


efficiently in Macsyma. For example, the content of ¢
is never computed if GCD(a,b) = 1.

Using these heuristic methods and hacks can be fruitless, but
since this wasted time is generally only a small percentage
of the time otherwise taken on hard problems, this is not
something very worrisome.

We mention in passing that timing the routines in sys-
tems whose interior is concealed can be difficult. An incau-
tious experimenter may end up testing only heuristics and
not algorithms, (or even, in repeating tests for the sake of
more accurate timing, encounter a system’s caching of an-
swers!).

6 Interweaving GCDs

It is clear that each of the GCD algorithms and heuristics
or hacks has its own strengths and weaknesses. For exam-
ple, SPMOD is much faster than EZGCD and GCDCHREM
for very sparse GCDs. Given these different algorithms and
heuristics, a present-day “best algorithm” would be a dis-
patching procedure that picks the correct methods according
to its inputs. Maple automates this process to some extent.
K. Geddes estimates that in the Maple test-suite, GCDHEU
solves 90% of the inputs to GCD. However, GCDHEU is not
the fastest in all these situations. An implementation of SP-
MOD is also likely to improve Maple’s performance in sparse
cases. Thus, a decision procedure more complicated than
the one used by Maple is needed for optimal performance.
This procedure could be called by the user, or during re-
cursive calls to GCD in any of the algorithms, for example,
when computing the contents.

What are the criteria for choosing an algorithm? We
have not yet solved that problem. However, as discussed in
the previous section, some quick hacks as a preliminary to
any full algorithm seem advisable: Their failures only cost a
small percentage of the time required to execute a modular
algorithm.

Below is yet another set of heuristics that might be help-
ful in choosing the correct method. Some of these might be
common sense. But we have not actually tested them.

1. If the common GCD of more than two polynomials is
needed, avoid using PRS algorithms.

2. From empirical data, we might be able tc determine
the right algorithm for univariate cases based on the
degree.

3. It should be reasonable to assume the GCD to be
sparse. If one of the intermediate skeletons in SPMOD
is dense, then switch to another algorithm.

4. Ifit is known in advance that the GCD has small coeffi-
cients, then pick small evaluation points for GCDHEU.
If bignums are avoided altogether, GCDHEU can be
much faster. An older version of our GCDHEU imple-
mentation was mistakenly compiled to assume fixnum
coefficients. The program was unusually fast, and pro-
duced correct answers for our test cases. However, it
has been pointed out that wrongfully assuming small
coefficients can result in incorrect answers from GCD-
HEU [5].

7 Timing and Discussion

We have taken the seven cases from Yun’s Ph. D. thesis
[9] on EZGCD for our experiments. In all these cases, the
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inputs are the polynomials F and G, and the GCD is the
polynomial D, except in case 1 where the GCD is simply 1.

In the tables below, the times shown are in millisec-
onds. The first row in each table, labeled pgcdsr, shows
the running times of our Mock-MMA Subresultant PRS pro-
gram. The second row, labeled pgcdheu shows the running
times of our GCDHEU procedure. In the third row, labeled
Maple, are the running times of the Maple GCD proce-
dure. The fourth rows, labeled Macsyma, are the running
times of Macsyma’s SPMOD GCD procedure. The fifth
row, labeled Macsyma:prs, are the running times of Mac-
syma’s Subresultant PRS implementation. The last row,
labeled Math show the running times of Mathematica’s
PolynomialGCD operation.

The blank entries in the pgecdheu row denote cases where
our program signalled failure, usually rather promptly, ex-
cept for v = 10 in case 5 where the computer ran out of
memory. The blanks in the other rows indicate the running
times were far longer than the other entries in the same
table.

We also attempted to time Macsyma's EZGCD proce-
dure. But it seemed to run forever for cases 1, 5, 5’ and
the smallest example in case 4. Consequently, we have de-
cided against using the data produced from executing this
procedure.

Macsyma’s EZGCD was unfortunately, the only “purely
EZ” implementation known to us. Maple’s GCD procedure
employs the EZGCD method only when all its heuristics
fail. From our data, fewer than half of the examples suggest
the use of EZGCD. To draw conclusions regarding EZGCD
based on these numbers cannot be totally justified, because
Maple’s EZGCD uses the heuristics recursively.

Mock-MMA is compiled in Allegro Common Lisp. The
commercial Macsyma 419.0 is compiled using Austin-Kyoto
Common Lisp (AKCL). In both cases we include garbage-
collection time when it occurs. We estimate this slightly un-
derstates the cost for the smaller problems (where GC does
not occur), slightly overstates the time of some medium-
sized problems, where GC occurs once, and is about right
for large-sized problems where multiple GCs occur, almost
all of which were required by that problem.

Getting consistent repeatable timing for Maple is also
tricky. Maple stores results from various subroutines in “re-
member tables.” In most cases, these are cleared at the oc-
casional garbage collection. Hence the remembered results
will disappear at unpredictable times. Re-invocation of a
subroutine with the same input data as a previous invoca-
tion will immediately return the remembered result if it has
not been garbage-collected. Thus in Maple, an incautious
experimenter may encounter inconsistent timing results.

It should also be noted that Maple sometimes has to
load a library procedure at its first use, and the time to
do this is credited to that procedure invocation. For exam-
ple, the procedure ged/gedeh is loaded into memory at its
first invocation. From our experiments, we have found no
significant increases in running times due to the loading of
procedures.

All programs were run on HP 9000 workstations. Specif-
ically, Macsyma was run on a HP 9000/715 workstation,
Mathematica on an HP 9000/755, Maple on an HP 9000/712.
Qur own Mock-MMA procedures were timed on all three
machines. Since these HP machines executed the same bi-
nary programs, their speed ratios were close to constant.
The model 715 and model 755 were each 1.8 times faster
than the model 712. The running times in the following ta-
bles have already been adjusted to reflect this speed ratio



and correspond to times on the model 712.
Case 1: GCD = 1.

v v

(1+x+2yi)(2+z+2y¢)

=1

F

v

G=(1+2"+ Y y))(-3ya’ +yf - 1)
i=1

v 1 2 3 4 b
pgedsr 6 8 15 27 48
pgcdheu 4 8 17 32 63
Maple 50 60 60 80 160
Macsyma 90 108 | 504 | 540 558
Macsyma:prs || 36 36 o4 72 90
Math 18 36 54 90 144
v 6 7 8 9 10
pgedsr 95 | 144 | 221 | 330 | 464
pgcdheu 173 | 439 | 1362 | 4701
Maple 250 | 430 | 860 | 2480 | 10180
Macsyma 630 | 1062 | 1134 | 1602 | 1746
Macsyma:prs || 90 | 180 | 612 | 702 774
Math 234 | 432 | 792 | 1386 | 2628

Note that for this and subsequent tables, the fastest time
is indicated in boldface. In this case we expected all modu-
lar algorithms, EZGCD, SPMOD and GCDHEU should do
well since the GCD is 1; the chance of an unlucky homo-
morphism is practically zero. They were, however, rather
slow. Pgcdheu and hence Maple should be slow as v in-
creases. Our Subresultant PRS procedure and Macsyma's
PRS appear to have the edge.

Note when v = 10, our pgcdheu failed while Maple’s
GCDHEU succeeded. This discrepancy is due to the differ-
ence in variable orderings in the two implementations, since
this example is not symmetric in the variables.

Case 2: Linearly dense quartic inputs with quadratic

GCDs.

v 1 2 3 4 5
pgedsr 12 43 135 206 581
pgcdheu 14 a1 311 3316

Maple 60 150 600 2780 | 2980
Macsyma 126 756 2916 | 7596 | 19620
Macsyma:prs 18 36 108 162 684
Math 36 162 360 882 1908
v 6 7 8 9 10
pgedsr 1054 | 1829 | 2973 | 4630 | 6977
pgcdheu

Maple 4900 | 7580 | 12950 | 22910 | 34510
Macsyma 44928

Macsyma:prs || 846 | 1530 | 2736 | 3546 | 3996
Math 4086 | 8244 | 15732 | 33228 | 62766
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Maple switched from GCDHEU to EZGCD starting at
v =5.

We observed that GCDHEU reached its bounds very
quickly, and did not perform very well on the cases where it
succeeded.

Due to the density in the GCD, EZGCD is faster than
SPMOD in this case. We see that the running times for
Mathematica’s SPMOD implementation is approximately
proportional to powers of 2, while EZGCD is approximately
proportional to powers of 1.5.

Macsyma’s Subresultant PRS was the fastest in this case.
Our implementation of the same algorithm was a close sec-
ond. The PRS required only two pseudo-divisions in the
main variable, regardless of the value of v.

Case 3: Sparse GCD and inputs where degrees are pro-
portional to the number of variables.

v
D=1+z" 4> gt
i=1
F=D (-2+z"" +) /"
=1

v
G:D‘(2+$U+1+ny+1)
i=1

v 1 2 3 4 5
pgedsr 4 8 18 32 54
pgedheu 7 48

Maple 50 100 130 210 260
Macsyma 54 666 1926 | 4554 | 10692
Macsyma:prs 18 18 36 36 54
Math 18 36 72 90 144
v 6 7 8 9 10
pgedsr 103 148 212 301 412
pgedheu

Mabple 400 830 1300 | 3360 | 9310
Macsyma 20970 | 37440 | 66438

Macsyma:prs 36 72 72 108 126
Math 216 342 504 792 | 1278

The sparsity should make SPMOD a good method in this
case, as observed for Mathematica’s implementation. We
do not have a good explanation for Macsyma’s sluggishness
here.

Because the inputs are of high degrees, our implementa-
tion of GCDHEU failed starting at v = 3. Maple’s GCD-
HEU, on the other hand, finished all ten cases. It bene-
fited from substituting z + z* and y; + y' ™!, resulting
in linear sparse polynomials. The sparsity helps GCDHEU
because its performance depends heavily on values of the
GCDs at large evaluation points.

Our data concurs with Yun’s data showing that PRS is
very efficient on this case as well.

Case 3’: Same as 3, except

G=D-(2+z"+ Y 3}
=1



v 1 2 3 4 5
pgedsr 8 119 | 83520

pgcdheu 7 40

Maple 50 130 480 680 630
Macsyma 54 666 1998 6048 12114
Macsyma:prs 36 108 3258 | 119574

Math 36 72 126 252 450
v 6 7 8 9 10
pgedsr

pgcdheu

Maple 1010 | 1060 | 1460 | 1580 | 2260
Macsyma 25272 | 47052 | 80748

Macsyma:prs

Math 828 1422 | 2376 3906 6282

In this variation, Yun’s data suggested major perfor-
mance degradations in the PRS algorithm, and minor slow-
downs in the EZGCD algorithm, compared to Case 3. Maple
switched to EZGCD starting at v = 3. Indeed, the slow-
downs are minor.

The heuristic GCD, again, suffers from high degree in-
puts. Maple was not able to use its substitution heuristic in
this case, and hence, switched to EZGCD.

This case shows that for certain kinds of large multivari-
ate problems the modular algorithms are indeed necessary.
We do not know why SPMOD slowed down in Macsyma,
given such sparse GCDs. Mathematica’s implementation of
SPMOD, on the hand, performed only second to Maple’s
EZGCD.

Case 4: Quadratic non-monic GCD. F and G have other
quadratic factors.

v
D=1+yic’+> of
=2

F=D-(-1+2"—4i + Y u)

1=2

v
G:D.(2+y1$+2yi)2
=2

v 1 2 3 4 5
pgedsr 18 119 848 5709 | 26381
pgedheu 12 29 106 684

Maple 50 100 280 2300 | 3560
Macsyma 162 1116 1332 | 2664 | 5616
Macsyma:prs 36 90 1134 | 2736 | 16452
Math 36 72 162 306 612
v 6 7 3 9 10
pgedsr

pgedheu

Mabple 2740 3220 3980 | 4720 | 6100
Macsyma 9126 | 16596 | 27504 | 41904 | 65790
Macsyma:prs || 73854 | 411534

Math 1134 2142 3762 | 6480 | 11286

Maple switched from GCDHEU to EZGCD starting at
v =>5.

This is the case where EZGCD should have trouble with
the non-monic GCD. But for large cases (v > 9), EZGCD
was surprisingly the fastest. It is interesting to see Maple
speeding up from v = 5 to v = 6. Perhaps it fiddled too
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long with the heuristics, but gave up faster for v > 6 and
used EZGCD.

We see that GCDHEU can be useful for small values of
v.

Case 5: Completely dense non-monic quadratic inputs
with dense non-monic linear GCDs.

D=-3+(@+1) [J@+1D
i=1
F=D -3+ (-2 []w-2)

G=D-(-3+@+2) [[(s:+2)

i=1
v 1 2 3 4 5
pgedsr 10 190 4442 203060
pgedheu 9 31 123 427 1527
Maple 60 310 380 1130 4380
Macsyma 576 972 4554 16776 | 73008
Macsyma:prs 36 216 4968 165510
Math 36 126 630 4266 38178
v 6 7 8 9 10
pgcdsr
pgcdheu 5853 | 22983 | 95480 | 411010
Maple 17530 | 77260 | 398260
Macsyma 375246
Macsyma:prs
Math 398682

Obviously, GCDHEU outperformed the others in these
cases. Both pgcdheu’s and Maple’s running times roughly
quadruple as v increases. Our compiled version was 3 to 4
times faster than Maple’s.

Maple handled all eight (8) examples with GCDHEU. As
an experiment, we forced Maple to use EZGCD for v = 8.
On our HP workstation, Maple computed an obviously in-
correct answer (amazingly) in 760 milliseconds. Further-
more, the answer in this case was presented in such a form
that computing the difference between it and D, the GCD,
ran out of memory. However, the same experiment on an
DEC Alpha showed that GCDHEU took 103 seconds while
EZGCD took 540 seconds. Thus, the decision by Maple to
stick with GCDHEU was the correct one.

The modular algorithms were starting to outperform the
PRS at v = 2. But beyond v = 6, we ran out of patience.
Due to the dense GCD, SPMOD was expected to be slow.
Its running time seemed to be approximately proportional to
powers of 7 for Macsyma and powers of 10 for Mathematica.

Case 5’: Sparse non-monic quadratic inputs with linear

GCD’s.
D=-1 +mHyi
i=1
F=D -@+z[[w
=1

GZD-(-3+9:Hyi)
i=1



v 1 2 3 4 5
pgedsr 3 5 9 13 17
pgcdheu 6 14 27 47 81
Maple 50 60 100 | 110 200
Macsyma 90 180 | 684 | 1206 | 1350
Macsyma:prs 18 18 18 36 18
Math 18 18 36 54 90

v 6 7 8 9 10
pgedsr 23 32 38 48 90
pgcdheu 165 | 420 | 1378 | 5194 | 20497
Maple 310 | 700 | 2350 | 7260 | 28010
Macsyma 1908 | 2502 | 3096 | 3726 | 4320
Macsyma:prs 18 18 36 18 36
Math 162 | 324 | 540 | 1098 | 2124

In this case, our pgedsr was fastest for the smaller ex-
amples (v < 5), and Macsyma’s implementation was fastest
for larger examples. We speculate that Macsyma advantage
was in using a polynomial representation more efficient for
sparse polynomials.

Heuristic GCD did not seem to have much advantage
over the modular algorithms. But our GCDHEU for this
case, is about 50% to 400% faster than Maple’s. (Maple
never switched to EZGCD.)

Case 6: Trivariate inputs with increasing degrees.
D=gly(z-1)
F=D (&' +y*2 +1)
G=D- (a:j+l +yjzj+1 -7

J 1 2 3 4 5
pgedsr 24 49 123 514 | 2441
pgcedheu 18 25 35 54 95
Maple 80 100 100 80 80
Macsyma 18 72 72 72 72
Macsyma:prs 18 18 36 18 36
Math 36 36 36 36 36
7 6 7 8 9 10
pgcdsr 10976 | 42480 | 146160

pgcdheu 170 206 528 916 | 1497
Maple 130 150 210 300 | 410
Macsyma 54 90 72 72 72
Macsyma:prs 36 36 54 54 36
Math 54 54 36 36 36

In this case, the GCD has only two terms. Thus the
sparse algorithm should be much faster than the PRS. But
Maple, Macsyma and Mathematica all took advantage of
the obvious factor z’y, and trivialized this case. Thus, they
all outperformed the Mock-MMA programs. In particular, a
direct comparison between our pgedsr and Macsyma’s PRS
program shows the advantage of this heuristic.

After finding the trivial factor, Maple solved all ten ex-
amples using GCDHEU. But it is interesting to note that
our GCDHEU, not having found the trivial factor, was still
competitive with Maple’s version for v < 4. This suggests
compilation can improve the performance of GCDHEU.

Case 7: Trivariate polynomials whose GCD has com-
mon factors with its cofactors.

P=g—yz+1
Q=z—y+3z
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D=P¢
F=PpPQF
G = P*Q’ ,where j < k.

(k) 1,2) [(13) | (14)
pgcdsr 42 722 | 17090
pgcdheu 26 43 77
Maple 100 | 150 230
Macsyma 684 | 882 2034
Macsyma:prs 54 324 18630
Math 72 144 234
(4, k) 24) 1384 [ (5,10
pgedsr 1875 | 363
pgedheu 144 | 265
Maple 460 | 1030 | 94280
Macsyma, 2214 | 2196 | 103518
Macsyma:prs || 738 | 234
Math 612 | 1440 | 77256

This case was originally designed to test the special patch
of EZGCD where the GCD and both of its cofactors are not
relatively prime. Since Maple’s GCDHEU successfully com-
puted the GCDs in the first five examples, the only occur-
rence of this problem in Maple was when j = 5 and k = 10,
where Maple’s EZGCD performed second only to Mathe-
matica’s SPMOD.

The Heuristic GCD was fastest for small examples. And
our compiled version outperformed Maple’s interpreted ver-
sion by a factor between 3 and 4.

8 Conclusion

From the data and the discussion in the previous section, we
draw five simple conclusions. We are confident that the run-
ning times we observed, in spite of timing uncertainties, had
less than 30% error, while we noted performance differences
much greater than that.

¢ Heuristic GCD is useful and should be consid-
ered for implementation in all computer alge-
bra systems. It is clear from our data that our imple-
mentation of GCDHEU was the clear winner in case
5. It was the fastest for small examples in cases 4
and 7. And it was faster than Mathematica and Mac-
syma’s SPMOD in case 1 for v < 6 and in case 5’ for
v < 5. Maple’s partially-interpreted GCDHEU also
outperformed Macsyma and Mathematica's SPMOD
implementations in case 5.

¢ Good compilation is necessary. Qur data suggests
that our compiled GCDHEU can be up to 4 times
faster than Maple’s interpreted version. Not count-
ing cases 3 and 6 where Maple used other heuristics,
our implementation outperformed Maple’s in 39 out of
44 examples. (This comparison should be taken cau-
tiously, since the two programs represent polynomials
differently and may be sensitive to the ordering of vari-
ables.)

¢ Other heuristics improve performance. We see
from case 6 that the commercial programs were very
fast in removing obvious factors, thus speeding up their
GCD computations, resulting in much faster execution
than our procedures. We also see from case 3 that ob-
vious substitutions also improve performance dramat-
ically.



e The Subresultant PRS algorithm is still useful.
Despite the theoretical advantages of modular algo-
rithms, the two implementations of the Subresultant
PRS algorithm in Mock-MMA and Macsyma were con-
sistently the fastest for 4 out of 9 cases, namely cases
1, 2, 3 and 5’. It is known that both Maple and Math-
ematica have implementations of this algorithm, but
they are rarely used.

e Dense representation can be advantageous for
small problems. We believe that our Subresultant
PRS program (pgcdsr) outperforms Macsyma’s ver-
sion for small cases because our dense representation,
using recursive arrays, is more suitable for the pat-
tern of memory accesses best supported in modern
computer architectures. On the other hand, for large
sparse problems, the simplicity of Macsyma’s recur-
sive linked lists appears superior. This suggests that
there are benefits for dense and sparse representations
coexisting in computer algebra systems.

We are unable to propose a neat decision procedure for
choosing the optimal GCD algorithm to use. But it is clear
that heuristics and hacks are very likely to solve very small
problems much faster than complicated algorithms. Heuris-
tics too, can employ other heuristics. As mentioned earlier,
a bug we initially encountered in our implementation of the
GCDHEU procedure, where we unreasonably assumed the
GCD bad small coefficients, turned out to be a big time-
saver in those instances in which it did not signal failure.
Although it did not produce any errors for us, it could do
so. Given its speed advantage though, it may pay to “open
compile” a fixnum-specific version of GCDHEU to be used
when possible.

All code used in Mock-MMA is available from the au-
thors.
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