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� direction edge-edge pair< orientationrange>

47.9 counterclockwise

f [0; 3] :< �0: 266; �0: 266>g f [0; 2] :< �0: 132; �0: 266>g
f [0; 1] :< �0: 125; �0: 132>g f [5; 1] :< 0: 125; 0: 125>g
f [5; 0] :< 0: 132; 0: 125>g f [4; 0] :< 0: 266; 0: 132>g
f [3; 0] :< 0: 266; 0: 266>g

47.9 clockwise

f [0; 3] :< �0: 266; �0: 266>g f [5; 3] :< �0: 132; �0: 266>g
f [4; 3] :< 0: 0; �0: 132>g f [3; 3] :< 0: 0; 0: 0>g
f [3; 2] :< 0: 132; 0: 0>g f [3; 1] :< 0: 266; 0: 132>g
f [3; 0] :< 0: 266; 0: 266>g

48.1 counterclockwise

f [0; 3] :< �0: 265; �0: 265>g f [0; 2] :< �0: 131; �0: 265>g
f [0; 1] :< �0: 129; �0: 131>g f [5; 1] :< 0: 129; �0: 129>g
f [5; 0] :< 0: 131; 0: 129>g f [4; 0] :< 0: 265; 0: 131>g
f [3; 0] :< 0: 265; 0: 265>g

47.9 clockwise

f [0; 3] :< �0: 265; �0: 265>g f [5; 3] :< �0: 131; �0: 265>g
f [4; 3] :< 0: 0; �0: 131>g f [3; 3] :< 0: 0; 0: 0>g
f [3; 2] :< 0: 131; 0: 0>g f [3; 1] :< 0: 265; 0: 131>g
f [3; 0] :< 0: 265; 0: 265>g

Table 2: Edge-edge pairs resultingfromwalkingindi�erent directions for di�erent � lengthchords.

edge-edge pair< orientationrange>
f [0; 3] :< �0: 265; �0: 266>g f [0; 2] :< �0: 131; �0: 266>g f [0; 1] :< �0: 125; �0: 132>g
f [5; 1] :< 0: 129; �0: 129>g f [5; 0] :< 0: 132; 0: 125>g f [4; 0] :< 0: 266; 0: 131>g
f [5; 3] :< �0: 131; �0: 266>g f [4; 3] :< 0: 0; �0: 132>g f [3; 3] :< 0: 0; 0: 0>g
f [3; 2] :< 0: 132; 0: 0>g f [3; 1] :< 0: 266; 0: 132>g f [3; 0] :< 0: 266; 0: 265>g

Table 3: The edge-edge pairs fromPP E([47: 9; 48: 1]) inthe continuous familyof chords containing� = 0.

(1+ t 2)

����
a b
d e

���� s(t ) =
(�acd+a cos� 0d � +b cos� 0d � � b c e +a f +b f +a2� e sin�0 +b 2� e sin�0)+

t (2a2 cos� 0� e +2b2 cos� 0� e � 2a2d � sin�0 � 2b 2d � sin�0)+

t2(�a c d � a2 cos� 0d � � b2 cos� 0d � � b c e +a2f +b 2f � a2� e sin�0 � b2� e sin�0) (11)
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edge-edge pair< orientationrange>
f [0; 1] :< 0: 0; �0: 881>g f [4; 3] :< 0: 0; �1: 571>g f [1; 2] :< �0: 881; �1: 571>g

f [5; 4] :< �1: 571; �2: 261>g f [2; 3] :< �1: 571; 3: 142>g f [0; 5] :< �2: 261; 3: 142>g
f [3; 4] :< 3: 142; 1: 571>g f [1; 0] :< 3: 142; 2: 261>g f [2; 1] :< 2: 261; 1: 571>g
f [4; 5] :< 1: 571; 0: 881>g f [3; 2] :< 1: 571; 0: 0>g f [5; 0] :< 0: 881; 0: 0>g

Table4: P P E ([4: 58; 4: 78])
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describedinsection 3.3.2.

5 Conclusion

In this paper we described a correspondence algorithmfor scan line data given polyhedral objects. The
algorithmwas specialized for convex polyhedral objects. This research is a successful example of the RISC
Robotics paradigmwhichattempts tosolvemanufactuingproblems withsuitable hardware: light beamscanning
uses accurate, robust, cost-e�ective sensors. The algorithmgenerates candidate pairs of edges fromindividual
scan line data andtests for consistent combinations bybrute force or intersecting parameterized ranges. The
hypotheses areorientationallyordered(by� ), andtherefore testingcombinationsonlytakesO(n +A) timewhere
n is the object's complexityandA is the number of chordmatches.
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Appendix

IntersectionPoi nt Functi on si(t )
InFigure 18, let a ; b ; c de�ne the line containingedgeA (a x +b y =c ), andd ; e ; f de�ne the line containing

edgeB (d x +e y =f ) translatedbyavector of length� andorientation� +� 0 (t =tan( theta
2 )). The translated

edgeB 0 is de�nedbyd ; e ; f 0 where f 0 is giveninequation 9. The intersections (t ) is giveninequation( 10), and
the expandedalgebraic equationfor s (t ) is giveninequation( 11).

f 0 =f + 1
1+t2 � (d [(1� t2)cos� 0 � 2t sin�0] +e [2t cos� 0 +(1+t 2)sin� 0]) (9)

s (t ) =

�b

����
c b
f' e

����+a
����
a c
d f'

��������
a b
d e

����
(10)



(-21.3, 6.3) (21.3, 6.3)

(26.5, 0.0)(-26.5, 0.0)

(-26.5, -6.3) (26.5, -6.3)

Edge 0

Edge 1

Edge 2

Edge 3

Edge 4

Edge 5

Figure 19: The shadowof anadapter whichis usedinthis example.

(-4,-23.74)

(0,-21.32)

(4,-8.39)

(-4,8.39)

(0,21.32)

(4,26.51)

R 0 R2
R1

R4
R3

Figure 20: The scanline endpoints of the adapter rotatedby17: 88 o.

4.1 Computi ng PPE for R 1

For R 1 (jR1j =48), P P E ([j R1j � �]) contains 23 distinct edge-edge-pairs. For this reason, we only sketch,
rather thantrace, theconstructiontechnique. ComputingP P E ([j R 1j � � ]) involvescomputingP P E (� min =47: 9)
andcomputingP P E (� max =48: 1).

FromFigure 21, we see that there are two continuous families of chords of length 47: 9. The �rst step in
computing P P E (47: 9) is scanning downLC (� ) and �nding an<ExtremalVertex, ExtremalEdge> pair which
contacts a chordlonger than47: 9. There are four orientations � extremal for whichLC (� extremal ) =47: 9. These
are: f �0: 26618; �2: 87541g radians. Theyall contact the parallel edges e d g e 0 ande d g e3 (refer Figure 19).

Inthis paragraph, wesketchhowthe edge-edge pairs incontinuous familyof chords containingthe orientation
� =0are collected. Initially, webeginwithc initial of orientation�0: 26618radians. Fromthis chord, wewalkin
twodi�erent directions (clockwise andcounterclockwise) aroundthe boundary inorder to enumerate the pairs
of edges \above" and\below"the Longest Chord. Figure 22shows the trail of counterclockwise rotatingchord
as it enumerates all of the edge-edge pairs inthe continuous subfamilyof chords. The counterclockwise traversal
enumeratedthe followingedge-edge pairs andorientationranges (denotedby[bottomedge, topedge]: < angle
range>) are giveninTable 2, as well as the edge-edge pairs fromother chordtraversals.

The possible pairs of edges, inthat continuous family, consistent withthe sensedchord(P P E ([j R 1j � � ]) are
computedbymergingthe edge-edge pairs fromTable 2. P P E is giveninTable 3, andP P E ([j R 4j � � ]) is given
inTable 4

At this point, wewouldsubtract the angle\R i fromthe orientationranges for eachedge-edge pair. Table 5
liststhepossibleinterpretations forwhichthe\bottom"edges areconsistent. ThetwochordsR 1,R4 constrainthe
set possible interpretations. As more constraints are included, all of the inconsistent interpretations disappear,
leaving only the r e a l interpretationanda nearby interpretation(for whichthe scanline origin resides onedge
5). The twointerpretations canbe comparedbycomputingthe optimal pose for each, or the heuristic approach

scanline datapoint Ri j Rij \Ri (radians)

(4,-8.39) (4, 12.93) 13.53 0.3
(4,26.51) (4, 47.83) 48.00 0.083

(0,21.32) (0, 42.64) 42.64 0.0
(-4,8.39) (-4, 29.71) 29.98 -0.134

(-4,-23.74) (-4, -2.42) 4.68 -2.115

Table1: The relative chords corresponding toeachof the scanline datapoints.
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Figure 18: The chord's contact points withthe twocontact edges canbe foundbytranslatingone of the edges
bythe chord, and�ndingthe intersection.

3. 4 Al gori thmi c compl exi ty

For eachorientation� there are 2 2k�1 sets of edges assumingthat j P P E ij =2(the normal case) andk is the
number of scanningbeams. j P P E j is usuallyO(n ) sinceP P E normallyconsists of asmall number chordfamily,
andeachfamilyincludesO(n ) pairs of edges.

orientationswithdi�erent P P E sets, where n is the complexityof the object.

3.4. 1 Analysi s

For convexobjects, the sets P P E are orderedby� , andthere are at most 2pairs of edges for eachof the 2k � 1
relative chords. In the worst case, A, the number of feasible combinations couldbe as muchas 2 2k�1 . Since
we are givenhigh-precisiondata, we can assume that 2k � 1 values are overkill; intersecting a �xed number
2k � 1� l � 2of relativechords su�ces tospecifythe pose. This approachonlyneeds tocompare 2 lj P P E j pairs
of edges. j P P E j is usuallyO(n ), sothenormal runningtimefor the completealgorithmisO(2 2k�1 n ), andO(2 ln )
for the o p t i mi s t i c approach.

For non-convexobjects, constructingP P E requires O(n 2) time, andsortingthese sets by� takesO(n 2 logn )
time. Mergingthese sets takesO(A+

P
j P P E j ) time, whereA is the number of feasiblematches. Unlikeconvex

objects, for whicheachorientationcorresponds toat most twochords, we give noupper boundonthe number
of chords corresponding toeachorientationfor non-convexobjects. Inthe worst case, A the number of feasible
matchcombinations produced bymerging twoP P E sets fromnon-convex shadows, canbe as large as O(n 3)
(since eachscanline origincanonlygenerates O(n ) feasible edge-edge pairs).

4 Exampl e

In order to help describe the correspondence algrothm, we run through an example in this section. The
scanlines producedfromscanningthe adapter showninFigure 19are showninFigure 20.

The�rst stepis tochooseascanlineorigin. Themiddle-left scanlinepoint (0; �21: 32) is chosenas the s c a n l i ne
o r i g i n ; therelativechordsaregiveninTable 1. Sincetheobject is convex, weexecute thee �c i e nt P P E algorithm
(as oppose tobrute force enumeration). The next stepis to compute P P E for eachrelative chord. Computing
P P E ([j Ri � � j ]) involves �nding the extreme chords of � length continuous chord families, and then walking
througheachfamilyof chords. Figure 21 shows the lengths of the relative chords overlayedwiththe object's
Long e s t Ch o r d function. Weconservativelyassume that the total error is less than0.1� =0: 1.



3. 3. 1 Determi ni ng the object's pose fromtwo rel ati ve chords (Ri; Rj)

We can compute geometrically the orientation � for which two relative chords contact three edges (R i; Rj).
Consider atriangleT whose the three vertices correspondtothe scanline originandthe tworelativechords. The
intersectionof the twocurves corresponds to the intersectionof those three points onto their respective edges.
That corresponds to�ttingatriangleT intoawedge formedbythe three correspondingedges. Solvingequations
5and 6for the free variables a andc determines the orientation� .
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d

t

y

v

z

x
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b

c
scanline
origin

Relative
chord
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chord j
Edge-edge-pair
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Figure 17: Solvingfor the intersectionof three scanlines canalsobe viewedgeometrically.
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sinb
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sina 2
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a +b =� � a 1� a 2� t � v ! b =� � a 1� a 2� t � v � a

x sina = (d � c )sina 1 (5)

y sin(K � a ) = c sina 2 (6)

3. 3. 2 Consi stency heuri sti c f or edge-edge pai r i nterpretati ons

Inthis section, wedescribe arelativelyfast heuristic for validatingaset of scanline interpretations bycomputing
anoptimal orientation� . This heuristic does not compute the optimal pose, and therefore, does not provide
mathematicallyrigorous informationabout thequalityof the correspondence/interpretation. But werelyonthis
no n- r i g o r o u s heuristic because thep s e ud o - o p t i ma l � is estimatedmorequicklythano p t i ma l � . This shouldsu�ce
since the dataare veryprecise, andsince the scanline datashouldcloselymatchthemodel.

Theheuristic is de�nedas the sumsquareddistances betweenthe scanline origins for eachrelative chordand
edge-edge pair. As a prerequisite, all of the edge-edge pairs shouldconsistentlyhave the same \bottomedge"
corresponding to the scanline origin. Note that �nding a chord's endpoints on edges e i; ej can be found by
intersectinge i withacopyof e j translatedbythe chord.

Wede�nealgebraicfunctions of thepositions of the scanlineoriginfor eachrelative-chord/edge-edge-pair; that
scanline origincorresponds tothe intersectionpoint (refer Figure 18) betweenthe \bottomedge"andthe \top
edge"translatedbyavector of length j Rj andorientation� +\R. Inorder to construct analgebraic function,
weutilize the trigonometric substitutiont =tan( �

2 ).

The intersectionpoint canbe de�nedbyarational functions i(t ) =
S(t)
1+t 2 , where the numerator is aquadratic

functionof t (refer Appendix). Theheuristic functionis the sumsquarederror functionis giveninequation( 7).
The error function is quartic rational function int . The minimumis one of the roots of the derivative of the
Error function(refer equation( 8)); the roots of the derivative are exactlythe roots of its numerator, since the
denominator is �nite withthe exceptionof �1. The numerator is a �fthdegree polynomial equation, andits
roots are foundnumericallyby�ndingthe eigenvalues of the correspondingcompanionmatrix 14.



(R0; R1) andverify that pose relative to the rest of the scanline data. We only need to compute P P E sets
(f P P E (�=[j R0j � � ]; � +\R0), P P E (�=[j R1j � � ]; � +\R1)).

The e �c i e nt algorithmfor computingP P E (� ) involves twosteps: enumeratingall of the continuous families
of chords, andthenenumeratingall of the chords withineachfamily. Orientations corresponding to continuous
family of ranges can be computed by scanning through the LongestChord function, searching for orientation
ranges which satisfy � < LC O(� ). After �nding an orientationLC O(� ) =� which is the extreme chord in a
continuous familyof chords , all of the chords inthe familycanbe enumeratedintwosteps: rotatingthe c h o r d
a b o v e t h e Lo ng e s t Ch o r d counterclockwise, androtatingthe c h o r d b e l o w t h e Lo ng e s t Ch o r d clockwise.

3. 1. 1 Computi ng P P E (�; O)

This sectiondescribes ane�cient algorithmfor computingP P E ([� ]; O). First, anextremal chordfromcontinuous
families of � -chords are foundbyusing the longest chord function, andthen the pairs of edges whichcontact
this familyof chords are enumeratedbywalking the chordaroundthe boundary. This construction computes
P P E ([� ]; O) inO(n +p) timewhere n isO's complexityandp is the size of P P E ([� ]; O), as follows:

1. Compute an extremal chord c initial of each continuous family of chords by searchingO's longest chord
functionfor � suchthat LC (O,� extremal ) =� andreferencingExtremalVertex(� extremal ) and
ExtremalEdge (� extremal ).

2. Beginning with c initial , enumerate all of the chords in c above by walking c initial counterclockwise, and
enumerate all of the chords inc below bywalkingclockwise. If � was so short that Chords(�=[� ], �; O)
is asingle coninuous family, weonlyneedtowalkc above aroundthe boundary. Collect the edge-edge pairs
contactedbybothc above andc below . Rotate the chords until:

(a) LC O(�crotate )=� ; the chordcannot be rotatedanymore.

(b) c rotate =c initial (the chordswept completelyaroundO)

Those pairs of edges constitute the subset of P P E inthat continuous familyof chords.

3. 2 Mergi ng PPE sets

Inthis section, wedescribe theprocedure for generatingall feasiblematchesbetweentwoorientationallysorted
P P E sets. There are twomainideas of theme r g e subroutine: the �rst idea is that onlyedge-edge pairs with
consistent b o t t om e d g e s (containing the scanline origin) are checked, andthe second idea is that onlypairs of
edges withconsistent orientations are checked(byscanningdown� ). The algorithmis detailedbelow:

1. Enumerate � from0to2�

2. 8 edge-edge pair combinations of f P P E (�=[j R 0j � � ]); � +\R0)� P P E (�=[j R1j � � ]); � +\R1)� : : : g
withconsistent b o t t om e d g e s (scanline originedges):

� Forall combinations of edges 2 f P P E (�=[j R 0j � � ]; � +\R0), P P E (�=[j R1j � � ]; � +\R1) , : : : g ,
test whether eachcombination/interpretationis consistent (refer section 3.3). Eachcombination(
P P E0i0;j0 � P P E1i1;j1 � : : : ) refers toacandidate set of edges (i 0; i1; : : : ; j0; j1; : : : ) whichcorrespond
to the relative chords of the scanlines. If anyof the P P E i is empty for some orientation� +\R i,
thenthere is de�nitelynoconsistent set of edges. If the interpretationis consistent, thenit is avalid
correspondence.

3. 3 Determi ni ng consi stent correspondences al gebrai cal l y

Givenahypothetical interpretationof edge-edge-pairs, the next problemis todeterminewhether the interpre-
tations are consistent. Althoughwecouldcompute the optimal posebaseduponthose correspondences, this may
taketoomuchtime, andwewouldrather use aquick, but, perhaps less thanperfect test. Since all of the relative
chords are anchoredat the same scanline origin, all of the chords shouldshare the same \bottom"edge.

Givenpe r f e c t data andthe correct correspondences, the correct pose shouldmapall of the \bottom"points
of the relative chords ontothe same scanline origin. This suggests a less sophisticatedapproachwhichinvolves
checkingthedistances betweenall of the\bottom"points, andcomputingthe orientation� whichminimizes that
distance.
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Figure 15: Inthe worst case, as shownabove, j P P E j canbe n2�n
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3 Corre s p onde nce Probl em

Inthis section, wegiveanoverviewof thecorrespondence algorithm, descriptions of the importantsubroutines,
andananalysis of the algorithm's time complexity.

3. 1 Correspondence al gori thmovervi ew

The correspondence algorithmwe present is anexample of a g e ne r a t e a nd t e s t technique. The mainidea of
the correspondence algorithmis to generate all the possible hypothetical interpretations for eachrelative chord
(R), andthentest all combinationsof these interpretations to�ndthecorrect interpretation. Thehypotheses are
representedbyP P E sets, whichcanbe computedfor arbitrarypolygons inO(n 2) time, or inO(n +A) time for
convexpolygons, for eachchord. The correspondences are foundbymergingtheP P E sets for all of the chords.
Eachset contains edge-pairs anda range of angles for whichthat pair is feasible. Inthe convexcase, onlytwo
edge-pairs canoccur for any�xed� . Thus, while merging twosets, at most 4 combinations canoccur ineach
range, andonlytwowhenthe relativechordconstraint is takenintoaccount. Inthenon-convexcase, theremight
beO(n 2) edgepairs for asingle � , andO(n ) of themmight be consistent withanedge-pair of asecondP P E set.
Themergingstepcantherefore takeO(n 3) steps inthe general case.

1. For eachrelativechordR, construct the sets of pairs of edges (P P E (�=[j R ij � � ])) for eachof the relative
chord's distances (denotedbyR i inFigure 16).

(X  ,Y  )0   1

(X  ,Y  )0   0

(X  ,Y  )0   2

(X  ,Y  )1   1

(X  ,Y  )1   0

(X  ,Y  )1   2

R0
R1

R2

R3R4

Figure 16: The relative chords betweenall of the scanline endpoints andthe scanline originare denotedbyR i.
The lengths of the relative chords j R ij constrainthe contactingedges.

2. Merge theP P E sets inthemanner describedinsection 3.2.

Since the scanline datapoints are veryprecise, we canoptimisticallyassume that the relative chords constrain
the object's pose withhighaccuracy. Inthat case, we onlyneedtocompute the pose usingtworelative chords,



j Ch o r d s (O; � ; � )j =

8<
:

0 if � > LCO(� )
1 if � =LC O(� )
2 if � < LCO(� )

(4)

Cl aim4 I t i s o b v i o u s t h a t t h e po s i t i o ns o f a � - c h o r d 's e nd po i nt s a r e c o nt i nuo u s f unc t i o n
LCO(� ).

Lemma 5 P P E (�) i s c omp u t a b l e i n O(A) t i me g i v e n t h e e xt r e ma l c h o r d s o f t h e c h o r d f ami l i e s .
Proof Consider walkingthe a b o v e andb e l o w chords aroundthe boundaryof O. As the orientation� varies,

the chords smoothlyswitchcontact features. 2

Cl aim6 Th e r e a r e t wo c o nt i nuo u s f ami l i e s o f � - c h o r d s i n e v e r y r a ng e � < LCO(� ).

Lemma 7 Whe n � max < LC (� ), a l l o f t h e c h o r d s 2 Cho r d s (�; [� ];O) ( \a b o v e " t h e l o ng e s t c h o r d ) l i e b e t we
Ch o r d s ( [�min ]; [� ];O) a nd Ch o r d s ( [�max ]; [� ];O)

Proof Pictorial proof (refer Figure 14).

∆
δ
∆

max

min

Longest Chord

Figure 14: All of the chords 2 Chords(�; [� ]; O) (\above"the longest chord) lie betweenChords([� min ]; [� ];O)
andChords([� max ]; [� ];O)

Cl aim8 P P E (�) f o r a pa r t i c u l a r o r i e nt a t i o n � i s g e ne r a t e d b y pa i r i ng up a l l o f t h e e d g e s
t om e d g e s " o f P P E ([�min ])(� ) a nd P P E ([�max ])(� ) t h e e d g e s b e t we e n t h e \ t o p e d g e s " o f P P E ([�min ])(� ) a nd
P P E ([�max ])(� ).

Cl aim9 P P E (�) c a n b e c o ns e r v a t i v e l y e s t i ma t e d b y c ompu t i ng P P E ([�min ]) a nd P P E ([�max ]), a nd t h e n s c a n-
ni ng d own � a nd e nume r a t i ng a l o f p a i r s o f e d g e s b e t we e n P P E ([�min ])(� ) a nd P P E ([�max ])(� ).

Lemma 10 I n t h e wo r s t c a s e t h e r e a r e a t mo s t n2 r a ng e s o f o r i e nt a t i o ns wi t h d i �e r e nt P P E s e t s .
Proof Theworst caseboundj P P E j =n 2 onlyoccurs for afewscanlines evenonthemost pathological objects.

Anexample of aworst case object is apiewedgeshapedobject withlots of tinyedges at the tipandlots of long
edges alongthe arc; there are aquadratic number of pairs of edges whichaccomodate chords of a lengthslightly
smaller thanthe radial distance (refer Figure 15). 2

Lemma 11 Ea c h c o nt i nuo u s f ami l y o f c h o r d s i nc l ud e s a t mo s t 4n pa i r s o f c o nt a c t e d g e s .
Proof We prove a 2n boundassuming eachedge is speci�cally a topor bottomedge, and4n results from

removingthis constraint. Assumeachordis rotatingthroughthefamily, let theterms wi t c h describe thesituation
whenone of the chord's endpoints changes its contactingfeature. Except for the �rst andlast switches, at least
one of its endpoints completely sweeps over one of the edges at every switch. Eachedge cansupport at most
twodirectional families of chords, which implies that each edge canbe completely swept over at most twice.
Therefore, only2n switches canoccur. 2



Proof This is shownbynotingthat if we translate the polygoninthe directionof one of the longest chords,
thedisplacedpolygonintersects the original exactlyat thepoint v , whichimplies that this is the largest chordin
that direction.2

v

e

L1L2L3
L4

e’

D

Figure12: L 1; L2; L3; L4 arelongest chords forvariousorientationsintheobject shownabove. Forconvexobjects,
whenalongest chordcontacts anedge e andavertexv , thenall of the chords fromthe vertexv topoints along
that edge e are longest chords.

Observati on 2 Ev e r y c h o r d o f O, b e i ng a d i �e r e nc e b e t we e n t wo b o und a r y po i nt s o f O, i s a
Mi nkows k i s umO +(�O), a nd t h e l o ng e s t c h o r d s a r e po i nt s o n t h e b o und a r y o f t h e Mi nk ows k i s

Because of this observation, the longest chordfunctioncanbe computedinO(n ) time. The Minkowski sum
takes linear time to compute, andlongest chordfunction, whichis simplythe radius functionof O +(�O) can
be computedinlinear time.

The lengthof chordof orientation� contactingaparticular edge e anvertexv is giveninequation( 3) where
D is the perpendicular vector frome tov .

j L j =j Dj sec(� � \D) (3)

Lemma 3

8 O; � ; � Co n v e x (O)) j Ch o r d s (�=� ; �=� ; Bo un d a r i e s =(O))j � 2

Figure 13: 8 convexobjects, there are at most 2chords of length� andorientation�

Proof Treat the chord(� ; � ) as a translationvector, andthe intersections between O and O0 are the chord's
endpoints on O. SinceO andO 0 are bothconvex, there are at most 2suchintersections.

Ingeneral, there are either 0 or 2 chords of speci�ed length anddirection (refer equation ( 4)). For �xed
orientations, the chordal distance decreases as one travels awayfromthe longest chord; the 2 chords are found
onopposite sides of the longest chord. 2
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Figure 10: Depicted above are two chords C 0 andC 1 onan object's boundary. f C 0; C1g 2 Chords(�=[L ],
�=[� ], Bo u n d a r y =f e0; e1; : : : ; e6g ). EdgeEdgePairs(f C 0g ) =f (e2; e4)g

BOTTOM EDGE OF EDGE-EDGE PAIR
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CHORD

Figure 11: The set of edge-edge pairs for a�xedlengthchordandaparticular convexobject.

� The termP P E ([� ]; O) is used to describe all of the po s s i b l e pa i r s o f e d g e s (P P E ) whichpossibly contact
a chord of length [� ] on the boundary of object O (refer equation ( 2)); the chord's orientation is not
constrained.

P P E (�; O)=Ed g e Ed g e Pa i r s (Ch o r d s (�; �=[0; 2� ];O)) (2)

The brute force approachfor computingP P E is toenumerate all pairs of edges; this takes n(n�1)
2 time.

2. 2 PPE sets

Themainideaof the e �c i e nt O(n +A) correspondence algorithmis thatP P E (�), the pairs of possible edges,
is computedinO(n +A) time, where n is the object's complexityandA is the size of P P E (� ). The brute force
approachof testingall pairs of edges takesO(n 2) time.

Theproofs inthis sectionarelimitedtoconvexpolygons; weprovethat therearemost twochords forparticular
lengthandorientation� . It follows that there couldbe 2 2k�1 combinations of hypothetical chords for each� ,
where k is the number of scanlines. But since we are using relative chords, whichmust all share the same
endpoint, there are always at most 2consistent combinations, independent of k . Checkingthese for particular �
takes constant time (treatingk as aconstant), whichgives us anoverall runningtimeof O(n +A).

Wealsoprove that the chord's are arrangedincontinuous families andthat there are at most n suchfamilies
of chords, where eachfamilycontains chords withat most 4n edge contact pairs.

Lemma 1 Le t e a nd v b e a n e d g e a nd a v e r t e x r e s pe c t i v e l y o f a c o nv e x o b je c t , wi t h v no t i n t h e
t h e o r i e nt a t i o n o f e l i e s b e t we e n t h e o r i e nt a t i o ns o f t h e e d g e s t h a t v b o und s , t h e n a l l o f
v t o po i nt s a l o ng t h a t e d g e e a r e l o ng e s t c h o r d s ( r e f e r Fi g u r e 12) .



Figure 7: Achordrotatingaroundtwoedges.

(3,2)(-3,2)

(-3,-2) (3,-2)
0.0 180.0 360.0

Orientation (degrees)

4.0

5.0

6.0

7.0

8.0

|L
on

ge
st

 C
ho

rd
|

Rectangle Longest ChordFunction

Figure 8: Longest ChordFunctionof a2:3Rectangle.

� ShortChordVertex(� ) andShortChordEdge(� ) denote a vertex andedge whichcontact a � lengthchord.
Theyare usedto�ndaninitial vertexfor computingP P E bywalkingaroundthe object's boundary. We
cancompute ShortChordVertexbystartingwithanyvertexv andwalkingalongthe boundarye 1; e2; : : : ,
recordingthechordlengths betweenv ande i. Thedistances betweenv andv i�1 , vi de�nethe chordlengths
betweene i andv .

V

v3

v2 v1

v4

e1

e2e3

e4

Figure9: ShortChordVertex(� ) andShortChordEdge(� ) are generatedbystartingwithanarbitraryvertexv and
computingthe distance ranges betweenv ande i. The distances betweenv andv i�1 , vi de�ne the chordlengths
betweene i andv .

� The range of values inthe range betweenx � � andx +� is representedbythe expression [x � � ; x +� ].
Exact values are representedbythe expression[x ]. The range is denotedby[x � � ].

� Chords(�=[� min ; �max ], �=[� min ; �max ], Bo u n d a r y =f e0; e1; : : : g ) refers the set of all chords of length
� suchthat � min < � < �max andof angular inclination� suchthat � min < � < �max andbothendpoints of
the chords lie onone of the boundaryedges inthe set e 0; e1; : : : (refer Figure 2.1).

� ThetermAngleRanges(f c 0; c1; : : : g ) is usedtodescribe theset of orientationsof all of thechordsf c 0; c1; : : : g ;
the symbol \ is usedas ashorthandfor AngleRanges.

� ThetermEdgeEdgePairs(f c 0; c1; : : : g ) is usedtodescribe all of thepairs of contact edges of all of thechords
f c0; c1; : : : g (refer Figure 11). The terms \bottomedge" and\top edge" refer to the two edges of the
edge-edge-pair. b o t t o mEd g echord ; t o p Ed g echord are shorthandfor those terms.



� The termc h o r d s refers to lines connecting points onanobject's boundary. All scanlines are chords (refer
Figure 2.1). Chords are denotedbyc i.

arbitrary
object

Scan Lines

Chords

Figure 5: Chords generatedbyscanninganarbitraryobject

� Le f t (ci; cj) denotes al e f t - p r e d i c a t e of twochordswhichis true if c j is entirelytothe\left"of thedirectional
line throughc i. Avector v i is left of avector v j if the cross product v i � vj is positive.

� \ci denotes the angle includedbetweenthe directional line throughc i andthe xaxis.

� Chords c i; cj are totallyorderedbythe followinginequality:

ci < cj , (\(c i)< \(c j))_ (\(c i) =\(c j)^ Le f t (ci; cj)) (1)

� The terms c a n l i ne o r i g i n refers toaspeci�c scanline endpoint (refer Figure 6).

Scanline origin
Relative chords

X

Y

Figure 6: The s c a n l i ne o r i g i n is a particular scanline endpoint, andthe other scanline endpoints de�ne chords
relative tothe origin.

� The term� -chordis shorthandfor achordof length� andunspeci�edorientation.

� The termr e l a t i v e c h o r d refers to the chordbetweena scanline endpoint andthe scanline origin. 2k � 1
independent relativechordsareobtainedbyscanninganobjectwithk scanlines. Relativechordsaredenoted
bythe symbol R.

� Achordr o t a t e s aroundaboundarybyas itsorientationvariesmaintainingcontactalongtheobject's bound-
ary. Ingeneral the chord's topandbottomcontact points are continuouslyparameterizedbyorientation.
The exceptionoccurs whenbothendpoints touchparallel sides of the polygon(refer Figure 7).

� LCO(� ) is de�nedas the l o ng e s t c h o r d of orientation� onanobject's boundary. See Figure 12.

� ExtremalVertex(� ) andExtremalEdge(� ) denotethevertexandedgewhichcontactLongestChord(� ). There
are onlyO(n ) di�erent extremal vertices andextremal edges (refer Observation 2).
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Figure 3: Twoabstract devices for scanninganarbitraryobject.
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Figure 4: Aspecializedscanningdevice for at objects.

inpractice). Inthe future, we planto experiment withthe sensor onavarietyof industrial parts to see if this
problemarises. If it does weplantoexplore activebeamsensing, where the beamis movedtoapositiononthe
boundarythat will discriminate betweenconfusible parts.

1. 4 Outl i ne

Therest of thepaper is organizedinthe followingmanner. Insection2, wepresent thetheoretical background,
consistingof notationandthe geometrical frameworkfor the correspondence algorithm. Insection3, wepresent
the correspondence algorithmfor convexpolygons, andwedetail the algorithmfor non-convexobjects insection
4. Insection5, we describe a simple example. Finally, insection6, we highlight the results andadvantages of
this technique.

2 Theore ti cal Framework

This sectiondescribes the notationandtheoretical backgroundused inthe correspondence algorithm. This
techniqueassumes that the object is initiallylyingonaat horizontal surface of its convexhull.

2. 1 Notati on

� SH(P ) refers tothe shadowof P , apolyhedral object, whichis avertical projectionof P ontothex-yplane
(assumingthe scanningbeams are vertical). S H f (P ) is de�nedas the shadowof anobject, P restingon
face f .

� The symbol O is usedtodenote atwo-dimensional shadowS H(P ) of apolyhedronP .

� O refers tothe boundaryof ashadowO.

� Apair of vertices v i; vj 2 O denotedby< v i; vj >, is e x t r e ma l if the distance betweenthe twovertices is
locallymaximized.



Relatedworkhas also beendone innon-visionrecognitionandlocalization, whichhave been geometrically-
based. Using�ngergapdistancemeasurements, RaoandGoldberg 10;11 automaticallyorientedpartsbygenerating
plans consistingof aseries of orientedgrasps. Wallacket al. 12 presentedarecognitionandlocalizationtechnique
usingcrossbeamsensormeasurements (repeatable toafewthousandths of aninch), but this techniquewas limited
to non-at objects andcouldnot distinguishbetweenobjects whose cross-sections have identical convexhulls.
Thetechniquepresentedinthis paper is directlyrelatedtoManochaet al.'srecognitionandlocalizationtechnique
for scanline datawhichutilizedapreprocessedlookuptable 13.

The technique described in this paper is linked to the RISC(Reduced Intricacy in Sensing andControl)
paradigmpresentedbyCannyandGoldberg 1. TheRISCapproachseeks toachieve intelligent exible behaviour
bycombiningsimple sensingandactuationelements. This report describes acorrespondence algorithmfor data
fromlinear arrays of a fewbeamsensors, andwe showthat these sensors canrecognize andlocalize objects toa
fewthousandths of aninch.

Inthescopeof this paper, wedonot address the relatedproblemof estimatingtheoptimal pose giventhedata
points andcorrespondences/feature interpretations. The optimal pose estimationproblemis usuallytreatedas a
non-linear least squares problem, solvedeither bythenormal approachof iterativemethods or byexact algebraic
eliminationtheoryas describedbyWallacket al. 12.

1. 2 Overvi ew

This report describes analgorithmic solutionto the scanline data correspondence problem. Scanline data is
generatedbymovingscanning light beams or reective sensors withrespect toa three-dimensional object, and
recording the sensors' positions at eachbreakpoint, whenanyof the sensor's outputs change. The breakpoints
correspond to scanline endpoints. In this paper, we describe a technique for matching the scanline data to
features of amodelledobject (refer Figure 2): givenaset of possible objects, the highprecisiondatashouldbe
self-consistent withonlyasingle interpretationof asinglemodel.

Scanline datacanbe generatedfromanumber of di�erent methods: �lteredimage data, thresholdedrange-
�nder data, laser based sensors, or customized light sensors. Atransparent horizontal supporting surface is
necessaryinorder touse t h r o ug h b e amlightsensors. Figures 3and 4depict di�erent possiblescanningapparatus.
The simplest sensor designinvolves usingreective light sensors. For reective sensors, the emitter andreceiver
pair shouldbe at aspeci�eddistance awayfromthe object.

Scanned Object

Figure2: Giventhescanlines determinedfromanarbitraryobject, thealgorithmdetermines theobject's identity
andpose

Inorder to recognize three-dimensional objects usingonlya fewhigh-precisiondata points, twoinescapable
assumptions weremade:

1. Ina controlledenvironment, suchas manufacturing, parts are presentedsingly(singulated) andocclusion
does not occur.

2. The polyhedral objects tobe recognizedare restingat onahorizontal surface.

As a consequence of these assumptions, the correspondence problemis reduced to solving the correspondence
problemfor all possible shadows of apolyhedron.

1. 3 Foreword

As aresult of the scanline sensing, the sensors onlyperceive ashadowof the object cast parallel tothe beam.
The technique cannot discriminate between two objects with the same shadow, and fails in this case (binary
visionhas the same limitations). The techniquemayconfuse objects withdi�erent shadows because the scanline
sensor onlyregisters asmall number of points onthe object's boundary(wedonot knowyet if this is aproblem



Figure 1: The scanningprocedure.

Inthis paper, we describe anO(n +A) correspondence algorithmfor convexthree-dimensional objects with
polygonal silhouettes, andanO(n 2 logn +A) algorithmfor non-convexthree-dimensional objects, wheren is the
object's complexityandA is the total numberof feasiblematches. Typicallyfor convexobjects, thetotal number
of matches isO(n ), but inthe worst case it isO(n 2). For non-convexobjects, there are at mostO(n 3) matches.

1. 1 Previ ous work

Thecorrespondenceproblem, forwhichwedescribeanalgorithmfor scanlinedata, hasbeenextensivelystudied
inthe machine visionliterature andmanysolutions to this problemhave beenproposed. The maindi�erence
betweenthe techniquewhichwepresent, andthemajorityof machinevisiontechniques inthe literature, is that
weare focusingontheproblemof recognizingobjects fromsparsedata, whereas mostmachinevisionattempts to
recognize objects fromdata-richimages. Another di�cultyis that the probe datadoes not provide information
about the contact features (edges andvertices) suchas the normal vector whichwe wouldbe accessible from
camera data. The advantage of using simple sensors is their high precision and repeatability. The sensor's
accuracyenables quickrecognitionandlocalizationalgorithms.

The correspondence problemcan be described as an interpretation problem: the task is to �nd all valid
interpretations of the datawithrespect to the model, or, alternatively, toenumerate all self-consistent matches
betweendata features andmodel features. In essence, this probleminvolves a combinatorial search; without
ane�cient heuristic for pruning inconsistent interpretations, determining the correspondences wouldtake time
exponential inthe size of the matchingsets.

Mcuhworkhas been focusedonsolving the correspondence problemina tractable amount of time, quickly
enough for real-time systems. One approach fromthe literature involves generating transformhypotheses by
matchingtuples of datafeatures totuples of model features andthencorroboratingor dismissiingeachtransform
hypothesis using the other data features. Ayache andFaugeras presented the HYPERsystem 3 to recursively
matchedges fromthe imagetoedges inthemodel. Are�nement of thismethodcalledthea l i g nme nt me t h od was
studiedbyHuttenlocherandUllman 4 whousedcarefullychosensets of features tocomputethetransform. Kalvin,
Schonberg, Schwartz andSharir describedanobject recognitiontechnique whichutilizedpose-independent fea-
tures calledfootprints (characteristicboundarycurves) torecognizeplanarobjects, andtheir techniquesucceeded
evenwhenobjects were occluded 5. LamdanandWolfson 6 introducedgeometric hashingas ane�cient method
for recognizingobjects byutilizingprecomputedhashtables of sensor values.

Thegeneral approachof usingprecomputedtables is termedi nd e x i ng , Clemens andJacobs 7 thoroughlydiscuss
this�eld. Another typeof precomputationapproachinvolvesi n t e r p r e t a t i o n t r e e s . Thisreduces thecorrespondence
problemtoatree-searchproblemwhereincompatibleinterpretationshavebeenprunedo�ine. Grimson 8 analyzed
interpretationtrees andshowedanexpectedpolynomial boundonthenumber of searchsteps withthedimension
dependingonthe number of features requiredtocompute the transform.

Another approachto solving the correspondence problemcombines indexing with geometric pose invariant
properties, whichremaininvariantwithrespect topose andviewposition. Theadvantageis that eachcorrespon-
dence tuplehas asingleentry. Forsythet al. analyze invariants andpresent acurvebasedobject recognitionand
localizationtechnique 9.
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Abstract

In this paper, we pr es ent a model-bas ed object r ecogni t i on t echni que us i ng s canl i ne i nformat i on. Obj ect s
ar e s canned us i ng a smal l number of on/o� l i ght s ens or s . The t i mes when t he beams br eak and r econnect
cons t r ai n t he obj ect 's i dent i t y, pos i t i on, and or i ent at i on. We s t udy t hi s t ype of s ens or becaus e t hes e s ens o
ar e i nexpens i ve , compact , pr ec i s e , i ns ens i t i ve t o ambi ent l i ght , and wel l - s ui t ed t o manuf act ur i ng envi r onment s
The s ens or pr ovi des s par s e i nf ormat i on cons i s t i ng of i s ol at ed poi nt s on t he obj ect ' s boundar y, and does not
pr ovi de normal i nf ormat i on. Convent i onal model - bas ed mat chi ng t echni ques , s uch as t he al i gnment met hod,
t ake O(n3) t i me t o s ol ve t hi s pr obl em. We des cr i be an O(A + n ) cor r es pondence al gor i t hmf or obj ect s wi t h
convex pol ygonal s i l houet t es , wher e n i s t he s i l houet t e ' s compl exi t y, and A i s t he t ot al number of cons i s t en
edge pai r mat ches f or pai r s of s canl i ne poi nt s . The t ot al number of edge pai r mat ches i s O(n2) i n t he wor s t
cas e , but t ypi cal l y O(n ) . Our al gor i t hm al s o wor ks f or non- convex obj ect s , but t he number of edge pai r
mat ches i s t ypi cal l y s omewhat l ar ger : O(n2) , i n t he wor s t cas e , O(n3) . The r eas on t hat we f ocus on t he
cor r es pondence pr obl em i s t hat gi ven t he cor r es pondence i nf ormat i on, t he obj ect ' s pos i t i on and or i ent at i on
can be eas i l y comput ed f r omt he dat a poi nt s and cor r es pondi ng f eat ur es .

1 Introduct i on

Westudythe problemof model-basedobject recognitionfromsparse data. The dataconsist of points onthe
objects silhouette or shadowobtainedfromanarrayof light beamsensors as showninFigure 1. This research
is part of a larger e�ort termedRISCRobotics 1 (Reduced Intricacy Sensing andControl) whichattempts to
solvemanufacturingproblems withsimplehardware andsophisticatedsoftware. Inanutshell, beamsensors are
well-suitedfor manufacturingbecause theyprovideveryhighaccuracyandreliabilityat lowcost, theyare small
enoughtouse intight spaces, andtheir highaccuracyenables simple, fast recognitionalgorithms. This kindof
recognitionis relatedtothes h a pe - f r om- p r o b i ng problems decribedbyColeandYap 2, whichdetermineanobject's
pose andevenshape fromasmall number of boundarypoints.

It is di�cult toimplement fast recognitionalgorithms because of the sparse data, inparticular the absence of
normal information. One of themajor subtasks of object recognitionis the c o r r e s po nd e nc e p r o b l e m, the problem
of matchingdatapoints tomodel features. Typicallywehaveonlysixpointsontheobject's boundaryandnoclue
as towhichedges theycorrespond. Eachgeneric matchbetweenadatapoint andamodel feature provides one
constraint. Weassumethat theobject is stablyrestingonaatsurface, andthereforeweonlyneedtoconsider two
dimensional silhouettes (withthreedegrees of freedom). Thereby, threegenericmatches aresu�cient toconstrain
the object's pose; e x t r a ne o u s matches are usedto verifyposes byestimating the poses credibility. Model-based
matchingtechniques, suchas the alignmentmethod, wouldrequire at leastO(n 3) steps todothis.
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