) (msga — )

Hit

==

] b2 h—2

= Z Rt + M Z g -+ M Z;,ﬂw-l + (k h 2)1"!1:
i=1 i=1 i=
k2

k-1
= lnmm + ne(r + e + 5) = Z;ln-;nm + (ng + k)ar = ok,

fo

proving (a).
Setting r = k — 2 and j = npy — 1 in Lemma 2, we have

e

S t(P1, ) = (“Uﬁ [111 ﬂrai"ltﬁiul)] C;—(gkgsﬂlr‘i’nkﬁl—l(f)k_z ; Pk-1),
=

where
k—3

g = _Zl (1 — 21 4 1) (g — g + 1),
Setting i = &k — 21in ( ¢) of Lemma 1, we have
Smsct(Pros, Par) = (— 1) Mgty "Py
Combining these two equations results in (b) except with
k—3
B = Zl (ni — Mg + V)0gpy — mpa + 1) + o2 + 1
=

in place of 7 . However,
k=3

By = zlnm¢+1 4 Oty =+ 1)y + npa) + (b — 3 (e + 1) + Mz + 1 + 1

k=2

ijlnmm o+ gy 4 g+ e + (B4 Di(nges + 1) + 5pe + (7 + 1)

(i

k—2

= Z;lnmm D+ E+1+1) =7,

proving (b).

Assume 7y < § < M — L. By Lemma 2, with r = k& — 2, $;(Py, £5) ~
8;(Pi_s, Psy) and by (d) of Lemma 1, with 7 = k — 2, $;(Pes, Pia) = 0,
proving (c).

Corotrary 1.1, Let Py, Py, -+, Py be a reduced pr.s. Then P; € ®(g) for
1<iLk

Proor. By induction on k. For & = 3, the corollary holds by the definition of a
reduced p.r.s. Assume it holds for &, and let P, Ps, - -+, Pra be a reduced p.r.s.
Then Py, Py, -+, Py is a reduced p.r.s. so, by hypothesis, Py, Py, ---, P €
®(d). Henee, ¢y , ¢z, -+, & €£4. By (b) of Theorem 1,

Pl
Pry = = [112 Gg"“l(a"ﬂ)] Sup—1( Py, Pa).
=
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Bub Su— & ®(9), and 8208 — 1) 2 Ofor 2 < i < k — 1. Hence Pry € @(4).

Conortany 1.2. Let Py, Pz, -+ -, Pi be a complete reduced p.r.s. Then every non-
sero subresultant of Py and Py is an associale of some P .

Proo®. Let ${Pi, F:) be any nonzero subresultant. Then ny = 0 < § < na.
Henee, for some 4, 3 < ¢ <k, % <j < ny. Now apply Theorem 1 with k& =1.
By (¢) of Theorem 1, j = ni0rj = n;0 — 1, since $;( P, P2} # 0. Hence, by (a)
and (b) of Theorem 1, 8P, Py) ~ P,

Cororrany 1.3. Let Pi, Ps, -+, P, be a normal reduced p.v.s. Let Py, Ps,
8z, -+, Sk be a subresullant p.r.s. Let ny = deg (P;). Then Py = (—1)fminatg,

Proor. By definition of a subresubtant p.r.s., Si = 8u,_,a(P1, Pz). By nor-
mality, 8, = 7; — nya = Lfor 1 <4 <k — 1. Now apply (b) of Thearem 1, noling
that nae is oven for 1 < ¢ < k — 2 and that ny = %2 — (k — 3).

CoronrAny 1.4. Let Py, P, ---, Py be a normal complete reduced p.r.s. Then
P, is the vesultant of Py ond Ps .

Proor. Apply (a) of Theorem 1, noting that each & = 1, each nai Is even
and . = 0.

Theorem 1, part (b), provides an algorithm for computing any term, Sy , of a sub-
resultant pors. Py, P, 8s, -+, 8e, -+ . Namely, onc may compute the reduced
p.rs. Py, Pa, oo+, Prand then divide P, by (—1)™- E 1Y, However, we
now seek to obtain a direct method for computing the subresultant p.rs., i.e., a
method which provides a formula for 8, in terms of Py, Pz, 83, -+, S without
recourse to the reduced p.r.s. To this end the following lemma is first proved.

Levma 3. LetPy, Do, -+, Pibeaprs.in®(F). Let¢; = £(Py), ni= deg (P,
51' = ¢ — N1 Let P;; = (_1)31_@(13] R Pg) G,’Rd

Pia = (=D [ 11 d] G, Pan),
Fe=l

for 2 < ¢ < kb — 2, where the ¢; and fi; are arbitrary integers. LetPy Py, Ss, -, 8
be o subresultant p.a.s. Let

k—2 -3
ge = El Miliss + (nl + k}(nk—l - 1) -+ Z:; 6~;(?’L{+1 - Npa + l)
and
r—2
ha = 8a(8; — 1) + Z fi( g — e 4+ 1)
i
Then

—a
Po = (—1)% [_II } S \

=3

Proor. By generalizing the proof of Lemma 1 to apply to the prs.
Py, Py, -+, Py of the present lemma rather than the reduced p.r.s., we obtain in
place of (a) of Lemma 1 the following:

S;;( P, , P-Er}»l) = ( _1)(ﬂi“3‘)(n£+ \—dtesng g1

. G‘Eﬁ;_ (NI TS c:ial5+l)(ﬂi+1*f)+5i+5i+l (2}

i —(niqp1—3) ) N .
. I:H c{;?:] -53;( P’H-l , P.;_*.g) tor 7 < Tirn
p—2
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Similarly, in place of (¢) we obtain:
P —1
31'([)1‘ , Pi+1} — ( __1)5;'14-#131' _c?i—r*'l. [IIQ c;l'pjl 'Pl'-‘r-ﬂ for .7 = Ryr — 1, (3)
o=
Now we carry out an induction as in Temma 2 and obtain;

"
Sj(Pl , PE) - ("‘"1)“" [H C:&gul(ﬁ.ml)] _C:'(S,._1+13(n,._;_;v;')
=2

r—1
: [:H CFE;:})‘F"(“H' l_ﬂ] '51'(1)1' y Pr+1) (4)

=8
for 2<7r<k—2 and 5 < mey,

where

-1

r—1
gy = ZE; {ne — §) (i — 7) + ;es(nm — 7).

Asin the proof of (b) of Theorem 1, we now set7 = & — 2in (3andj=n,4—1
and r = k — 2in (4), obtaining:

k2 -1
Snk_l—l(Pk—i , Pk—l) — ( __ 1)5):-—21'1"‘“0};.-2 . c;:k__zﬂ-l_ [H c{k-.-z.-':l .P, ; (5)

2=

o
_ —Fs PR — _

Sk = (h_l)v‘k 2, [I I & t-1(8; n]'ekj-gk FENS]

i=g
T (®)
k=S pii g a—np D)
'[I. [ efimilinieimnis ] “8m1-1(Pas, Pa),
=
where

k—3

k=
Gpp = £§ (i — e+ D{ngs — 2ea + 1) + Z_;lei(ﬂm = g+ 1).

Combining (5) and (6) and simplifying the exponent of —1, modulo 2, yiclds
the conclusion of Lemma 3.

We now seck to so determine the e; and fi; of Lemma 3 in such a way that the
prs. Py, P:,---, P, of Lemma 3 coincides with the reduced p.r.s.

P1, Py, 8, -, 8, if possible. A sufficient condition for this coincidence is, by
Lemma 3, that
r—2
gr = Enmm + ( + ) (A — 1)
r—2

+ ,Z;ef(”fﬂ — ey + 1) =0mod 2) for 3<r<h
and

r—2
Bir = 8a(8: — D)+ X fulrpa — s + 1) =0 for 2<i<r— 2 k-2
=

s

Setting gs = 0 we have nine + (1 + 8)(n2 — 1) + e(ng — ma + 1) = 0 and ;
hencees = n; + na + 1 = 8; + 1. Now we notice that Gral — @ = Nty + 713651
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4 e ‘j‘ we 4+ 1 275;%95&4 + €.1. Hence if gr = o1 = O then e, =
fal 2 imier + o on, o) 4+ L Sefting v = 3 in this formula, we oblain
a=b(b+1lta+n+3) +1l=8n+n) +1=8641=4a7+ L Sini-
larly, setting 7 = 4 we obtain e; = & + 1. 8Set ¢; = 8, + 1 for all 2. Then

ge = (my + v) (Mg — 1} + ; i + (8 + 1) (i — ney + 1))
= (ﬂl + T)(nr_l ‘+‘ 1) + 2;;_ [’n—i(nrAi -+ 1) '+‘ ('n,-.,.l + 1)(71,@_;“1 + Nry + 1)]

r—2

= (m+r)(n + 1) + ; (n: 4 iy + D (fey + 1)

= (ma + 1>[£m F ) T Ot e+ 1)]

= (et D42+ 0+ na + 1) = (R + Doy = 0.

We now make a similar determination of the f; . Setting r = 7 4 2, we obtain
higpz = 8i1(8i — 1) + fi:. Hence ki ja = O implies fi; = —8,4(8; — 1). Setting
P=1 + 3, we obtain h-,;,;:.H; = 57;"1(5,: b 1) +fi7;(_5;'+1 + 1) +f|'+|,,i ' HE:IICE h;‘,&,‘,a =
bijpz = 0implies firy s = —8ia(8c —~ 1) + 8ea(8e — 1) (s + 1) = 8 1(8: — 1)duas .
Similarly, setting r = ¢ + 4, we obtain §;(8 — 1) + fildus + Sie + 1) +
fs+1,i(5£+2 + 1) +f-i+2.z‘ = 0)

fing = —8:a(8; — 1} + 8:a(ds — 1)(8en + 42 + 1) — 8:0(8i — )6eya(disa + 1)
= §ialdi — 1)(~1 + 8upa + diga + 1 — Bizabive — Sia)
= =8 a(8 — 1)}($i1 — 1o .

Assume fi; = —8.4(8: — 1) and fiym = (~ 1" [T15577" (8 — 1)) 6iym . Then,
as shown above, h; 542 = 0. Assume by, = G andr > 7 + 2. Then

r—32 r—5
hirir = by 4 by iji + frai = 8 Zf:’i + frai.
=t =i
However, one can easily show by induction that
r—2
Br1 Efji + fra,i = 0.
7=t

Hence hi»a = 0 and, by induection, b = 0 forall» 2 ¢ 4 2.

This completes the proof of the following theorem.

Theonem 2. Let Si, 8, -, 8 be a subresultant pr.s. Let ¢, = £(8),
ni = deg (8:), 8 = i — Nip1 - Sebfu = —8ca(d: — 1) and fors = (—1) oy
QI (8~ 1)) bspr, fori> 2, v > landi+r <k — 2. Then

8y = (~1"R(8:, %),
and
Bitg = (—~1)"" [II c’;"'] TR R(8, Sin)
=9

for2 <4<k — 2.
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3. G.C.D. and Resullant Algortthms

As already mentioned, Theorem 1 provides new algorithms for computing resultan
and greatest common divisors of polynomials in any number of variables with o
efficients from any integral domain 4o provided, of course, that we have availah)
aigorithms for the arithmetic operations in do. If 741 is the number of varighle
then in applying Theorem 1 we rewrite our given polynomials as univariate poly
nomials in one variable with coeflicients which are r-variate polynomials and tak
4 = () in Theorem 1. Although other choices are undoubtedly of interest, in th
present paper we consider (with the exception of 4 few remarks) only the case wher
4y is the integral domain of the integers.

First, eonsider algorithms for g.c.d. calculation. Let P(z, -+, 2., ¥) be a poly
nomial with integer coeflicients in v+ 1 variables, » > 0. Let

P(I]:"'v‘ri‘x'y) = ;Ai(:vly"'sxf)'yi'

Applying induction on r, we may assume that we can compute 4 = go
(Ao, A1, -+, A,}, since for v = 0 we have the familiar Euclidean algo
rithm for computing the g.c.d. of integers. 4 is the confen! (with respect to y
and we write 4 = cont (). We can then compute P = P/A. Wecall P the proms
tive part of P (with respect to y) and write P = pp(P). P is primitive ( with respee
to y), L.e., any common divisor of itscoefficients Aq, Ay, -+, A, {4, = A:/4)
unit of gofay, -+ -, ] = #'( o). Of course, the only units of ®(4,) are 1 and —1.

Now let @y, @2 be nonzero elements of ®™'(49) and suppose we wish to comput
€ = ged (G, @) First compute A; = cont (@) and P; = pp(Q,), for 7 = 1,2
then A = ged (41, 4:). It now suffices to compute P = ged (P , P2) sine
@ = A-P,and we know that P is primitive. Let n; = deg (P;). Since ged (P, P,
= ged (Py, P1), we may assume 7y > ny . We may also assume ns > 0 since other
wise P = 1. Now let P, Py, --- , P; be any complete p.r.s. The standard proo
(see, for example, [3, Ch. XVI]) easily generalizes to show that P = 1if P, = 0
and P = pp(Pia) i P = 0.

We thus obtain, for each specification of an algorithm for computing a complete
prs. P, Py, oo - | Py starting with given primitive polynomials P; and P, , 8 g.ed
algorithm. We now consider four such g.c.d. algorithms. Perhaps the most natursl
most obvious and most commonly used algorithm is the Fuclidean algorithm, ob
tained by taking Py, Pa, --- , Py to be the Buclidean p.r.s., generated aceording fc
its definition.

Nowlet Py, Py, -, Py bea primitive p.r.s. which begins with Py, P , i.e., a p.rs
in which each P; is primitive. We distinguish two algorithms depending on how
such a p.rs. is generated. The simplest generation method is given by
Piy = pp(R(P;, Pin)). We call the resulting g.c.d. algorithm the primitive p.r.8
algorithm.

In the Arrax system [2], the successive terms of a primitive pre.l, Py, - F
are generated in the following more complex way. The operation p of Section 1 is re-
placed by an aperation 5. Let m = deg (P) > n = deg (@) > 0, a = £(P),
b =£(Q).Lete= god (a,b),a = afe,b = bjc. Then 5 (P, Q) = pp(bP — aI™"Q).
Now define (P, Q) = P and, inductively, 5(2, @) = 5(5(P,Q), Q). Then
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Puz= 5 (Pi, Piyt), wherek = 7{P;, Piy1), and this describes the method used in
Arpax. The g.c.d. algorithm so obtained will be called the Arpax algorithin,

The fourth g.c.d. algorithm is obtained by taking Py, P, -+, Pi to be the re-
duced p.r.s. which starls with £,, Ps, generated according to its definition, and
we vall this the reduced p.r.s. algorithm.

Iach of these four algorithms has been programmed for the IBM 7094 computer,
within the framework of the PM polynomial manipulation system [4], and hence their
implementations do not differ in any essential details. Each algorithm was applied
to a set of 7 pairs (Py, Qu), + -+, (Pr, @) of univariate polynomials and a set of 5
pairs (By, Ss), -+ -, (B:, 84) of bivariate polynomials, each algorithm being applied
to the same polynomials (except that some algorithras were too inefficient to do
some problems in & reasonable amount of time), Each P, , and each Q. , is a poly-
pomial of degree 5% with random integer coeflicients of two decimal digits, Le.,
chosen at random (with uniform distribution) from the set {»: {n| < 99}. BEach
E:, and each S, is a polynomial of total degree k with random one-decimal-digit
coefficients. Thus Ri(z, ¥) = 2 seio0yzy’, with a; € {n: {n] < 9}, has
(k + 1){k + 2)/2 terms (a few of which may happen to be zero). Not surpris-
ingly, each pair proved to be relatively prime.

Table 1 gives the computing time required by each algorithm to compute the
g.c.d. of each pair of polynomials to which it was applied.

We now add a few remarks tending to explain and interpret these results as well
as to provide a basis for extrapolation.

Assume the Euclidean algorithm is applied to two univariate polynomials Py and
Py, both of degree n, whose coefficients are approximately d decimal digits long,
and assume further that the Euclidean p.x.s. PPy, Py, - -+, Pp 1s regular (which ex-
perience shows to be the typical case). Then the coeflicients of P will be approxi-
mately 2d digits long, those of P, approximately 3d digits long (since r(Ps , Ps) = 2),
those of Ps 124 digits long and so on. In general, if the coefficients of P, are u;
digits long, then approximately %2 = 2w: + u;. Hence, approximately, u; =
(14 V2! d, 14 +/2 being the dominant root of z* = 2z + 1. Thus, for the
Euclidean algorithm, the lengths of the coefficients increases exponentially and
henee so does the computing time, a similar but more complex analysis applying
for multivariate polynomials. We estimate that the computing time in Table 1 for
applying the Euclidean algorithm to the univariate polynomials of degree 15 would
be of the order of one week, and would produce integers about one million decimal
digits long!

Tor the other three algorithms the situation is entirely different. Let P and P; be
univariate polynomials of degree n with integer cocfficients not exceeding d
decimal digits. Let P1, P2, 83, - - , Sk be a subresultant p.r.s. for Py and P» . Each
coefficient of S, is the determinant of a matrix of order 2(n — ms1 -+ 1), each
clement of which is a coefficient of Py or Pa . By Hadamard’s Theorem {5, pp. 78~
79], the absolute value of this determinant docs not exceed 1Tk
(2(n — mg_y + 1))* ™', Thus the coefficients of S; are at most (n — ey + 1)-
(2d + logio 2(n — 7 + 1)) decimal digitslong. If Py, Py, ---, P, is the cor-
responding primitive p.r.s., the same bound applies to the coefficients of Py , since
8, = P, for some integer a; . As already noted, both the ALpak algorithm and
the primitive p.r.s. algorithm compute the primitive p.r.s., but in different ways.
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TABLE 1. Compuring TiMes 1¢ MINUTES

Euclidean ALPAK Drimitive  Reduteced

Degroe algorilhm  algoritims

ERR B8
algorithn  algerithm

Univariale Polynomials

5 0034 018 -009 0048

1D 04 .15 064 023
1b .51 .22 077
20 1.19 .51 21
25 2.29 1.06 A3
30 3.81 1.79 78
35 3.25 1.48

Bivariate Polynomials

3 .30 .02 016
4 7.03 .35 062
I3} 4.20 .23
6 .67
7 1.81

The ALpAE algorithm computes more g.c.d.’s of coefficients, presumably in as
tempt to reduce the size of coefficients of intermediate polynomials compritec
tween successive terms of the primitive p.r.s. The experiments reported iza T a.
strongly indicate that this extra effort falls far short of being adequately com
sated, particularly for multivariate polynomials.

When P; and P: have a normal p.r.s., these same coefficient bounds appply t¢
reduced p.r.s. since then, by Corollary 1.3, the reduced p.r.s. and subresult ant |
agree except for signs. For a nonnormal p.r.s. these coefficient bounds do not ax
and at present we have no theory to indicate that the reduced p.rs. algori
would still be more efficient than the primitive p.r.s. algorithm. We have, Irowe
accumulated considerable experimental evidence that, in practice, deviatioxis :
normality are both rare and small (say in the sense that the expectatio

A s 8.a(8; — 1) is small). For this reason, we have not at this time progiraum
the algorithm provided by Theorem 2 for computing & subresultant p.r.s.

While there is reagson to believe that nonnormal p.r.s.’s oceur infrequerttly,
existence of nonnormal p.r.s’s is an entirely different matter. In  fae
ny,me, -, T 18 any sequence of integers satisfying m > g > 0y > -+ > e
there is a p.r.s. Py, Pz, +++ , Pysuch that deg (P,) = niforl £ ¢ < k. Fox
8 = ni — ny and let Q; be any polynomial of degree 8, (2 < i <k — 1). &
let Pi_y and Pr be any polynomials of degrees n,_; and ny , respectively- 133
duction on 7, define Pi; = Pr.inQiipy + Progpa (for2 <7 <k — 1). Assumn
by induction, that deg (Pi-wi1) = My and deg (Priy2) = fpipn, We 1

deg (Pi_sn@i—iq1) = deg (Pro) + deg (Qrinn) = Mg + 8¢ = Tae
deg (Pi—iis), and hence deg (Pr.) = deg(Prin@i-i) = mey - H
Py, Py, ---, Pyisaprs, A prs. constructed in this way is artificial, howeve

the sense that the remainder equations a.P; = Pua@iua -+ biPis are all SatL
with a; = b; = 1. We do not know how to construct a p.r.s. with arbitraTilyr
seribed n; for which this is not so.
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Another theoretical problem relating to p.rs. caloulation is the extent to which
the subresultant p.rs. can deviate from the corresponding primitive p.r.8., where
Prand Py wre primitive. In this connection, note that sinee £(Py) and L(Ps) are
the only nonzero elements of the fivst column of the Sylvester matrix of Py and s,
any common divisor of £(£1) and £(P;) is a divisor of each subresultant of Py and
Py . Cousideration ol other eolumns leads to similar observations. Apart from this
remark, this appears to be a question about which lLittle is known. The available
experimental evidence indieates, however, that the deviation is ordinarily so small
that the reduced p.r.s. algorithm is faster,

Since each pair of polynomials represented by Table 1 is relatively prime, one
may ask whether a similar comparison would result for pairs which are not relatively
prime. The answer is no. The data so far collected is too scanty to inelude, but it
indicates that as the g.c.d. inereases in degree the primitive p.r.s. algorithm im-
proves relative to the reduced p.r.s. algorithm and may even be slightly faster in
extreme cases. This slight advantage in these cases would seem to be far from ade-
quate, however, to compeusate the primitive p.r.s. algorithm for its relative in-
efficiency in the other cases.

The section of Table 1 applying to univariate polynorials displays well the de-
pendency of computing times on the degree n of the initial polynomials. It is possible
to give an argument supporting the view that this dependency can be approximated
by a polynemial in n of degree 4 (this applies o all except the Euclidean algorithm ).
Table | does not, however, indicate the dependency of computing time on d,
the number of decimal digits in the coeflicients of the nilial polynomials { for fixed
n). This dependency can he approximated by a quadratic polynomial in . For
example, application of the reduced p.r.s. algorithm with n = 15 resulted in com-
puting times of .077, .18 and .53 for d = 2, 4 and 8, respectively.

Suppose one wishes to compute the g.c.d. of univariate polynomials, Py and Py ,
with elements of B, the field of rational numbers, as coefficients, Since R is a field,
there is essentially only one prs. Py, P, --., P, with elements P, in ®(R).
It one computes this p.r.s. in order to obtain the g.e.d. of Py and Py, there are two
cases according as one does or does not represent each rational number with rela-
- tively prime numerator and denominator. In the first case the number of g.e.d.’s
of integers computed is far larger than in the use of the Arrax algorithm, and the
computing time is correspondingly large. In the second case, on the other hand,
the integers clearly grow exponentially as in the Fuclidean algorithm. It seems
clear, therefore, that the recommended procedure is to replace P, aud P, with
primitive associates, I’y and P, , with integer coefficients and apply the reduced
prs. algorithm. A similar analysis applies to multivariate polynomials with ra-
tional coefficients.

Finally, a few remarks arve added with regard to the reduced p.r.s. algorithm for
computing the resultant B of polynomials Py and P, (with respect to the main
variable). One computes the complete reduced p.rs. Pi, Pa, -+, Pr. Then, by
Theorem 1, part (a), =R is obtaived by dividing Pi*-' by [[[i= ¢li-*®~0),
since Py = ¢z . It is clear that the coraputing time ig the same as in the redueced
prs. ged. algorithm, except that in computing the resultant some additional
time is required for the terminal division whenever the resultant is nonzero (P,
and P, have no common factor of positive degree in the main variable) and the
p.r.8. ig nonnormal.
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In this connection, however, it should be mentioned that Williams [6] g,
(translated into our terminology ) computing the complete Euclidean p.r.s. x
-+, Py as a means of obtaining the “eliminant” of Pyand P; . It isnot clear ~x;
Williams realizes that this “eliminant’”’ may differ essentially from the ress
In any case it seems desirable to peint out that his Theorem IV [6, p. 32} 54
Translated into our terminology, it states the following: Let Py(xy, -+ , o
Polan, ~ooy amy y)y ooy Pealmn, ooy T, y), Py, -+, 2a) be a3 ey
Buclidean p.r.s. with respect to the main variable y. Let oy, -+, &y .
complex numbers such that Pu(ay, -+, om) = Piglas, =+, tm, 8) ==
Poley, -+, am,y) # (. Then Pl(ozl, S, G, ﬁ) = Pz(ozl, T, Umy [3
A simple counterexarple is obtained by taking m = 1, Pi(z,y) = 2 + 24
Po=zf +y+2 o=0andg = 1. Then Pylz, ) = zy + = — 2,
and Pyx) = 2° — 22! 4+ 32® — 2. The erroneous proof apparently assuirac¢

Prlog, -+ om, ), Poler, ++ am, ¥), -0, Prlan, -+ am) iSaprs, an as
tion which can be realized if we add the hypotheses di(ai, -, an) ===
2£4Zk~ 1, where A, -, @) i the leading coefficient of Pz, --- , a

This error, together with the impractieslity of computing a Fuclidemry
vitiates much of the econtent of [6].
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