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Abstract
In this technical report we present a self-contained introduction to algorithms that
solve sparse linear systems by message passing on a junction tree (a.k.a. clique tree).
When solving the system Ax = b where A is a sparse n Xn matrix, these methods require
O(n - w?) time and O(n - w?) space, where w is the treewidth of A’s sparsity graph.
These algorithms are useful for parallel or distributed solutions to linear systems, or
to efficiently solve sets of similar linear systems.

1 Introduction

Consider a linear system of the form
Az =b (1)

where A (an invertible n x n matrix) and b are given and z is to be computed. In this
technical report, we present a self-contained introduction to junction tree (a.k.a. clique tree)
algorithms for solving the linear system (1). These algorithms require O(n - w?) time and
O(n - w?) space, where w is the treewidth of the sparsity graph of G.

The connection between junction trees and sparse matrix computation has been well
studied [1], and the algorithms presented herein are directly related to earlier techniques,
such as the “multifrontal” method [2], which can be formulated in terms of junction trees
[3, 4], or inference in a Gaussian graphical model [5], where A (the inverse covariance matrix)
is positive definite. The formulation in this technical report is more general than some
previous treatments in that the matrix A is not assumed to be symmetric or positive definite
(although if it is, the algorithm can leverage this structure). Our goal is a presentation that
is concise, general, and self-contained. No background in scientific computation is required;
only basic linear algebra and basic graph theory are assumed.

*This technical report is work in progress. Please contact the first author for the latest version.



1.1 Partial matrices

We will be working extensively with blocks of the matrix A and the vectors x and b, so
it AWill be useful to define some data structures. An index vector is an ordered subset of
i=1{1,2,...,n}; we will use boldface lower-case letters (e.g., u, v, ...) to denote index
vectors. A partial matrizis a matrix whose rows and columns are indexed by arbitrary index
vectors. For example, here is a partial matrix whose rows are indexed by {1, 3,6} and whose
columns are indexed by {2,4,6}:

2 4 6
1 2 9 -1
2
3 4 4 2 ( )
6 -3 1 -8

If M is a partial matrix whose rows are indexed by j and whose columns are indexed by k,
we write M € Ryx.

Addition and multiplication of partial matrices are defined intuitively. Given two partial
matrices X,Y € Reyq, their sum S = X +Y is the partial matrix S € Roxg where S(i, ) =
X(i,7)+Y(4,74). Given two partial matrices X € Rpx. and Y € Rexq, the product P = XY
is the partial matrix P € Ry,«q where

P(i,j) = Y X (i, k) - Y (k,j) 3)

kec

If M € Reyc is invertible then M~! € R is a partial matrix with the same row and column
indices such that MM~! = I, is the (partial) identity matrix.

The chief advantage of the partial matrix concept is that we can generalize the notion of
addition. Let X € R.xq and let Y € Rox¢ be two partial matrices with different indexing.
We define the sum S = X + Y to be the partial matrix S € Rcue)x(aur) Where

X(i,7)+Y(i,7) if (4,5) € (cne) x (dNf)
) X(4,79) if (i,7) €eecxdA(i,j)¢exf
S6,9) = Y (i, ) it (i,7) ¢ cx dA(i,j) €exf 4)

0 otherwise

More intuitively, we can think of padding X and Y with zero rows and columns so that their
rows are indexed by c U e and their columns are indexed by d U f, and then adding these
partial matrices element-wise.

We can subscript a partial matrix by index vectors to extract subblocks. Let M € R;,x
be a partial matrix, and let u C j and v C k. We write M (u,v) to mean the partial matrix
B € Ryxv such that B(i,j) = M(i,j).

Partial vectors are defined similarly. We write v € Ry for a partial vector v whose
elements are indexed by k.



2 Decomposable linear systems

We start with a standard result about inverting matrices, and consider its application to the
solution of linear systems.

Lemma 1 (partitioned inverse formula). Let

[ 3]
be an invertible matriz. Then
at=| WD TMETXT (6)
- (A/Z)~" Z7'+ Z7'Y(A)Z2) ' X Z
where
AlZ =W —XZ7'Y (7)

15 called the Schur complement of A with respect to Z.
Proof. Diagonalize A as

R T S A

- 7\ 7\ 7 - 7
-~

v v v
E A F G

Taking the inverse of both sides, we get

(EAFR)' = G 9)
Fla™'E~t = g7t (10)
A" = FG™'E (11)

G is block-diagonal, so we can invert it by inverting its blocks. Thus, we get

Al = FG'E (12)
B I ol[M@2z o |[I -Xxz! 13)
- -Z7Y I 0 VA 0 1
where we define A/Z =W — XZ~'Y. Multiplying this out yields (6). O

Lemma 2. The solution x to the block linear system

E1IHEN 19

satisfies the smaller linear system

(W=XZ"Y)z=0b-XZ") (15)



Proof. Call the matrix A. From (14) we get

-1
HEISINN R
Now applying the partitioned inverse formula, we get
x (A)Z)7 ! —(A4/Z) ' xz71 b
LA o x| [ o
which implies
v = (A/2)" - (A)2)'XZ "¢ (18)
(A)Z) ' (b— XZ ) (19)
Multiplying both sides by the Schur complement
AJZ =W - XZ'Y (20)
yields the result (15). O

Definition 1 (decomposition). Let A be a square matrix with index set i. Let u,s, v be
a three-way partition of i. A decomposes on (u,s,v) if A(u,v) = A(v,u) =0, i.e., if

" A(u,u) A(u,s) 0 -|
A= A(s,u) A(s,s) A(s,v) (21)
L 0 A(v,s) A(v,v) J

A linear system Az = b is decomposable if A decomposes on some triple (u, s, v).

Lemma 3. The solution = to the decomposable linear system

A(u,u) A(u,s) 0 z(u) b(u)
A(s,u) A(s,s) A(s,v) z(s) | = | b(s) (22)
0 A(v,s) A(v,v) z(v) b(v)
satisfies the smaller linear system
_ :L‘(ll) 7
where
= | A(u,u) A(u,s)
Aus = [A(s,u) A(s,s) — As, v) (v,v)_lA(v,s)} (24)
o b(u)
bus = [b(s)—A(s,v)A(v,v)lb(v) (25)



Proof. 1f we apply Lemma 2 with the partition

A(u,u) A(u,s) 0 b(u)
A= A(s,u) A(s,s) | A(s,v) b= | b(s) (26)
0 A(v,s) ‘ A(v,v) b(v)

we get that we can obtain part of the solution by solving the smaller system

where
Aus = A/A(V,V) (28)
_ | A(w,u) A(u,s) | 0 v )] v
- [A(S,u) A(s, s) ] [A(s,v)]A( V)70 A(vys) ] (29)
- A(u,u) A(u,s)
B [ A(s,u) A(s,s) — A(s,v)A(v,v) " A(v,s) ] (30)
and

Lemma 3 can be interpreted as a describing a “vectorized” form of the elimination oper-
ations performed in Gaussian elimination. Consider the decomposable linear system

a11T1 + G122 = b
a01T1 + a»T2 + asrs = by (33)
a3z + asxrs = b3

which has the augmented matrix

a1 a2 0 | by
Azt Gz Qg | b (34)
0 as asz|bs

To eliminate z3, we can subtract a scalar multiple of the bottom row from the middle row.
Since

93 — %a% =0 (35)
a33

that scalar multiple should be as3/ass. This gives the augmented matrix

ar @12 0 by
a91 Qoo — (Gg3/ass)ase 0 | by — (a23/as3)bs (36)
0 aso ass b3
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The top two rows of this augmented matrix represent a linear system that does not mention
the variable z3. Its augmented matrix is

22 a23 by

37
32 a3z — (CL23/ a33)a32 by — (a23/ 033)173 ( )

Breaking this into the corresponding matrix and vector, we see we have recovered (30) and
(32) where u = {1}, s = {2}, and v = {3}. Thus, Lemma 3 proves the correctness of a
“vectorized” form of Gaussian elimination. In fact, Lemma 3 can also be proved by retracing
these steps when u, s, and v are arbitrary (i.e., not necessarily singleton) sets. The proof
above uses the partitioned inverse formula rather than appealing to the correctness of the
row operations used by Gaussian elimination.

We now present a theorem that “repackages” the result of Lemma 3 so that the linear
system can be represented in a decomposed form.

Theorem 1. Let A € Ryy; be an invertible matriz that decomposes on (u,s,v) and let b € R;
be a vector. Let c = uUs and let d = sUv. Furthermore, let the partial matrices Ae € Rexe
and Aq € Rqxa and the partial vectors b, € R. and bq € Ry satisfy

A = Ao+ Aq (38)
b = be+ba (39)

Then the solution x to the decomposable linear system

A(u,u) A(u,s) 0 z(ua) b(u)
A(s,u) A(s,s) A(s,v) z(s) | = | b(s) (40)
0 A(v,s) A(v,v) z(v) b(v)

satisfies the linear systems

A [ 2(u) ] _%, (41)

z(s)
_ .T(S) T
Ad |: iE(V) :| — bd (42)
where
[ Ac(u,u) Ac(u,s)
Ae = | Ac(s,u)  Ac(s,s) + Aa(s,s) — Aa(s,v)Aa(v,v) ' Aq(v,s) } (43)

oo be(u)
be = i bc(S) + bd(S) - Ad(S,V)Ad(V,V)_lbd(V) :| (44)

- [ Aa(s,s) + Ac(s,s) — Ac(s,u)Ac(u,u) tAc(u,8)  Aa(s,v)
Aa = ! Aq(v,s) Aaq(v,v) } (45)
o = [ 00800 = e A0 )



Proof. First note that the conditions (38) and (39) imply the following equalities:

Ac(u,u) = A(u,u) (47)
Ac(u,s) = A(u,s) (48)
Ac(s,u) = A(s,u) (49)
Ac(s,s) + Ad(s, s) = A(s,s) (50)
Aq4(s,v) = A(s,v) (51)
Ag(v,s) = A(v,s) (52)
Aq(v,v) A(v,v) (53)
and also
be(u) = b(u) (54)
be(s) + ba(s) = b(s) (55)
ba(v) = b) (56)
Plugging these into (24) and (25) from Lemma 3 gives (43) and (44). (45) and (46) are
proved by interchanging u and v. O

There is an important analogy underlying Theorem 1. Imagine we have two processors
that are connected by a communication link. We would like to solve the decomposable linear
system (40). We start by dividing the problem input (A and b) into two pieces (A, b.) and
(Ag,bq) so that (38) and (39) hold, i.e., so that the pieces add up to the original problem.
The notation of Theorem 1 is such that we can regard all terms subscripted by ¢ as being
stored on the first processor, and we can regard all terms subscripted by d as being stored
on the second processor.

Using its portion of the problem, the second processor computes

Age 2 Aq4(s,s) — Aq(s, v)Aa(v,v) T Aq(v,s) (57)

(a partial matrix in Rsxs) and the vector

2

bdc bd(S) — Ad (S, V)Ad (V, v)_lbd(v) (58)

(a partial vector in Ry) and sends the matrix-vector pair (Aqge,bac) as a “message” to the
first processor. Then, the first processor combines these quantities with its portion of the

problem:

Ac - Ac + Adc (59)
B - bc + bdc (60)
and then solves the linear system (41) using standard techniques.

The first processor also sends a message to the second. In this case the matrix is

Aca 2 Ac(8,8) — Ac(s, u) Ac(u, u) " Ac(u, 5) (61)
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and the vector is

2

bea = be(s) — Ac(s,u)Ac(u,u) b (u) (62)

The second processor then combines these quantities with its portion of the problem to get
the linear system (42), which it can solve by standard techniques. Thus, by sending one
message in each direction, each processor is able to compute the solution to their portion of
the problem. By combining the partial solutions to (41) and (42), we obtain a solution to
the complete problem.

Note that if there is special structure present in the original matrix A which makes
solving the system easier, then this structure may also propagate to the smaller systems.
For example, if A is positive symmetric definite (so that an efficient Cholesky solver can be
used), then the smaller system will also be positive symmetric definite, so we can also use
the Cholesky solver for the smaller problem.

3 Junction tree decompositions

We now generalize this to the case of multiple processors that are arranged in a tree.

Definition 2 (linear system). A linear system indezed by i is a pair L = (A, b) where A
is an invertible partial matrix and b is a partial vector, where both A and b are indexed by
the same index vector i.

Definition 3 (junction tree). Let G = (V, E) be a (directed or undirected) graph. A
Junction tree for G is an undirected graph T = (€, £) with the following properties.

e Each vertex ¢ € € of the junction tree is a subset of V. These vertices are called
clusters.

e The junction tree is singly connected; i.e., there is a unique path between any pair of
clusters.

e For each edge (i,7) € E in the original graph G, there is some cluster that contains
both 7 and j.

e If two clusters c,d € € contain the same element ¢ € V, then all clusters on the unique
path between ¢ and d also contain i. This is called the running intersection property.

Given an edge {c,d} € € of the junction tree, we call ¢ N d the separator between ¢ and d.

Definition 4 (sparsity graph). The sparsity graph for an n x n matrix A is the directed
graph G = (V, E) where V ={1,...,n} and

(i,7) € B <= A(i,5) #0 (63)

Definition 5 (junction tree decomposition). Let L = (A,b) be a linear system indexed
by i. A junction tree decomposition of L is a tuple (T, L) where



C

Figure 1: A Venn diagram relating the index sets ¢, d, u, s, and v. These index sets are
reused in the remainder of the paper.

e T =(C, &) is a junction tree for the sparsity graph of A

o L ={(Acbc) : c € C} is a set of matrix-vector pairs, one per cluster of the junction
tree, where each A. is a partial square matrix indexed by c and each b, is a partial
vector indexed by c. These matrix-vector pairs must satisfy

A=) A (64)
b= > b (65)

We say that L = (A, b) is the linear system represented by (T, L).

A junction tree decomposition of a linear system L = (A, b) defines a set of decompositions
of L (in the sense of definition 1). In particular, each edge of the junction tree defines such
a decomposition:

Lemma 4 (decomposition on an edge). Let D = (T, L) be a junction tree decomposition
representing the linear system L = (A,b). For each edge {c,d} € & of the junction tree
T = (C, &), we have the property that A decomposes on (c\ d,cnNd,d\ c).

Proof. Let u = c\ d be the indices in ¢ that are not in d, let s = ¢ d be the intersection
of these clusters, and let v = d \ ¢ be the indices in d that are not in ¢. (See Figure 3 for
an illustration of the relations between these index sets.) To prove that A decomposes on
(u,s,v), we must prove that A(u,v) = A(u,v) =0.

Assume for a contradiction that A(u,v) # 0 or A(u,v) # 0. Then there must be two
indices i € u and j € v such that A(i,j) # 0 or A(j,7) # 0, and therefore the sparsity graph
of A has an edge i — j or j — i. By the definition of a junction tree decomposition, then,
there must be some cluster in the junction tree that contains both 7 and j: call it b. Also,
note that because i e uand j € v, wehavei€c,i¢d, j€d, and j €c.

Because T is a tree, there must exist a unique path from b to c, and also a unique path
from b to d. Because T is a tree and because ¢ and d are adjacent in that tree, there are
two cases to consider:

1. c is on the path from b to d. In this case the running intersection property does not
hold because b and d both contain j but ¢ does not.



2. d is on the path from b to c. In this case too the running intersection property does
not hold because b and ¢ both contain 7 but d does not.

In both cases the premise that J was a junction tree is contradicted, and so the lemma is
proved. O

Definition 6 (passing flows). Let D be a junction tree decomposition and let ¢ and d be
two adjacent clusters of its junction tree. Let s = ¢ d be the intersection of these clusters,
and let u = ¢\ d be the indices in ¢ that are not in d. Define

Aca Ac(s,s) — Ac(s,u)Ac(u,u) A (u,s) (66)

be(s) — Ac(s, u)Ac(u, u) b (u) (67)

> 1>

bcd

The matrix-vector pair (Acq,bea) (Which is indexed by s) is called the flow from c to d.
Let D' be another junction tree decomposition which is identical to D except that the
matrix-vector pair for cluster d is (A4, b;) where

Ay = Aa+ A (68)
By = ba+ bea (69)

The process of updating D to D' is called passing a flow from ¢ to d; c is said to have passed
a flow to d and d is said to have absorbed a flow from c.

Definition 7 (leaf elimination). Let D = (T7,L) be a junction tree decomposition, let c
be a leaf cluster of the junction tree T and let d be the cluster adjacent to c. To eliminate
the leaf ¢ from the decomposition, we (1) pass a flow from ¢ to d, and then (2) remove c
from T and remove its corresponding system (A, b.) from L.

Definition 8 (partial solution). Let L; = (Aj,b;) be a linear system with index set i
and let Ly = (Ag,by) be a linear system with index set i, C i;. The solution x5 = A5 by of
Ly is a partial solution to Ly if x5 = x,(iz) where z; = A['b;.

Theorem 2. Let D be a junction tree decomposition, and let D" be the junction tree de-
composition obtained by eliminating a leaf from D. Then the solution to the linear system
represented by D" is a partial solution to the linear system represented by D.

Proof. Let (A,b) be the linear system represented by the junction tree decomposition D =
(T,L). Let ¢ be the leaf of the junction tree T to be eliminated. Furthermore, let d be the
neighbor cluster of ¢ and let s = ¢ N d be their intersection.

Let u=c\s and let v=d\s. Because c is a leaf of T, we can use Lemma 4 to permute
A to have the form

A(u,u) A(u,s) 0 0
| A(s,u) A(s,s) A(s,v) A(s,x)
A=1""0 Anv,s) AWv) A(v,x) (70)
0 A(x,s) A(x,v) A(x,x)



where x is the set of all indices that are not in u, s, or v. When we eliminate c, we first
pass a flow from c to d. This consists of the updates (68) and (69). Using (64) and (65), we
see that this creates a junction tree decomposition D’ representing (A’, V') where

A(u, u) A(u,s) 0 0
1 A(S: 11) A(S7 S) - A(S: u)A_l(ua u)A(u, S) A(Sa V) A(S, X)
A= 0 A(v,s) A(v,v) A(v,x) (71)
0 A(x, s) A(x,v) A(x,x)
[ b(u)_1 -|
- b(S) - A(Sa 1;2;4) (11, u)b(u) J (72)
b(x)

Then we remove the leaf ¢ from the junction tree decomposition, which creates a decompo-
sition D" representing (A”,b") where

A(s,s) — A(s,u) A7 (u,u)A(u,s) A(s,v) A(s,x)
A = A(v,s) A(v,v) A(v,x) (73)
i A(x,s A(x,v) A(x,x)
b(S) - A(Sa u)A_l(uv u)b(u)
Vo= b(v) (74)
I b(x)

If we let v = v Ux, we see that we have obtained the system given by (42), and so by
Theorem 1, the solution to the system represented by D" is a partial solution to the system
represented by D. O

This theorem hints at a simple cluster elimination algorithm for solving decomposable
linear systems. We choose a root cluster r and then repeatedly eliminate leaf clusters from
the junction tree decomposition until only r remains. We then solve the linear system at r
to obtain part of the solution to the problem. We then restore the original junction tree and
repeat the process with a different root cluster r’ to obtain another part of the solution. This
procedure is repeated with each cluster as root, and then the solution to the entire problem
is obtained by concatenating the partial solutions.

4 Junction tree algorithms

The cluster elimination algorithm is inefficient because it recomputes each flow many times;
for example, the computations performed when r is chosen as the root are almost identical
to the computations performed when the root is a neighbor of r. In this section, we show
how dynamic programming can be used to design algorithms in which each flow is computed
once.

In this section we present three efficient junction tree algorithms. The first is based
upon a message-passing architecture, and its correctness is proved by demonstrating that
it computes the same results as cluster elimination. The second algorithm returns to a
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flow-based representation, and its correctness is proved by relating it to the message-passing
algorithm. The third algorithm combines flows with backsubstitution to obtain an algorithm
that is equivalent to Gaussian elimination.

All three algorithms have the same asymptotic time and space complexity, but the flow-
based algorithm has a better time constant than the message-based algorithm, and the
backsubstitution algorithm has an even better time constant. The message-based and the
flow-based algorithms have an important property that the backsubstitution algorithm lacks:
they can efficiently solve “similar” sets of linear systems; we describe how this can be ex-
ploited to efficiently invert a matrix.

4.1 A message-passing junction tree algorithm

Recall that when we eliminate a leaf cluster c, we pass a flow to its neighbor d and then
remove it from the decomposition. Consider an algorithm in which we instead compute the
flow from c to d and send it as a “message” from c to d—the destination cluster d stores
the flow instead of absorbing it. The source cluster c is not removed from the junction tree
decomposition, and its matrix-vector pair (A, b.) does not change.

In the cluster elimination algorithm, we pass a flow from ¢ to d when c is a leaf, which
implies that ¢ has previously absorbed flows from all of its neighbors except d. In the
message-passing algorithm, c receives these flows as messages and stores them. When all of
the messages have arrived, ¢ computes

AL = At D Ape (75)

B = bet D bbe (76)

This is the matrix-vector pair that would have been local to c if we were running the elimi-
nation algorithm and c¢ were a leaf. Then ¢ computes the flow to d using this matrix-vector
pair; if s =cnNd and t = ¢\ d, the flow is

Aca = AS(S, S) - Ag (Sa t) Ag(ta t‘)_l Ag(ta S) (77)
bea = bg(s) — AZ(s, t) AZ(t, )7 b (t) (78)
After this point we discard (A4, 59).
To compute the message from ¢ to d, we must have previously computed the messages
to ¢ from neighbors other than d. This constraint is called the message-passing protocol:

Before ¢ can pass a message to its neighbor d, it must

receive messages from all of its other neighbors. (79)

Because the clusters are arranged in a tree, there exist schedules for computing all of the
messages that respect this protocol without computing any message more than once. One
simple method of obtaining a schedule is to choose some cluster r to be the root of the

12



junction tree, so that its edges become directed; then we pass messages from the leaves
upwards to the root, and then downward from the root back to the leaves.

Now, assume that we have all of the messages directed to a particular cluster ¢. Using
these messages and the local system (Ae, be) we can construct a new system (A, b.) where

Ae = Ac+ D Ape (80)
(b,c)€l

be = bet > buc (81)
(b,c)el

This is the same system that would arise from running the elimination algorithm with c as
the root: we are simply absorbing all of the flows to ¢ at the same time. Thus, once we
have computed the messages directed to ¢, we can form a linear system whose solution is a
partial solution to the original problem. By doing this at each cluster, we can reconstruct a
complete solution to the original problem.

4.2 A flow-based junction tree algorithm

The message-based algorithm is a significant improvement over the cluster elimination al-
gorithm; each flow is computed once, rather than many times. However, there is further
redundancy in the computation that can be avoided. Consider the computation of the mes-
sages sent by a cluster ¢ to each of its neighbors. For each neighbor d, c constructs the
matrix-vector pair (A2, b2) using (75) and (76). These equations sum together c’s local
matrix-vector pair (Ae, be) with all but one of the messages received by c. Thus, if b and d
are two neighbors of ¢, then the matrix-vector pairs (AP, bP) and (A4, bd) are very similar;
we could compute one from another by adding in one message and subtracting out another.

This suggests a scheme where each cluster ¢ stores the messages it has received as well
as a cached sum of these messages and its local matrix-vector pair (A, b.). In fact, we can
use the storage for ¢’s local matrix-vector pair (A, b.) as this cache. It is initialized with ¢’s
portion of the linear system, and each time a message (Apc, bpe) is received, it is summed
into the cache (Ag, b.) and also stored. Thus, we have returned to a flow-based formulation
where the local systems at each cluster are updated with information from adjacent clusters.
The difference now is that in addition, the flows are also stored.

Each cluster c is initialized as if it received a (0, 0) flow from each of its neighbors. When
c sends a message to a neighbor d, it subtracts the flow it most recently received from d
from its cache to obtain the sum of its linear system and the flows from all neighbors but d.
(If no message was yet received from d then the subtraction has no effect, since the previous
flow from d is (0,0).) Then ¢ computes its message to d as usual.

When all of the messages have been passed according to the message passing protocol
(79), the linear system at each cluster is the original linear system plus all of the messages
it has received; therefore, the local system at each cluster ¢ has now become (A, b.), and so
by solving it we obtain a partial solution to the original problem.

In the message passing algorithm, passing a message is an idempotent operation: passing
the same message twice has the same effect as passing it once. This is because the messages

13



do not interfere with each other. This important property is also present in the flow-based
algorithm: passing the same flow twice has the same effect as passing it once. This is because
when c absorbs a flow from d, it subtracts from its cache the flow previously sent by d, and
adds in the new flow; when these are the same, ¢’s cache is unchanged.

4.3 Junction tree algorithm using backsubstitution

Each of the two junction tree algorithms we have described so far is equivalent to the cluster
elimination algorithm. Given our interpretation of passing a flow as a vectorized form of
Gaussian elimination (see the remarks following Lemma 3), it makes sense to define a junction
tree algorithm that is formally equivalent to the complete Gaussian elimination algorithm,
including the backsubstitution step.

Definition 9 (backsubstitution). Let (A,b) be a linear system indexed by i, let s C i,
u=1\s, and let s € Ry be a partial solution to (A,b). The backsubstitution of xs into
(A, b) is the solution z,, € R, to the linear system

A(w,u)z, = b(u) — A(u,s) zs (82)

Lemma 5. Let D be a junction tree decomposition of the linear system (A,b), let ¢ be a leaf
cluster of D, let d be its neighbor, and let s = cNd. If x5 € Ry is a partial solution to (A,b),
then the backsubstitution of xs into (Ac,be) is also a partial solution of (A,b).

Proof. Because c is a leaf of the junction tree, we can use Lemma 4 to permute the linear
system to have the form

Ac(u,u) Ac(u,s) 0 z(u) b(u)
Ac(s,u)  A(s,s)  A(s,v) z(s) | = | b(s) (83)
0 A(v,s) A(v,v) z(v) b(v)

where v is the set of all indices that are not in ¢ or s. The solution to this equation satisfies
the linear system obtained from the first row of A which can written as

[ Acdu) Acdws) ]| 20 ] = b (84
Ac(u,u)z(u) = b(u) — Ac(u,s) z(s) (85)

Note that z(u) and z(s) are both partial solutions to (A,b). Thus, if we define z,, by
Ac(u,u)zy, = b(u) — Ac(u,s) zs (86)

then z,, which is the backsubstitution of zs into (A, b.), is a partial solution whenever x4
is a partial solution. 0
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This lemma allows us to define a junction tree algorithm which is structurally equivalent
to Gaussian elimination. We designate one cluster of the junction tree as the root, which
induces a directionality on the edges. Then we pass flows from the leaves of this directed
junction tree inward towards the root. Once the root r has absorbed all of its flows, it solves
its local linear system to obtain a partial solution z, to the linear system. Then, instead of
passing flows outwards, it sends portions of the solution vector z,.

Let t be a neighbor of the root, and let s = r Nt. The root sends to t the subvector
zr(s) of its partial solution x,. When t receives this partial solution, it computes the back-
substitution of z,(s) into (A, by), the matrix-vector pair at t. Because t has absorbed flows
from all neighbors but the root r, we can view it as a leaf of a junction tree decomposition
obtained by eliminating its descendant clusters. Now applying Lemma 5, we get that the
backsubstitution computed by t is also a partial solution to the problem. So t can continue
the backsubstitution process by sending this solution to its children in the junction tree.
The process terminates when each leaf has received a partial solution from its parent and
has performed its local backsubstitution.

4.4 Efficient local updates

One of the advantages of the (message-based and flow-based) junction tree algorithms is that
they provide an efficient means of solving similar linear systems. Assume that we have used
a junction tree decomposition D to compute the solution to a linear system (A, b), and that
we now want to solve a new system (A + A b+ l~)c), where A, is a partial matrix indexed
by a cluster ¢ and b, is a partial vector indexed by c.

In this case, we can update the junction tree decomposition by adding the local update
into (Ae, bc), the local matrix-vector pair at c:

by = be+be (88)

This creates a decomposition D’ that represents the new system (A + A, b+ Bc). To solve
the new system, we could pass all of the messages in D', but this would not make use of the
similarity between the new and old systems.

The following lemma proves that when we update the local system of a single cluster,
only the flows directed away from that cluster must be recomputed.

Lemma 6 (single cluster update). Let D = (T, L) be a junction tree decomposition, and
let D' = (T,L") be a decomposition obtained by changing the local system (Ae,be) for some
cluster c¢. Then the flows directed towards ¢ are the same in D and D'.

Proof. Induce a directionality on the junction tree by choosing c as root. Consider the
message passing schedule in which we first send messages from the leaves of this tree toward
the root node and then send messages outward from the root to the leaves. Any messages
sent during the first phase will remain the same because L' differs from £ only at the root
node c. Thus, all flows directed towards ¢ are the same in both D and D' O
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Thus, when the linear system changes within a single cluster ¢, only half of the flows must
be recomputed. In the case where L' differs from £ in multiple clusters, we can view these
changes as occurring in sequence where each step involves making a change to a single cluster.
Applying Lemma 6 we find that the set of messages that change is the union of the messages
that change in each single cluster update.

Note that we can obtain additional speed-up by instead using the backsubstitution-based
algorithm: we can compute the partial solution at the updated cluster ¢ and propagate
partial solutions outward to the leaf clusters. However, in contrast to the message-based or
flow-based techniques, this scheme does not leave the junction tree decomposition in a state
that permits further efficient local updates in clusters other than c.

One important application of this optimization is when we wish to compute the inverse
of A. This problem is typically posed as solving the matrix equation

AX =1 (89)

Solving this equation reduces to solving a set of linear systems, one for each column of X
(and I). In this case we have a sequence of linear systems to solve, where each is of the form

Ax = ¢; (90)

where e; is the vector whose elements are zero, except for e;(i) = 1. We can efficiently solve
these equations by first solving the system Az = 0 using one of the junction tree algorithms
that send messages in both directions. Even though this equation has a trivial solution, it
is important that we actually compute the messages so that we can later take advantage of
the single cluster updates. Because each e; differs from 0 in one element, we can solve for
e; by resending messages out from the cluster that contains that element. This allows us to
send half of the messages that would normally be required.

In this particular application, further optimization can be obtained because A remains
constant between problems. This means that when we pass a flow, we do not need to perform
the update (66). It also means that we can cache the AY(s,t) A¥(t,t) ! term that appears
in (67).
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