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Abstract—In this paper, we study an online bipartite matching we may be forced to reassign existing clients to alternative
problem, motivated by applications in wireless communication, servers to ensure that all clients can receive service. As it
content delivery, and job scheduling. In our problem, we have g sfien more important to provide service to all clients, the
a bipartite graph G between n clients and n servers, which | of lgorith ill be t intai tchi |
represents the servers to which each client can connect. Although goal of our f"‘go” ] m will be 1o maintain a ma(? Ing. a?W_aYS
the edges ofG are unknown at the start, we learn the graph between arrived clients and allowed servers, while minimizing
over time, as each client arrives and requests to be matched to the switching costthe total number of times that clients are
a server. As each client arrives, she reveals the servers to whichreassigned to different servers.
she can connect, and the goal of the algorithm is to maintain a Our online bipartite matching problem has a wide variety of

matching between the clients who have arrived and the servers. S . . . . .
Assuming that G has a perfect matching which allows all clients applications spanning diverse areas, including streaming con-

to be matched to servers, the goal of the online algorithm is to te€nt delivery, web hosting, remote data storage, job scheduling,
minimize the switching cost, the total number of times a client and hashing. We describe a few applications below, which can
needs to switch servers in order to maintain a matching at all pe modeled as an instance of the online bipartite matching
times. q problem we described above. In the following examples, we

Although there are no known algorithms which are guarantee | f h o ) icechan d
to yield switching cost better than the trivial O(n?) in the worst ~&IWays refer to the entities requesting servicecasnts an

case, we show that the switching cost can be much lower inthe entities providing service agerversfor consistency. In
three natural settings. In our first result, we show that for any examples where it is not clear, we mark in parenthesis which
arbitrary graph G with a perfect matching, if the clients arrive  entities are clients and which entities are servers.

in random order, then the total switching cost is onlyO(nlogn) « Streaming Content Delivery, Web Hosting, and Re-

with high probability. This bound is tight, as we show an example
where the switching cost isQ(nlogn) in expectation. In our mote Data Storage We have a set of servers capable of

second result, we show that if each client has edges @®(logn)
uniformly random servers, then the total switching cost is even
better; in this case, it is only O(n) with high probability, and we
also have a lower bound of2(n/logn). In terms of the number
of edges needed for each client, our result is tight, sinc@(log n)
edges are needed to guarantee a perfect matching 6" with
high probability. In our last result, we derive the first algorithm
known to yield total cost O(nlogn), given that the underlying
graph G is a forest. This is the first result known to match the
existing lower bound for forests, which shows that any online
algorithm must have switching costQ2(nlogn), even whenG is
restricted to be a forest.

I. INTRODUCTION

streaming content online, hosting web pages, or storing
data remotely. A sequence of clients arrives requesting
to have their content streamed online, their web pages
hosted online, or their data stored online. Due to locality,
security, cost, routing policy, or other reasons, the stream-
ing content, web page, or data from each client can only
be hosted at a subset of server locations.

Job Scheduling We have a set of servers with differing
capabilities available to process job requests from persis-
tent sources - jobs that need to be processed over a long
or indefinite period of time (e.g. protein folding, genomic
research, SETI@QHOME). A sequence of persistent job

In this paper, we study an online bipartite matching problem, requests (clients) arrive and reveal a subset of servers
which models a scenario in which clients arrive over time capable of servicing their request.
and request permanent service from a set of given serverse Hashing We have locations in a hash table (servers)
As each client arrives, she announces a set of feasible servers available to store data objects (clients), and a set of
capable of servicing her request, and our goal is to provide hash functions. Data objects arrive over time and can be
service to each client persistently by maintaining a matching assigned to a location in the hash table, if one of the hash
at all times between clients who have arrived and servers functions maps the data object to that location.
capable of servicing their requests. We would like to assignNote that in all the examples above, it is reasonable to
clients to servers permanently without ever having to reassigasume that clients can be reassigned to different servers, but at
clients to different servers, but when a new client arrives cost. For instance, in the streaming content example, clients



may not be able to access their content while their contethe greedy algorithm perform provably better th@n?) in

is being transferred from one server to another. Thus, it tisis case? Moreover in some cases, it might be reasonable to
desirable to minimize the number of the reassignments aassume that the grapgh is generated randomly. For example,
algorithm incurs, which causes these interruptions. in the case of hashing, ®(logn) random hash functions are

Before stating our results, we define our problem more fothosen, then the set of edges between clients (data elements)
mally. Each instance of the online bipartite matching probleand servers (hash locations) is a graph where each client
is defined by: has©(logn) random edges to servers. Can better bounds be

« A bipartite graphG between clients and servers, whiclproved in this case as well?

represents the servers to which each client can connect In this paper, we show that indeed the switching cost can

« A permutationo, which represents the sequence in whiche much better under these conditions, despite the lack of

the clients arrive worst case upper bounds better thatm?). In the first case,

The graphG is unknown at the beginning, but as clientsve show that wherf; is any arbitrary bipartite graph with a
arrive according tar, each client reveals the servers to whiclperfect matching, and is chosen uniformly at random, then
she has edges. The goal of the algorithm to is to maintaime greedy algorithm performs well and achiev@&: logn)

a matching between arrived clients and servers at all tim@svitching cost with high probability. This bound is tight as
while minimizing the total number of times that clients argve show that there is a distribution over graphs for which
reassigned to different servers. Alternatively, as each cliesnty deterministic algorithm must incur co§(nlogn) in
arrives, our algorithm can be viewed as finding an augmentiegpectation, even if is chosen uniformly at random.

path (a path that alternates between matched and unmatcheg the second case, where each client Bgkgn) random
edges), in the graph revealed so far, from the arriving client éggiges to servers, we show that the switching cost can be even
an unmatched server. It should be clear that upper boundisgtter. In this case, we prove that the switching cosD(s)

the total length of the augmenting paths used by the algorithiith high probability, and it nearly matches our lower bound of
also upper bounds the total switching cost. As the total lengthin /logn). In terms of the number of edges used to generate
of the augmenting paths is close to the switching cost, it céfle graphG, our result is tight, sinc€(logn) random edges
also be used to lower bound the switching cost in some cagge needed per node, in order to guarantee a perfect matching
as well. with high probability.

For simplicity, note that we assume each server may service_astly, we also make the first progress in over a decade in
(or be matched to) at most one client at a time, although oge original worst case model whesds chosen adversarially,
results can be fully generalized to the case where servers ean ¢ is known to be acyclic (i.e. a forest). In this setting,
service multiple requests. We also assume thatonsists of we derive a new algorithm which achieves c6itn logn),

n clients andn servers, and> contains a perfect matching,which matches the existing lower bound 8fnlogn) for
although our results still hold essentially without these afgrests. Although the networks that occur in practice are not
sumptions. See the Appendix for further discussion. often acyclic, we view our last result as making progress

Although this problem was introduced over a decadgwards finding anO(nlogn) solution in the general worst
ago [1], we still know surprisingly little about the optimalcase setting.

algorithm. For example, there is a very natugatedy algo-
rithm, which provides service to each new client by usin
an augmenting path of minimal length, but is this greedy
algorithm optimal? What is its worst-case switching cost? The problem studied here was first introduced by Grove
There are no known upper bounds to show that the greeelyal. [1] in a paper, which focused on a special case of the
algorithm or any other algorithm performs better ti@am?) in  problem where each client has degree at most two. For this
the worst case, but an upper boundxf?) is trivial since any special class of instances, they prove that the greedy algorithm
reasonable algorithm only switches at m6xtn) clients per incurs a worst-case switching cost 6f(nlogn), and they
arriving client. Furthermore, an existing lower bound in [1yive a matching lower bound by showing there are cases
only shows that the total switching cost has to{be: logn), Wwhere any algorithm must have caQ(nlogn). The paper
so a large gap exists between the known upper and lovggres on to consider the case in which clients can connect
bounds. and disconnectover time; for this problem, assuming that
each client has degree at most two, they present a randomized
A. Our Results algorithm which has a competitive ratio 6f( /), where the
Although worst case analysis for this problem has nabmpetitive ratioof an online algorithm is the ratio between
yielded fruitful results, the worst case may not often occur ithe cost incurred by the online algorithm, which does not
practice, and it may be reasonable to make certain assumptiknew the input sequence in advance, and the cost incurred by
about the grapléz or the arrival ordew. For example, in the an optimal algorithm which does know the input sequence in
case of remote data storage, one might imagine that the graplvance. Previous to our work, the special case in which each
G which determines the servers which can store a clientéient has degree at most two, was the only class of instances
data is fixed, but perhaps the arrival orders random. Does for which an optimal online algorithm was known.

. Related Work



Our problem is related to previous work on online load baports fast insertions and accesses, with a fairly high space-
ancing with task preemption, which has been studied by manglization. Typically, dictionaries are used in combination
authors, see [2], [3], [4] for example. The main differencwith a hashing scheme, which is a mapping from the items
between our work and the previous work on load balancig their locations in the table. A common assumption in
is that our model assumes a hard capacity constraint on theoretical work is that such mappings are random. Under this
servers and allows clients to be reassigned, while the previ@assumption, the connection between hashing and our setting is
load balancing work generally does not assume a hard capaeisyfollows: if an item hag randomly chosen locations where
constraint on the servers, or does not allow reassignmeritgan be inserted into the table, then the problem of inserting a
Without hard capacity constraints or reassignments, the gsaties of items into the table reduces to the problem of finding
in online load balancing is often to minimize the maximuna matching in a random bipartite graph in an online manner.
load, or if reassignments are allowed, the goal is to minimize Under this setting, our algorithm is very similar to the
the number of reassignments while always maintaining Guckoo Hashing scheme of Pagh and Rodler [12]. Cuckoo
maximum load which is close to the optimal maximum loaHlashing, essentially, uses the following algorithm for inserting
achievable. items to tables, or equivalently, matching new clients to

For example, a series of works by Azar et al. [5], [6]servers. If there is an empty server adjacent to the client to be
[7] studied online load balancingithout the possibility of matched, then the client is matched to this server; otherwise,
task preemption (i.e. without reassigning clients, in our teit- is matched arbitrarily to one of its adjacent servers, and
minology). They established that when tasks arrive but nev@rnew matching is recursively found for the client which
depart, the greedy algorithm, which assigns each task to thas previously attached to this server. In [12], [13], it was
least-loaded admissible server, @dogn) competitive ratio shown that if the degree of each nodedis= O(ln 1), and
with respect to the maximum load. When tasks both arrivethere aren clients andn(1 + €) servers, then the expected
and depart, they show that the optimal competitive ratio &mortized switching cost per client (1), where theO.(1)
O(y/n). When jobs arrive and depart and task preemptias a constant dependent eand the expectation is with respect
is allowed, the situation improves dramatically: Phillips antb the randomness in the graph between clients and servers. In
Westbrook [3] give an algorithm which always maintains aontrast, our results imply that if = O(logn), and if there
maximum load within a factor o (logn) of optimal, while aren clients andn servers, the amortized switching cost per
only incurring a reassignment cost 6f(m), wherem is the client is still O(1) with high probability. By making: small,
number of arrivals and departures. Westbrook [4] also giveay e = O(%), the result in [13] can also be used to prove
an algorithm which isO(1)-competitive with respect to the bounds on the switching cost whenclients are matched to
maximum load and with a reassignment costdfnlogn). n servers, but the bounds produced are very weak, since the
Andrews et al. [2] study online load balancing with reassigmound on the switching cost per client dependsecaand is
ment costs in a model in which any client may be assigneddaper-polynomial in ). Thus, our results produce a novel
any server, but clients have arbitrary sizes and reassignmexgension to results of [12], [13] to the case where there is no
costs. (The same model was considered, in lesser generafityplus of servers over clients.
in [4].) They give an online algorithm which i8.5981-
competitive with respect to load arid’285-competitive with I[I. RANDOM ARRIVAL ORDER

respect to reassignment cost. In thi i that the bipartit b
Another line of related work involves a variant of our on- ' 1S Section, we assume that (he bipartite grépibe-

line bipartite matching problem, where reassignments are rﬁ\g{een c_Iients and servers is ar?"”afy' bu_t that the_ cIi_ents arrive
allowed and capacity constraints must be maintained exac{&.a ur|1||fo'rmly rz_itr;ldom prdler ((;.ea IS J ngorn::]y d'St”bUte?.
Given these restrictions, the goal of the online algorithm frer a n.thpotstsr: € atrrlv? or edrs).l n_tﬁr f's ;ssump;llon,
to match as many clients as possible. This problem was fifgg prove that the natural greedy aigorithm lor the probiem,

studied by Karp et al. [8], and later generalized by Goel alMﬂch connects each client by using the shortest augmenting

Mehta [9], and Mehta et al. [10] for the purposes of studyin}%_ath available, suffers a switching cost O(nlogn) with

an online adword placement problem igh probability. We also prove a matching lower bound of
Our work is also loosely related to the recent work ng(nlogn) on the total switching cost for any online algorithm,

Godfrey, who analyzes the load balancing properties of cert r}i"Ch S.hOWS _tha()(n logn) is the pest switching cost that can

random processes which assign clients to servers [11]. Godf achieved in the random-ordering model.

proves that only very weak conditions are needed on the

random process, in order to ensure that the servers stay rou 'IyThe Upper Bound

balanced with high probability. To obtain some intuition, we start by showing that the
Our load-balancing scenario in Section Il also has connettal switching cost is at mos?(n logn) in expectation. Our

tions to hashing. A large body of theoretical and experimentahalysis here is just for intuition, as a more sophisticated

research has focused on hashing schemes and dictionary da@ment is needed to show that the total cogD{s logn)

structures; a dictionary data-structure is a table containimgth high probability. To prove that the total switching cost is

items, and the goal is to design a data-structure which sup¢nlogn) in expectation, we start by proving the following



lemma, which upper bounds the expected cost of each arrivinave yet to arrive and a new client arrives, and is O otherwise.
client. Although it is easy to see that the,, ;.. 4 Xi; is the
total switching cost, it is difficult to prove a ﬁarge deviation

Lemma 1.1 Given thati clients remain to arrive, the ex-bound on}_, .., ., X;;, since theX; ; variables are not
pected number of servers that the greedy algorithm needsingependent.
switch in order to connect the next client is at mést Thus, in order to prove a large deviation bound, we
will define our X;; variables in another way, such that
Given the lemma, it is easy to sum over all clients and bou@i’je{lwn} X, ; stochastically dominates the total switching
the total expected switching cost By" , 2 = O(nlogn). cost, and each; ; variable is independent ok ;, for all
We now prove the lemma. i’ # i, and for each fixeg. We can then take advantage of this
Proof: To prove the lemma, let us assume for notationahdependence, and use a Chernoff bound to prove that for each
purposes that client§l, ..., i} have yet to arrive, and let usfixed j, the>"" | X; ; is O(log n) with high probability. From
defined,, to be the number of servers that need to be switchetkre, it follows almost immediately that n} Xij 1S
in a shortest augmenting path from cligntto a free server, O(nlogn) with high probability.
if client k& arrives next, fork € {1,...,i}. Note that when  Now to define ourX, ; variables, eachX; ; variable will
clients{1,...,i} have yet to arrrve the expected cost of thee 0 or 1, depending on the servers that get switched when
next arrrvrng client ISZk W(di-3) =137, di, since each there arei clients yet to arrive and a new client arrives, and
client ¥ has probabrlrty of arrrvrng next and experiencesour coupling will be defined so that for eaéke {1,...,n},
switching costdy, if it arrives next. Now, if we can show Z 1 X, ; stochastically dominates the number servers that
that >, _, dr < n, then the lemma follows easily, since theneed to be switched in order to connect a new arriving client,
expected switching cost of the next arriving client can then lghen i clients remain to arrive. EacX; ; variable will be
upper bounded by} Siodp<ton=1 1 with probability (1) and will be independent of any other
To show thaty:_, di < n, note that if alli remaining variable X; ;, for i’ # i and fixed;.
clients were to arrive next all at once, then it would be To define X;; and our coupling formally, let us assume
easy to connect the remainirigclients with switching cost thati clients {1,...,i} have yet to arrive, and let us define
n: simply compute a perfect matching, and then switch af}, to represent the minimum number of servers that need to
clients to match the same servers as designated in the perfeciswitched in order to connect cliehf if it were to arrive
matching. This connects all remaining clients, and causeext, fork € {1,...,:}. Recall thatz,C 1 di < n from the
each client to switch servers at most once, and thus has tetegument in Lemma II.1, and thus, we can assign to each
switching costn. Furthermore, this implies the existence oflient ¥ € {1,...,4}, dj distinct binary random variables
i augmenting paths, which can be used to connect remainingm {X, ; | j € {1,...,n}} without overlap. These variables
clients{1,...,i}, with total switching cost.. Moreover, if we can be easily coupled to our random process to stochastically
look atz,C ldk, it must be the case th&,_, di < n, since dominate the switching cost, if theth client arrives next;
we have established that there exists a set afigmenting if the kth client arrives next, then we set th& binary
paths with total switching cost, anddy, is thefewestnumber variables assigned to it to have value 1, and O otherwise. Note
of servers that need to be switched if a cliént {1,...,i} that this causes each binary variable assigned to a client in
arrives next. Therefore, the expected switching cost of the ndxX’; ; | j € {1,...,n}} to be true with probability 1), since
arriving client is at most1 > w1 dr < %, and the lemma each client arrives with probability exactl@l For consis-
follows. m tency, we also set variables {X; ; | j € {1,...,n}}, which
We now prove the main theorem of this section, which statese not assigned to any client, to have value 1 independently
the total switching cost is bounded t6(n log n) with high at random with probability 1) and 0 otherwise. As we have
probability. defined our coupling, note thaf’_, X; ; always dominates
the number servers that need to be switched in order to connect

Theorem 1.2 For any bipartite graphG: between clients and @ new client, wher clients remain to arrive. Furthermore,
servers, if the clients i arrive in uniformly random order, Pr[Xi; =1] = (7) foranyi,j € {1,...,n}.

then the switching cost incurred by the greedy algorithm is at Note that even though we assign the variables to cover each
mostO(n log n) with probability at leastl — n=2. client’s switching cost in a way that is dependent on events
in the past, eachX; ; variable is 0 or 1 with probability
Proof: To prove the cost i€)(nlogn) with high proba- (1), independent of all the previouX; ; random variables
bility, we couple our online matching process with a sequenweth i’ < i, because regardless of which assignment is made,
of n? binary random variablesX; ; for i,j € {1,...,n}, eachX;; variable is O or 1, based only on which client
such thatZ”E 1,...n} Xi,; stochastically dominates the totalis selected to arrive at the current time, an event which is
augmentation cost We then prove a large deviation boumdiependent of the previouX; ; random variables. Thus,
ON > jeq1....n} Xi,j- Ideally, it would be nice if we could our random process defines the random variables in a
simply define X, ; to be a random variable which is 1 ifway such that eaclX; ; variable is independent of random

serverj is switched by the greedy algorithm, wherclients variablesX;. ;, wherei’ # i and j is fixed. Furthermore, it

i.GE{Lps



is not hard to see th&[>." |, X; ;] = > i, 1 = O(logn), a > 0; with minor modifications in the proof, the result
for any j € {1,...,n}, and it is easy to apply a standarcextends to the case wheres not a power o and the clients
Chernoff bound to conclude th&t | X; ; = O(logn) with  select servers without repetition. For this model, we show
probability at least(1 — n=3). A simple union bound then that theONLINE MATCHING PROTOCOL described in Figure
implies thatzﬁje{l,_“’n} X, ; = O(nlogn) with probability 1 satisfies the following properties with high probability.
at least(1 — n—2). Therefore, the total switching cost must béHere and throughout this section, we interpret “with high
at mostO(n log n) with probability at least1—n~2), and the probability” to mean “with probability at least— O(1/n).")

theorem holds. [ « atevery time step > 0, the clients, .. ., ¢; are matched
with a subset of servers;
B. The Lower Bound « the total switching cost incurred by the protocold¢n).
Due to space limitations, we defer the proof of our lowdn the description of the protocol in Figure 1 we use the

bound, which shows our upper bound is optimal, to tH@llowing notation. We denote by; : {ci,...,¢;} — S the

appendix. matching of clients to servers that the protocol maintains at
time ¢, and byg, : S — {=} U {e1,...,c} the “inverse

Theorem 11.3 For any online algorithm, there exists a graphmatching”, defined so thaf;(s) = c iff ¢ € {c1,..., ¢} and

G such that the algorithm incurs an expected switching coét(c) = s. Finally, by G; we denote the bipartite graph with

of Q(nlogn) when the clients of? arrive in random order. hode sef{c;,...,c;}US and an edge between client i <,
and servers iff s € S.,, whereS,, is the set of servers that

I1l. RANDOM CONNECTION MODEL client ¢; selects.

In this section we study the following scenario: there ISONIINE MATCHING PROTOCOL
an equal number. of servers and clients, the clients arrive st time stept > 0:
sequentially, and each of them selects, at arrival, a random
subset ofO(logn) servers. We provide an online matching 1) clientc; chooses a random sét, of a - log, n

protocol for this setting which incurs total switching cost of servers from the sef with repetition;
O(n) with high probability, so that the average switching 2) ¢: ordersS,, arbitrarily into a listZ, and sets
cost isO(1) per client. Moreover, we give a lower bound Je, = 1 (to be used as an index in her list of

showing that any online matching protocol requires switching servers);

costQ(n/logn) with high probability, which establishes that 3) P:=BINARY_BFS(c;, fi—1, gi—1);

our upper bound is tight to within a factor 6f(log n). Before /*upon succesBINARY_BFS returns an aug-

proceeding to the details of our results, we note that, since the ~menting path on the grap@ originating at the

number of servers and clients are equal, we need to assime nodec;*/

that every client select@(logn) servers in order to guarantee

that a matching exists, after all clients arrive. if 7 # 0 then augment matching;_, along
The idea of our protocol is this: When a new client arrives pathP; define f;, g: appropriately;

the current server-client graph is examined, and a binary tree___€lsedeclareFAIL ;

originating at the new client is grown carefully, in order for_.

. Ii:u_:j. 1. High-level description of the protocol; when cliesyt joins the
an augmenting path to be found along the edges of that tre&work an augmenting path from to a free server is sought; if such a path

Our analysis establishes that the binary tree that is exploriedbund, the current matching is augmented along this path to include client
contains a free server at a constant depth on average, and &s a

result, the augmenting path, and hence the resulting switchin
cost, is constant on average as well.

Yve will make use of the following fact about the Coupon
Collector Model (proof in the appendix).

Theorem IIl.1 Consider the following online matching prob-Lemma I111.2 (Coupon Collector Model) Suppose that
lem: There aren servers, andn clients arrive sequentially, there aren types of coupons. If every coupon has one of the
each client selecting)(log n) servers at random. There exists; types uniformly at random, then, with probability at least
a client-server assignment protocol for this online arrivaj — (2/¢)", after k - n. coupons are requested at mostk — 1
model which, with high probability, succeeds in matching eagipes of coupons are uncollected.

client with a server with overall switching cost 6f(n).
To analyze the performance of tHBNLINE MATCHING

Proof: Let S = {s1,...,s,} be the set of servers andPRoTOCOL we are going to temporarily forget the fact that
C ={ec1,...,c,} the set of clients, and let us suppose that ttevery client has a list o - log, n servers; we will pretend
clients arrive in the ordety, cs, ..., c,, Wheret,t = 1,...,n, instead that every client has an infinite list of servers selected

is the arrival time of client;. Without loss of generality, we uniformly at random. Under this assumption, with probability
assume that = 2¢, for some intege¥; we also assume that1, the protocol does not declafaiL and every client gets
every client selects a random set @f log, n servers from matched with a server. We establish the following lemma
the setS with repetition, for some sufficiently large constantvhich concludes the proof of the theorem.



BINARY_BFS clients,
;rrlzgéhlrc]gz?jlct current matchingf;_,, inverse forall j € {1,...,logyn + 1} : Z Vil < 2.
output: augmenting pathP on the graphg, €
starting at node:, or ; Proof: Let us fix anyj € {1,...,log,n+1}. Let K; be
1) leto := L, (Je,); the number of times Steps 1 and 3(b)i BINARY _BFS are
2) if gt—1(0) = - then P := ((¢, 0)); return invoked between the arrival of clierf, and until clientc,,
P; is matched with a server. Observe that, every time the Steps 1
elseinitialize a queue data structut con- and 3(b)i of BINARY_BFS are invoked, the identity of server
taining the elemeng;_1(o); o is independent of the identities of the servers revealed in the
3) while Q # 0 preceding invocations of Steps 1 and 3(b)iRifNARY_BFS.
a) ¢ := deQueue(Q); Also, observe that, if the number of distinct servers that the in-
b) for r =1,2 vocations of Steps 1 and 3(b)i BiNARY _BFS have returned
if j. < alogy,n then over the course of the protocol is at ledst— 35|, then the
) je:=Jc+ 1 0:=L:(Je); clients of the set{c;}icu,.,z, have all been matched with
i) if gt—1(c) =— then servers. From Lemma 1112 it follows that, with probability at
let 7 be the path from node least1 — (2/e)™, after2/n invocations of Steps 1 and 3(b)i of
¢; to nodeo on the tree BINARY_BFS, [n — 2] distinct servers will be discovered.
created by the process; Hence, with probability at least — (2/¢)",
return P; ,
elsepushg,_ (o) into Q; Kj <2n. 1)
elsedeclareFAiL ; It is easy to see that the number of clients encountered in the

trees in phase is upper bounded by the number of new edges

Fig. 2. When a client; joins the network, theBiNARY _BFS process €XPlored in phasg, so that the following holds:
explores the graplg; in a Breadth-First-Search fashion in order to find an

augmenting path from; to a free server. However, each time a client node is Z |Vz| < Kj < 2n.

encountered by the BFS process, only two of its adjacent edges are explored. i€Z;

Note that ourBINARY _BFS process may actually explore an edgewhich .

goes from some client to a server which has already been explored andThe lemma then follows by a union bound. [ |
thus creates a cycle. In this case, we do not add edgeur tree as it creates From Lemma 11.4 it follows that, foralf = 1,.. ., logy n+1,

a cycle, although we do continue oBINARY_BFS by exploring two more
edges from the client with which servaris matched.

1 1 .. ,
— ) V| < —2/n < 2%
1Z;1 g;] ]

Lemma Il11.3 Under the assumption of infinite server-lists, 1 ,
the following are satisfied with high probability, i.e. with = log, 1z Z Vil p <2j. (2
probability at leastl — O(1/n): el
1) the total augmentation cost incurred by the protocol By Jensen’s inequality and the concavity lof, it follows
O(n); that
2) no client explores more than - log, n servers from her 1 1
infinite list of servers. log 1z Z_GZI: Vil ¢ = 1z ZGXI: log, [Vil.

Proof: To show Part 1 of the lemma, let us divide thdy combining the above with (2), it follows that

[ n
> ogs Vil <2 [

arrival times of the clients inttbg, n+1 = ¢+1 progressively =
smaller intervalsZ; = {b;,...,¢;}, j = 1,..., logan + 1, and summing ovey it follows that
where each intervaj has[Z;] time steps. In particular, we .
define: n ogomn j
. . < _— = .
e bj=n—-n/271+1,forallj=1,...,logon+1; Z;lOgQ Vil<n z} 27 +2(logyn+1) = O(n)
1= J]=

ee;j=n—|n/27|, foralj=1,...,log,n+1; _ _ o
Let 7} be the tree constructed by tianARY _ BFS process Finally, observe that, when a client joins the network,

when cliente; arrives and denote biy;| the number of client the augmenting path chosen by the protocol has length
nodes in7;. We show the following lemma. O(1 + log, |Vi]). It follows that the total augmentation cost
paid by the protocol i$(n).

Lemma 1.4 Under the infinite server-lists assumption, with To prove part 2 of the lemma, we make use of the following
high probability over the random choices of servers by theell known facts.



Lemma 111.5 (Coupon Collector Model) In a coupon col- connection graph containsconnected components consisting
lector model withn coupon types, the probability that allof a single server node each. As new clients arrive with
coupons are not collected aftén log, n steps is at mos{};. their edges, these connected components become merged. In
particular, one should note that when a new cliemtrrives
Lemma II1.6 (Balls in Bins) In the balls and bins model, if with d; > 2 edges, the client'sl; edges must connect i
m balls are thrown intor bins, then, with probability at least distinct components in the graph, since our final graph must
1— % the maximum load of a bin i©(’ + logn). be a forest. Thus a client arriving witly > 2 edges causes
d; components to merge into a single connected component.

L— 1 the total b e . ¢ St 1 and 3(b)i As our process proceeds, our online algorithm monitors
— y» the total number of invocations of Steps 1 and. ( ?hese connected components, and designates a node from each
of BINARY_BFS throughout the course of the protocol is aj

tonl Si lient icipat " onnected component to be theot of the component. The
most 2nlog. :L mfcgteve{y tC 1en pla:j'c'fha es exfacfyporlcgoot and size of each component are key elements in deciding
N an invocation of >tep 1, 10 conciude the proot of Fart 4,q augmenting path to be used to connect a new client. At
it is enough to show that, with high probability, no client

L . . . ) the beginning of the process, each server node starts as the
participates more tha@(log n) times in an invocation of Step g g P

. . . X " root node of its own connected component; this will change
3(b)i. We argue this by coupling the process of selecting cher’ﬁg clients arrive and components merge. Now to define how
for invoking Step 3(b)i with the process of throwing =

1 balls into n bi E the b thour algorithm maintains the root nodes and selects augmenting
nlog i balls Into n DINS. FOr OUr purposes the bins are aths to connect each new arriving clientwe have three
clients and a ball, thrown at the time of an invocation of

; ) . : ifferent cases:
Sbt.ep 1_?rha Step 3(b)'ICB'NSFE)Y—EF.S IS rec_ewgd by ar::hgnt_ he Case I: If client i has a single edge, then this edge
( .m)C' the server selected by the invocation Is matched with ) nects 10 a single connected componénand thus
client ¢; as a result of this receipt; will be the next client

¢ fcinate i . i t Step 3(b)i at which ti all potential augmenting paths froinmust pass through

0 pt?]r |C|t|)3a”e '.rlll Zn ![rr:voca |ont 0 N tepth (t)" k? I;N Ic htlmet componentC. Among the set of potential augmenting
another bat will be thrown, etc. Note that a ball might no paths, choose the augmenting path that stays furthest
be received by any client; in particular, for any ball that gets i th t o

thrown the probability that a client receives it is at most away rom the root ot

H th . load that a client : ) n’ gel® If a clienti has more than one edge, then we have two
: ednce,' ;a;ngxmum oa ala gle? rgcewes Ln Icl)ur mb‘? € cases to consider, depending on the set of connected
IS ommaﬁ i; elmaxwlr;ulrln oa t?w abin '? ab_a s Itrr]1 Ins components to which client can find an augmenting
process wherebgn log, n balls are thrown mlm ns, he path. LetsS; denote the set of connected components to
latter is O(log n) with probability at leastl — -~ by Lemma

) which clienti can find an augmenting path, and IEt
lll.6. This concludes the proof of part 2 of the lemma. : denote the set of connected components to which client

. ¢ has an edge.
VYeh_establlsth rf'next a IC)l\(ver bom:nd Iﬂ}(—?/ log nzhon thf |~ Casell If the sets; contains only one connected com-
switching cost of any oniine protocol. Hence, the protoco ponent, and that connected component is the unique
described in the proof of Theorem l1ll.1 is optimal up to a

factor of O(logn). The proof is postponed to the appendix. Ilargest component of;, then follow the rule in case

From Lemma I11.5, it follows that, with probability at least

— CasellI: Otherwise, choose any augmenting path into
the smallest component if;.

At the end of both casél and cas€lll, all components

in T; have merged into a single compondntAssignT

V. ONLINE BIPARTITE MATCHING ON FORESTS to have the same root node as the largest component in

In this section, we provide an algorithm that achieves aWTi' breaking t'e?_r?rb'tram%\'/flneide% di the total
switching cost ofO(nlogn), when the connection graph on _teh_now ptrO\f/e elore_rt'rll - Dy bounding the fota
n clients andn servers is a forest, and contains a perfeéﬁ'\" ching cost ot our algorithm.

matching between clients and servers. The main result of thjs '
section is as follows. Proof of Theorem IV.1We first bound the total cost of aug-

mentations arising from cadél by O(nlogn). Note that each
Theorem IV.1 Let G be the underlying graph of connectionstime a server switches clients via calé, its co_mpon_ent size
between clients and servers. df is a forest, then, for any at Ieastd(_)ubles,_ and thus each server can switch clients at most
arrival order of clients, there is an algorithm which has a”(logn) times via cas€ll augmentations. Therefore, the total
switching cost o) (n log n). cost arising from caséll augmentat!ons, i®(nlog n)
Lemma IV.2 shows that the switching cost arising from
Before we describe the algorithm, we first make sonmasel and casell augmentations is at mo§)(nlogn). The
preliminary observations, which provide a foundation fotheorem thus follows by combining Lemma IV.2 with our
stating our algorithm. Note that at the start of our onlinbound on the total cost of augmentations arising from case
process, we have server nodes and no edges, and thus odifl. B

Theorem IIl.7 In the setting of Theorem IIl.1, any online
matching protocol has switching cost@f{rn/logn), with high
probability.



Due to space limitations, we defer the proof of the followingL1] B. Godfrey, “Balls and bins with structure: Balanced allocations on hy-
lemma to the appendix, which bounds the switching cost ?ggrap;h;c,;’oigProc. 19th ACM-SIAM Symposium on Discrete Algorithms
.. . DA .
arising from casd and casell augmentations and complete§) R pagh and F. F. Rodler, “Cuckoo hashing,” Rioc. 9th Annual

the proof of Theorem IV.1. European Symposium on Algorithms (ES2Q01, pp. 121-133.
[13] D. Fotakis, R. Pagh, P. Sanders, and P. G. Spirakis, “Space efficient

L V.2 Let & be th derlvi h of ti hash tables with worst case constant access timeBtda. 20th Annual
emma 1v. € € the underlying grapn of connections Symposium on Theoretical Aspects of Computer Science (ST2DS)

between clients and servers. @ is a forest, then, for any pp. 271-282.
arrival order of clients, the total switching cost of caseind

casell augmentations is at mos#(nlogn). APPENDIX

A. Discussion

V. CONCLUSION Although we assume the total number of arriving clients is

In conclusion, we study three variants of the online biparti{fe same as the total number of servers, it is not difficult to see
matching problem. First, we show that when the underlysyr upper bounds on the switching cost still holchitlients
ing bipartite graph is arbitrary, and the clients arrive in grrive and there are: > n servers. We omit formal details,
random order, the greedy algorithm, which always uses tBgt the bounds on the switching cost are the same for this case
shortest available switching path, achieves a switching-cost\gfen measuring the switching costs relativeztche number
O(nlogn) with high probability. We also study the problemgf ¢lients.
when the arrival order is adversarial and the underlying graphwe also assume that each server may service (i.e. be
is a forest, and provide @(n logn) algorithm for this case. matched to) at most one client, but one should note that our
Finally, we study the problem in random bipartite graphs @&sults also hold when servers can service multiple clients. In
degreeO(logn) and show an algorithm which achieve¥n)  this more general setting, when clients are to be matched
switching-cost. to m servers who can servicg, so, . . ., s, clients each, our

The main open question is to find an algorithm whicRounds also hold and are exactly the same as the unit capacity
achieves a switching cost aD(nlogn) for any arbitrary case, when measuring the cost relativentdhe number of
bipartite graph between clients and servers, and for an aflents. The bounds from the unit capacity case also apply
versarial arrival order of clients. In particular, it would bQ']ere' since we can reduce this more genera| prob|em to the
interesting to find a proof that the greedy algorithm achievegit capacity case by creating server nodes for each server

a switching-cost of)(n log n) in any bipartite graph, for any ; ¢ {1,... m}. By treating each serverass; unit capacity
arrival order of the Cllents, or to find a COUnterexample th@brverS, and Creating edges appropriate|y, it is not hard to see
suggests otherwise. that any bounds for the unit capacity case also yield equivalent
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m(n + 1) is interpreted to meam(1). In other words, the It follows that, if £ - n coupons are requested, then
bipartite graph is a randoiv.-cycle on the set of clients and

servers. Pr {at Ieast% coupons are uncollect}ed

This input distribution is invariant under permutations of all k£ - n coupons are fro
the clients, so we may assume without loss of generality = Z Pr {the set of typesS T
that the clients’ arrival order id,2,...,n. At the arrival S,[81=(1-%)n
time of client k, the servers belong te — k£ + 1 different 2\"
connected components (including isolated servers) and each = (e) )

of these connected components is a path. Clieist adjacent .
to endpoints of two of these paths, namely, the arcs of the cy(\fY ere the summaluon ranges over all sgtsf coupon types
which extend from clienk to the first higher-numbered client®" S1#€ 5] = (1 N E) n. o
encountered when going around the cycle in either directiopgoof of Theorem II.7:Let S = {s1,...,s,} be the set
The theorem now follows from a sequence of observatiog$ servers and” = {c1,...,cn} the set of clients, and let
outlined below. us suppose that the clients arrive in the ordgres, . . ., cn,
1) Conditioning on the cyclic ordering of all clients besidesvheret, t = 1,...,n, is the arrival time of client;. Suppose
k, client k is equally likely to be spliced anywhere intoalso that every client selects a random sefof= « - log, n
the cycle. In particular, it has probability/3 of being servers with repetition; as in the proof of Theorem Il.1, with
spliced into the middle third of an arc between higheminor modifications the argument extends to the case where
numbered clients. the selection happens without repetition. DenotingShy the
2) Consider the cyclic ordering of all clients besidesThe set of servers that cliemt chooses, let us define the following
clients with label greater thanpartition the ordering into collection of events fot = 1,... n:
n —k' arcs. It is easy to see the average length pf these “When clientc; arrives all servers irs,,
arcs is(n—1)/(n—k), and hence, the expected distance A ‘

"~ are occupied by other clients.”
from client £ to the nearest higher-numbered client is at ) P y- o
least =1 Recall that an online matching protocol needs to maintain a
3 —

3) The ingu?)distribution is invariant under the operatioﬂ‘amhing of the clients with servers at gll times. Hence, if the
of cutting out an arc of the cycle, with its servers agVentA: happens, the protocol must incur an extra cost of
both endpoints, and reattaching it backwards. Therefofd, 1€@stl in period¢ in order to service client;. Moreover,
conditional on the states of the two paths to which clief@PServe that D
k < n is connected at the time of its arrival (i.e., the Pr[A,] = <tl) )
sets of clients and servers in those paths and the current n
matching between them), each of the ways forto Therefore, the expected switching cost incurred by the protocol
connect to these two paths is equally likely. As clieng
k connects to these two paths by choosing an endpoint "

D n—1

of each, the number of ways farto connect to the two g [switching cost> Z (H> — % Z D

paths is the product of the number of endpoints of the =\ [C—

paths. As each path either is a single node widmdpoint 1 2, 1 (n—2)P+!

or has2 endpoints, the number of ways of connecting 2 ) todt = 2D D11

client k to these two paths is at most Thus, conditional tz?j

on the states of the two paths at the time of cligist = @L_Q =0 < " > .

arrival, with probability at least /4, client & connects to n D+1 logn

each of these paths at the endpoint which is furthest fraBo, in expectation, every online matching protocol has cost

the free server on that path. Q(n/logn). To show that this is also true with high probabil-
4) Combining (2) and (3), we find that the expected cod#y, note that the event§A,}7 , are independent. The result

incurred at the arrival time of clierit is at Ieast#*_lk). follows from an easy Chernoff boun#

Summing overk, we get the stated lower bound. i
Proof of Lemma IV.2Note that for this lemma, we do not need

to distinguish between caseand II augmentations; we just
need to note that these augmentations seek to maximize the
Proof of Lemma lll.2Let S be any set of, — 7 = (1 — %) n  distance from the root node, and for servers involved in case

coupon types. Then, i - n coupons are requested, 1 or casell augmentations, their root node does not change
as a result of these augmentations.
Prfall k- n coupons are from the set of typ&é Although we do not need to distinguish between these two
n types of augmentations anymore, we do need to further classify
< _1 <M the client/server switches that arise as a result of these types
- 1 - e ° . . . -
k of augmentations. For a serverwhich switches clients as a



result of a casd or II augmentation, we classify’s switch To prove that there are at moét(n) peak switches, note
as either anupward switch, adownward switch, or apeak that each augmentation of cageor casell, consists of a
switch, depending on the direction of the augmentation/switsequence of zero or more upward switches, a peak switch,
relative to the root node. To classify these switches, suppas®d a sequence of zero or more downward switches. Thus,
that a casd or casell augmenting path passes through a clietthe second statement follows since each augmentation contains
u, a servery, and a clientw in sequence and thus results irat most one peak switch and since there are at most
edge(u, v) being added to the matching and edgev) being augmentations.
deleted from it. We say node experiences anpward switch Thus, we have proven all three statements, and we have that
if client « is strictly closer to the component root than clienthe total cost of casé and IT augmentations i®(nlogn). B
w, andv experiences downwardswitch if clientw is strictly
further from the component root than cliemt If both client
u and w are the same distance from the root, then setver
experiences aeakswitch. To complete the proof of the cost
upper bound, we prove the following three statements:

« Each node experiences at most one downward switch.

o Each node experiences at most(logn) upward

switches.

« There are at mosb(n) peak switches in total.

Before we prove the three statements, we first define some
terminology. For a sel/ of clients and servers, we say tHat
is finishedif every client inU has already arrived/ contains
an equal number of clients and servers, and no clieitf iis
adjacent to a server in the complementlof We say that a
client or server is finished if there exists a finished Gethat
contains the client or server. Note that once alsdiecomes
finished it remains finished in the future. Also, all the clients
in a finished selV must be matched to serversihand there
can be no augmenting paths passing through a nodé. of

Now to prove the first statement, suppose that a server node
v engages in a downward switch which results in its becoming
connected to a client. After this switch takes place, léf
be the set consisting af, u, and all the clients and servers
reachable fromu by an augmenting path that does not pass
through v. It must be the case that every server lihis
matched to a client iU, because otherwise would have
an augmenting path that stays strictly further from the root
than any path passing through and therefore: would not
have switched ta in the most recent step of the algorithm.
Moreover, every client irU is matched to a server i and
no client inU is adjacent to a servar ¢ U, because this
would imply the existence of an augmenting path franto
v’ that does not pass through contradicting the assumption
that o' ¢ U. Thus, the seU is finished; in particular, this
meansv is finished, thus confirming that can engage in at
most one downward switch throughout the execution of the
algorithm.

To prove the second statement, note that once a server
engages in an upward switch, if it engages in another switch
before its component root changes then this switch must be a
downward switch, which would finish. Thus, the number of
upward switches involving is bounded above by the number
of times the root of the component containingchanges.
However, a server's root node can change at niddbgn)
times, since the component size at least doubles each time
the root changes. As a result, we have that each server may
undergo at mosO (logn) upward switches.



