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Abstract

In this paper we augmentexisting techniquegor simulating e x-

ible objectsto includemodelsfor crackinitiation and propagation
in three-dimensionalolumes By analyzingthestresgsensorsom-
putedovera nite elementmodel,thesimulationdeterminesvhere

cracksshouldinitiate andin whatdirectionsthey shouldpropagate.

We demonstrateour resultswith animationsof breakingbowls,
crackingwalls, and objectsthat fracture when they collide. By
varying the shapeof the objects,the material properties,and the
initial conditionsof the simulations,we can createstrikingly dif-
ferenteffectsrangingfrom a wall that shattersvhenit is hit by a
wreckingball to a bowl that breaksin two whenit is droppedon
edge.

CR Categories:  1.3.5 [Computer Graphics]: Computational
Geometry and Object Modeling—Physically based modeling;
1.3.7 [Computer Graphics]: Three-DimensionalGraphics and
Realism—Animation;l.6.8 [Simulation and Modeling]: Typesof
Simulation—Animation

Keywords:  Animation techniquesphysically basedmodeling,
simulation, dynamics,fracture, cracking, deformation, nite ele-
mentmethod.

1 Introduction

With the introductionin 1998 of simulatedwaterin Antz[5, 14]

andclothingin Geri's Game[4, 15], passie simulationwasclearly
demonstratedo be a viable techniquefor commercialanimation.
The appealof using simulation for objectswithout an internal
sourceof enegy is not surprising,as passie objectstendto have

mary degreesof freedom,making keyframing or motion capture
dif cult. Furthermorewhile passie objectsare often essentiato

theplot of ananimationandto theappearancer moodof thepiece,
they arenotcharactersvith theirconcomitantequirementsor con-
trol over the subtledetailsof the motion. Therefore simulationsin

which the motionis controlledonly by initial conditions,physical
equationsand materialparametersre often sufcient to produce
appealinganimationof passie objects.
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Figurel: Slabof simulatedglassthathasbeenshatteredby a heary
weight.

Our approachto animating breaking objectsis basedon lin-
earelasticfracture mechanics.We model three-dimensionavol-
umesusinga nite elementmethodthat is basedon techniques
presentedn the computergraphicsand mechanicalengineering
literature[3, 6, 18]. By analyzingthe stressesreatedas a vol-
umetric object deforms, the simulation determineswhere cracks
shouldbegin andin what directionsthey should propagate.The
systemaccommodatearbitrary propagatiordirectionsby dynami-
cally retesselatinghe mesh. Becausecracksare not limited to el-
ementboundariesthe modelscanform irregularly shapedshards
andedgesasthey shatter

We demonstratehe power of this approachwith the following
examples:aglassslabthatshattersvhena weightis droppedonto
it (Figure 1), an adobewall that crumblesunderthe impactof a
wreckingball (Figure9), a seriesof bowls thatbreakwhenthey hit
the oor (Figurell),andobjectsthatbreakwhenthey collide with
eachother(Figure14). To assesshe realismof this approachwe
comparehigh-speedidecimagesof aphysicalbowl droppingonto
concreteanda simulatedversionof the sameevent(Figure13).

2 Background

In the computergraphicsliterature,two previous techniqueshave

beendevelopedfor modelingdynamic,deformation-inducedrac-

ture. In 1988, Terzopoulosand Fleischer[18, 19] presenteda
generaltechniquefor modelingviscoelasticand plastic deforma-
tions. Their methodusedthreefundamentametric tensorsto de-
ne enepy functionsthat measuredieformationover curves, sur

faces,andvolumes.Theseenegy functionsprovided the basisfor

a continuousdeformationmodel that they simulatedusing a va-

riety of discretizationmethods. One of their methodsmadeuse
of a nite differencingtechniquede ned by controlledcontinuity
splines[17]. This formulation allowed themto demonstraténow

certainfractureeffectscould be modeledby settingthe elasticco-

efcients betweenadjacentnodesto zero wheneer the distance
betweenthe nodesexceededa threshold. They demonstratedhis

techniquewith sheetgpaperandcloththatcouldbetorn apart.
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In 1991, Norton and his colleaguespresenteda techniquefor
animating 3D solid objectsthat broke when subjectedto large
strains[12]. They simulateda teapotthat shatteredvhendropped
onto a table. Their techniqueuseda spring and masssystemto
model the behaior of the object. When the distancebetween
two attachednasspointsexceededh threshold the simulationser-
eredthe spring connectionbetweenthem. To avoid having e xi-
ble stringsof partially connectednaterialhangingfrom the object,
their simulationbroke anentirecubeof springsat once.

Two limitations are inherentin both of thesemethods. First,
when the materialfails, the exact location and orientationof the
fracturearenot known. Ratherthe failure is de ned asthe entire
connectionbetweentwo nodes,andthe orientationof the fracture
planeis left unde ned. As aresult,thesetechniquesanonly re-
alistically modeleffectsthatoccuron a scalemuchlargerthanthe
inter-nodespacing.

Thesecondimitation is thatfracturesurfacesarerestrictedo the
boundariesn theinitial meshstructure As aresult,thefracturepat-
ternexhibits directionalartifacts,similar to the“jaggies” thatoccur
whenrasterizinga polygonaledge. Theseartifactsare particularly
noticeablevhenthediscretizatiorfollows aregularpattern.If anir-
regularmeshis used thentheartifactsmaybepartially masked, but
thefractureswill still beforcedontoapaththatfollowstheelement
boundariesothatthe objectcanbreakapartonly alongprede ned
facets.

Otherrelevantwork in the computergraphicditeratureincludes
techniguedor modelingstaticcrackpatternsandfracturesnduced
by explosions. Hirota and colleaguesdescribedhow phenomena
suchasthestaticcrackpatternsreatedy drying mudcanbe mod-
eledusinga massandspringsystemattachedo animmaobile sub-
strate[8]. Mazaraket al. use a voxel-basedapproachto model
solid objectsthatbreakapartwhenthey encounter sphericablast
wave [9]. Neff and Fiumeusea recursve patterngeneratoto di-
vide a planarregioninto polygonalshardshat y apartwhenacted
on by a sphericablastwave [10].

Fracturehasbeenstudiedmoreextensiely in the mechanicdit-
erature,andmary techniqueshave beendevelopedfor simulating
andanalyzingthe behaior of materialsasthey fail. A numberof
theoriesmay be usedto describewhenandhow afracturewill de-
velop or propagate and thesetheorieshave beenemplo/ed with
variousnumericalmethodsincluding nite elementand nite dif-
ferencemethodspoundaryintegral equationsandmolecularparti-
clesimulations A comprehense review of thiswork canbefound
in thebookby Andersor{1] andthesunwey articleby Nishioka[11].

Although simulationis usedto modelfracturebothin computer
graphicsandin engineeringthe requirement®f thetwo elds are
very different. Engineeringapplicationgequirethatthe simulation
predictreal-world behaiors in anaccurateandreliablefashion.In
computeranimation,what mattersis how the fracturelooks, how
dif cult it wasto make it look thatway, andhow long it took. Al-
thoughthe techniquepresentedn this paperwasdevelopedusing
traditionalengineeringools, it is ananimationtechniqueandrelies
on a numberof simpli cations that would be unacceptablén an
engineeringontext.

3 Deformations

Fracturesarisein materialsdueto internal stressesreatedasthe
materialdeforms. Our goalis to modelthesefractures. In order
to do so, however, we must rst be ableto modelthe deformations
that causethem. To provide a suitableframewvork for modeling
fractures the deformationmethodmustprovide informationabout
the magnitudeandorientationof the internalstressesandwhether
they aretensileor compressie. We would alsolik e to avoid defor
mationmethodsin which directionalartifactsappearin the stress
patternsandpropagateo theresultingfracturepatterns.
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Figure2: Thematerialcoordinatesle ne a 3D parameterizatioof
theobject. Thefunction ( ) mapspointsfromtheirlocationin the
materialcoordinatdrameto theirlocationin theworld coordinates.
A fracturecorrespondso adiscontinuityin ().

We derive our deformationtechniqueby de ning a setof differ-
entialequationghatdescribeheaggregatebehaior of thematerial
in a continuousfashion,andthenusinga nite elementmethodto
discretizetheseequationsor computersimulation. This approach
is fairly standardand mary differentdeformationmodelscanbe
derivedin this fashion.The onepresentedherewasdesignedo be
simple,fast,andsuitablefor fracturemodeling.

3.1 Contin uous Model

Ourcontinuousnodelis basedn continuummechanicsandanex-
cellentintroductionto thisareacanbefoundin thetext by Fung[7].
The primary assumptionin the continuum approachis that the
scaleof the effectsbeingmodeledis signi cantly greaterthanthe
scaleof the materials composition.Therefore the behaior of the
molecules,grains, or particlesthat composethe materialcan be
modeledasa continuousmedia. Althoughthis assumptioris often
valid for modelingdeformationsmacroscopidracturescanbesig-
ni cantly in uencedby effectsthatoccuratsmallscalesvherethis
assumptiormay not be valid. Becausewe areinterestedn graph-
ical appearanceatherthanrigorousphysicalcorrectnessye will
putthisissueasideandassumehatacontinuummodelis adequate.

We bagin the descriptionof the continuousmodel by de ning
materialcoordinateshat parameterizeéhe volume of spaceoccu-
pied by the objectbeingmodeled.Let = [u;v;w]" beavector
in <® that denotesa locationin the materialcoordinateframe as
shavn in Figure2. The deformationof the materialis de ned by
thefunction ( ) = [x;y;z]" thatmapslocationsin the material
coordinateframeto locationsin world coordinatesln areaswhere
materialexists, ( ) is continuousgxceptacrossa nite number
of surfaceswithin the volume that correspondo fracturesin the
material.In areasvherethereis nomaterial, ( ) is unde ned.

We make useof Greens straintensor , to measurehe local
deformationof the material[6]. It canberepresentedsa3 3
symmetricmatrix de ned by

. e @ )
! @; @y !

where j is theKronecler delta:
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S
s
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Thisstrainmetriconly measuredeformationit is invariantwith re-
spectto rigid bodytransformationsippliedto  andvanishesvhen
the materialis not deformed. It hasbeenusedextensiely in the
engineeringiterature. Becauset is a tensor its invariantsdo not
dependon the orientationof the materialcoordinateor world sys-
tems. The Euclideanmetrictensorusedby TerzopoulosandFleis-
cher[18] differsonly by the j term.

In additionto the straintensor we male useof the strainrate
tensor , which measuresherateatwhich the strainis changing.
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It canbederivedby takingthetime deriative of (1) andis de ned
by
- @ e , a6 @

@i @ @ @
wherean over dot indicatesa derivative with respecto time such
that _is the materialvelocity expressedn world coordinates.

The strain and strain rate tensorsprovide the raw information
thatis requiredto computeinternalelasticanddampingforces,but
they do not take into accountthe propertiesof the material. The
stresgensor , combineghebasicinformationfrom thestrainand
strainratewith the materialpropertiesanddeterminegorcesinter-
nalto thematerial.Lik e the strainandstrainratetensorsthe stress
tensorcanberepresentedsa3 3 symmetricmatrix. It hastwo
componentsthe elasticstressdueto strain, () andthe viscous
stressdueto strainrate, (). Thetotal internalstressjs the sum
of thesetwo componentsvith

= O+ O @)

Theelasticstressaandviscousstressarerespectiely functionsof
the strainandstrainrate. In their mostgenerallinear forms, they
arede ned as

xR 3

iﬁ ) = Cikl i (5)
k=1 I=1
33

ig ) = Dij ki i (6)
k=1 I=1

where is a setof the 81 elasticcoefcients that relatethe ele-
mentsof totheelements (), and s asetof the81 damping
coefcients.?

Becauséoth and () aresymmetricmary of thecoefcients
in  areeitherredundanbr constrainedand canbereducedo
36 independenvaluesthatrelatethe six independenvaluesof to
thesixindependentaluesof (. If weimposetheadditionalcon-
straintthatthematerialisisotropic,then  collapsegurtherto only
two independentalues, and , which arethe Lamé constantof
thematerial.Equation(5) thenreducedo

x
i) = ki *2 g (@)
k=1

The materials rigidity is determinedby the value of , andthe
resistanceéo changesn volume(dilation) is controlledby

Similarly, canbereducedo two independentalues, and
and(6) thenreducego
x3
i(j)= kk ij 2 ¢ ®)
k=1

Theparameters and will controlhow quickly the materialdis-
sipatesinternalkinetic enegy. Since (’ is derived from therate
atwhich ischanging, ¢ will notdampmotionsthatarelocally
rigid, andhasthe desirablepropertyof dissipatingonly internalvi-
brations.

Oncewe have the strain, strainrate, and stresstensors,we can
computethe elasticpotentialdensity , andthe dampingpotential
density , atary pointin thematerialusing

=5 R ©)

i=1 j=1

1Actually and  arethemselesrankfour tensorsand(5) and(6) are
normally expressedn thisform sothat and  will follow the standard
rulesfor coordinateransforms.

dv

Figure 3: Given a point in the material,the traction, , that acts
on the surfaceelement,dS, of a differentialvolume,dV, centered

arouncthepointwith outwardunit normal,”, isgivenby =~
IRSERS O
= E i ij . (10)
i=1 j=1

Theseguantitiescanbeintegratedoverthevolumeof thematerialto
obtainthetotal elasticanddampingpotentials.Theelasticpotential
is theinternalelasticenegy of thematerial. The dampingpotential
is relatedto the kinetic enegy of the materialafter subtractingary
rigid body motionandnormalizingfor the materials density
Thestresscanalsobeusedto computetheforcesactinginternal
to the materialat ary location. Let ~ be an outward unit normal
directionof a differentialvolumecenteredabouta pointin thema-
terial. (SeeFigure 3.) Thetraction(force perunit area), , acting
onafaceperpendiculato thenormalis thengivenby

= N (12)

The examplesin this paperwere generatedising this isotropic
formulation. However, thesetechniquesdo not make use of the
strain or strain rate tensorsdirectly; ratherthey rely only on the
stress.Switchingto the anisotropicformulation,or evento a non-
linear stressto strain relation, would not require ary signi cant
changes.

3.2 Finite Element Discretization

Before we canmodela materials behaior usingthis continuous
model,it mustbediscretizedn away thatis suitablefor computer
simulation. Two commonlyusediechniquesrethe nite difference
and nite elementmethods.

A nite differencemethoddividesthe domainof the material
into a regular lattice and then usesnumericaldifferencingto ap-
proximatethe spatialderivativesrequiredto computethe strainand
strainratetensors.This approachis well suitedfor problemswith
aregular structurebut becomesomplicatedwhenthe structureis
irregular

A nite elementmethodpartitionsthe domainof the material
into distinctsub-domainsor elementsasshavn in Figure4. Within
eachelementthe materialis describedocally by a function with
some nite numberof parametersThefunctionis decomposedto
a setof orthogonalshape or basis,functionsthat are eachassoci-
atedwith oneof the nodeson the boundaryof the element. Adja-
centelementswill have nodesn common sothatthe meshde nes
apiecavise functionover the entirematerialdomain.

Ourdiscretizatioremplo/stetrahedralnite elementwwith linear
polynomialshapefunctions. By usinga nite elementmethod,the
meshcanbe locally alignedwith the fracturesurfaces thusavoid-
ing thepreviously mentionedartifacts.Justastrianglescanbeused
to approximateary surface,tetrahedraanbe usedto approximate
arbitraryvolumes. Additionally, whentetrahedraare split alonga
fractureplane theresultingpiecescanbedecomposeeéxactly into
moretetrahedra.

We choseto uselinear elementecauséiigherorderelements
arenot costeffective for modelingfractureboundaries.Although
higherorder polynomialsprovide individual elementswith mary
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Figure4: Tetrahedrameshfor asimpleobject.In (a), only the ex-
ternalfacesof thetetrahedraredrawnn; in (b) theinternalstructure
is shawn.
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Figure5: A tetrahedraklementis de ned by its four nodes.Each
nodehas(a) alocationin the materialcoordinatesystemand(b) a
positionandvelocity in theworld coordinatesystem.

degreesof freedomfor deformationthey have few degreesof free-
domfor modelingfracturebecaus¢heshapeof afractureis de ned
asaboundaryin materialcoordinatesln contrastwith lineartetra-
hedra,eachdegreeof freedomin theworld spacecorrespondso a
degreeof freedomin the materialcoordinatesFurthermorewhen-
ever an elementis created,its basisfunctionsmustbe computed.
For high-deggreepolynomials this computatioris relatively expen-
sive. For systemavherethe meshis constantthe costis amortized
over the courseof the simulation. However, as fracturesdevelop
andpartsof the objectareremeshedthe computatiorof basisma-
tricescanbecomesigni cant.

Eachtetrahedraklementis de ned by four nodes. A nodehas
a positionin the materialcoordinates, , a positionin the world
coordinates, , andavelocityin world coordinates, . Wewill refer
to the nodesof a given elementby indexing with squarebraclets.
For example, [y is the positionin material coordinatesof the
elements seconchode.(SeeFigure5.)

Barycentriccoordinate@rovide anaturalwayto de ne thelinear
shapefunctionswithin an element. Let = [by; by;bs;:u]" be
barycentriccoordinategde ned in termsof the elements material
coordinatesothat

hi h [1] [2] [3] []i
— 1 2 3 4] .
1 1 1 1 1 : (12)

Thesebarycentriccoordinatesmay alsobe usedto interpolatethe
nodes world positionandvelocity with

h i h i
= W@ oBE 13)
Rl 1 111
S I I < 7 R
1 1 1 1 1 (14)

To determinethe barycentriccoordinatef a point within the
elementspeci ed by its materialcoordinateswe invert (12) and
obtain h i

= (15)
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where isde ned by
h i
- 4 2 N ) I ) .
1 1 1 1 ’ (16)

Combining(15) with (13) and(14) yieldsfunctionsthatinterpolate
theworld positionandvelocity within the elementin termsof the
materialcoordinates:

h i
()= (a7
hij
()= 1 (18)
where and arede nedas
S wo@ B (19)
S % I3 O R 2 I (20)

Notethattherows of arethecoefcients of the shapefunctions,
and needgo becomputednly whenanelemenis createcbr the
materialcoordinatesf its nodeschange.For non-dgenerateele-
mentsthematrixin (16) is guaranteedo be non-singularhowvever
elementghatarenearlyco-planamwill cause to beill-conditioned
andaderselyaffect the numericalstability of the system.

Computingthevaluesof and within theelementequireshe
rst partialsof with respecto :

% = i (21)
% = i (22)

where
i=[i1 2 130" : (23)

Becausehe elements shapefunctionsarelinear, thesepartialsare
constanwithin theelement.

The elementwill exert elasticanddampingforceson its nodes.
The elasticforce on the ith node, %i]), is de ned asthe negative
partial of the elasticpotentialdensity , with respecto ;; inte-
gratedover thevolumeof theelement.Given (’, , andthepo-
sitionsin world spaceof thefour nodeswe cancomputethe elastic
forceby

¢ x
vol X
i = > i T (24)
i=1 k=1 1=1
where
-1 .
o=@ ow (w owl(w ow: @
Similarly, the dampingforce on theith node, |/, is de ned as

the partial of the dampingpotentialdensity , with respecto ;;
integratedover the volume of the element. This quantity can be
computedvith

g x X
vol X
i = > i} ik (26)
j=1 k=1 I=1

Summingthesetwo forces,the total internalforce thatan element
exertson anodeis

X x x
o vol
[il] = > i1 il ok Kkl s (27)

i=1 k=1 I=1
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andthe total internalforce actingon the nodeis obtainedby sum-
mingtheforcesexertedby all elementshatareattachedo thenode.

As the elementis compressetb lessthanabout30% of its ma-
terial volume, the gradientof and startto vanishcausingthe
resistingforcesto fall off. We have notfoundthisto bea problem
as even the more squishyof the materialsthat we have modeled
consere their volumeto within afew percent.

Using a lumpedmassformulation, the masscontrituted by an
elementto eachone of its nodesis determinedby integratingthe
materialdensity , overtheelemenshapeunctionassociateavith
that node. In the caseof tetrahedralelementswith linear shape
functions,this masscontritutionis simply  vol=4.

Thederivationsabove aresufcient for asimulationthatusesan
explicit integrationschemeAdditional work, includingcomputing
the Jacobiarof theinternalforces,is necessarjor implicit integra-
tion scheme(Seefor example[2] and[3].)

3.3 Collisions

In additionto the forcesinternalto the material,the systemcom-
putescollision forces. The collision forcesare computedusinga
penaltymethodthatis appliedwhentwo elementsntersecbor if an
elementviolatesanotherconstraintsuchasthe ground. Although
penaltymethodsareoftencriticizedfor creatingstiff equationsye
havefoundthatfor thematerialsve aremodelingtheinternalforces
are at leastasstiff asthe penaltyforces. Penaltyforceshave the
adwantageof beingvery fastto compute. We have experimented
with two different penalty criteria: node penetrationand overlap
volume.Theexamplespresentedh this paperwerecomputedvith
thenodepenetratiortriteria;additionalexamplesontheconference
proceeding€D-ROM werecomputedwith the overlapvolumecri-
teria.

The node penetrationcriteria setsthe penaltyforce to be pro-
portional to the distancethat a node has penetratednto another
element.Thepenaltyforceactsin thedirectionnormalto thepene-
tratedsurface. Thereactionforceis distributedover the penetrated
elements nodessothatthenetforceandmomentarethenegationof
the penaltyforce and momentactingat the penetratinghode. This
testwill not catchall collisions,andundetectedntersectingtetra-
hedramaybecomdockedtogether It is however, fastto compute,
easyto implement,andadequatdor situationsthatdo not involve
comple collisioninteractions.

The overlapvolumecriteriais morerobustthanthe nodepene-
tration method,but it is alsoslower to computeandmorecomple
to implement.Theintersectiorof two tetrahedraklementds com-
putedby clipping the facesof eachtetrahedromagainstthe other
The resultingpolyhedronis thenusedto computethe volumeand
centerof massof the intersectingregion. The areaweightednor
malsof the facesof the polyhedronthat are contributedby one of
thetetrahedraresummedo computethedirectionthatthe penalty
forceactsin. A similar computatiorcanbe performedor the other
tetrahedrapr equivalently the directioncanbe negated. Provided
thatneithertetrahedras completelycontainedwithin the other this
criteriais morerobustthanthe nodepenetratiorcriteria. Addition-
ally, the forcescomputedwith this methoddo not dependon the
objecttessellation.

Computingtheintersectionwithin themeshcanbevery expen-
sive, andwe usea boundinghierarchyschemewith cachedraver
salsto helpreducethis cost.

4 Fracture Modeling

Our fracturemodelis basedon the theoryof linearelasticfracture
mechanic$l]. The primarydistinctionbetweerthis andotherthe-

Figure6: Threeloadingmodesthatcanbe experiencedy a crack.
Model: Opening,Modell: In-PlaneShearandModelll: Out-of-
PlaneShear Adaptedfrom Andersorn1].

oriesof fractureis thattheregion of plasticitynearthe cracktip? is
negglected. Becausave arenot modelingthe enepgy dissipatechy
this plasticregion, modeledmaterialswill bebrittle. This statement
doesnotmeanthatthey areweak;rathertheterm*“brittle” refersto
the factthat oncethe materialhasbegunto fail, the fractureswill
have a strongtendeng to propagatexcrossthe materialasthey are
drivenby theinternally storedelasticenegy.

Therearethreeloadingmodesby which forcescanbeappliedto
acrackcausingit to openfurther (SeeFigure6.) In mostcircum-
stancessomecombinatiorof thesemodeswill beactive, producing
amixed modeload at the cracktip. For all threecasesaswell as
mixed modesituations,the behaior of the crackcanbe resohed
by analyzingthe forcesacting at the cracktip: tensileforcesthat
areopposedy othertensileforceswill causehe crackto continue
in adirectionthatis perpendiculato thedirectionof largesttensile
load, andconversely compressie loadswill tendto arresta crack
to which they areperpendicular

The nite elementmodeldescribeshesurfaceof afracturewith
elementghat are adjacentin materialcoordinatesut that do not
sharenodesacrossthe internal surface. The curve thatrepresents
thecracktip is thenimplicitly de ned in apiecavise linearfashion
by the nodesthatborderthe fracturesurface,andfurtherextension
of the crack may be determinedby analyzingthe internal forces
actingonthesenodes.

We will alsousethe elementnodesto determinewherea crack
shouldbe initiated. While this strategy could potentiallyintroduce
unpleasanartifacts,we notethatbecausehesurfaceof anobjectis
de ned by a polygonalboundary(the outerfacesof thetetrahedra)
therewill alwaysbeanodelocatedatary concaities. Becaus&on-
cavities are preciselythe locationswherecrackscommonlybegin,
we believe thatthis decisionis acceptable.

Our fracturealgorithmis asfollows: after every time step,the
systenresohestheinternalforcesactingonall nodesnto theirten-
sile andcompressie componentsdiscardingary unbalancegor
tions. At eachnode theresultingforcesarethenusedto form aten-
sorthatdescribediow theinternalforcesareactingto separatéhat
node.If theactionis sufciently large,thenodeis splitinto two dis-
tinct nodesanda fractureplaneis computed All elementsattached
to the nodearedivided alongthe planewith the resultingtetrahe-
draassignedo oneor the otherincarnationof the split node,thus
creatinga discontinuityin thematerial.Any cachedsalues,suchas
the nodemassor the elementshapefunctions,arerecomputedor
the affectedelementsand nodes.With this techniquethe location
of afractureor cracktip neednotbeexplicitly recordedunlessthis
informationis usefulfor someotherpurposesuchasrendering.

2Theterm“crack tip” implies that the fracturewill have a singlepoint
atits tip. In generalthefront of the crackwill notbea singlepoint; rather
it will be a curve thatde nes the boundaryof the surfacediscontinuityin
materialcoordinates. (SeeFigure 4.) Neverthelesswe will refer to this
front asthe cracktip.
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4.1 Force Decomposition

The forcesacting on a node are decomposedy rst separating
theelemenstresdensorsnto tensileandcompressie components.
ForagivenelementnthemeshjetV' ( ), withi 2 f 1;2; 3g, bethe
ith eigevalueof , andletf'( ) bethecorrespondinginit length
eigervector Positive eigevaluescorrespondo tensilestresseand
negative onesto compressie stressesSince  is realandsymmet-
ric, it will have threereal, not necessarilyunique,eigemvalues. In
the casewherean eigervalue hasmultiplicity greaterthanone,the
eigevectorsareselectedarbitrarily to orthogonallyspantheappro-
priatesubspac§l3].

Givenavector in<2, wecanconstruce3 3 symmetricma-
trix, m( ) thathasj j asaneigervaluewith asthecorresponding
eigemvector andwith the othertwo eigevaluesequalto zero. This
matrix is de ned by

5 : 8

0 (28)

m( )= 0-

+

The tensilecomponent, ™, andcompressie component,
of the stresawithin theelementtannow be computecby

x _ :
’ max(0;v'( ) m(A'( ) (29)
i=1

min(0; V' () m(A'( ) : (30)

i=1

Using this decompositionthe force thatan elementexertson a
nodecanbe separatednto a tensilecomponent, E’i] , anda com-
pressve component, i This separatioris doneby reevaluating
theinternalforcesexertedon the nodesusing(27) with or

+

substitutedor . Thusthetensilecomponents
4
. vol X x % .
= 2 li] ik (1)
j=1 k=1 I=1

The compressie componentcan be computedsimilarly, but be-
cause = "+ , it canbe computedmoreefciently using

n= w* o

Eachnodewill now have a setof tensileanda setof compressie
forcesthat are exertedby the elementsattachedo it. For a given
node,we denotethesesetsasf *gandf g respectiely. The
unbalancedensileload, * issimplythesumoverf * g, andthe
unbalanced¢ompressieload, ,isthesumoverf g.

4.2 The Separation Tensor

We describeheforcesactingatthenodesusingastressvariantthat
we call the separatiortensor . The separatiortensoris formed
from the balancedtensile and compressie forcesacting at each
nodeandis computedy

0 1

X
=%@ m( )+ m()+m( ) m()A (32

2f t*g 2f [¢]

It doesnotrespondo unbalanceactionsthatwould producearigid
translation andis invariantwith respecto transformation®f both
thematerialandworld coordinatesystems.

The separatiortensoris useddirectly to determinewhethera
fractureshouldoccuratanode.Letv® bethelargestpositive eigen-
valueof . If v* is greateithanthe materialtoughness, , thenthe
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Figure7: Diagramshaving how anelements split by the fracture
plane. (a) Theinitial tetrahedraklement. (b) The splitting node
andfractureplaneareshawn in blue. (c) Theelemenis split along
thefractureplaneinto two polyhedrathatarethendecomposeto
tetrahedraNotethatthe two nodescreatedrom the splitting node

areco-locatedthegeometricdisplacemenshawn in (c) only illus-
tratesthelocationof the fracturediscontinuity

Figure 8: Elementsthat are adjacentto an elementthat hasbeen
split by afractureplanemustalsobe split to maintainmeshconsis-
teng. (a) Neighboringtetrahedraprior to split. (b) Faceneighbor
aftersplit. (c) Edgeneighboraftersplit.

materialwill fail atthe node. The orientationin world coordinates
of the fractureplaneis perpendiculato f* , the eigervector of
thatcorrespondso v* . In the casewheremultiple eigevaluesare
greaterthan , multiple fractureplanesmay be generatedy rst
generatinghe planefor the largestvalue, remeshing(seebelow),
andthenrecomputinghenew valuefor andproceedingsabore.

4.3 Local Remeshing

Oncethesimulationhasdeterminedhelocationandorientationof
anew fractureplane,the meshmustbe modi ed to re ect the new
discontinuity It is importantthatthe orientationof the fracturebe
presered,asapproximatingt with theexisting elemenboundaries
would createundesirablartifacts.To avoid this potentialdif culty ,
thealgorithmremesheshelocal areasurroundinghe new fracture
by splitting elementghatintersecthefractureplaneandmodifying
neighboringelementdo ensurahatthe meshstaysself-consistent.

First, thenodewherethe fractureoriginatesis replicatedso that
therearenow two nodesnh™ andn with the samematerialposi-
tion, world position,andvelocity. The massesvill berecalculated
later. Thediscontinuitypasseshetween’thetwo co-locatechodes.
Thepositive sideof thefractureplaneis associatesvith n* andthe
negative sidewith n

Next, all elementghatwereattachedo the original nodeareex-
amined,comparingheworld locationof theirnodesto thefracture
plane. If anelementis not intersecteddy the fractureplane,then
it is reassignedo eithern® orn dependingn which sideof the
planeit lies.

If theelemenis intersectedby thefractureplane,it is splitalong
theplane. (SeeFigure7.) A new nodeis createdalongeachedge
thatintersectsheplane.Becausall elementsnustbetetrahedran
generalkeachintersectecelementwill be splitinto threetetrahedra.
Oneof thetetrahedrawill be assignedo onesideof the planeand
the othertwo to the other side. Becausethe two tetrahedrahat
areon the sameside of the planeboth shareeithern* orn , the
discontinuitydoesnot passhetweerthem.

In additionto the elementsthat were attachedto the original
node,it may be necessaryo split otherelementssothatthe mesh
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Figure9: Two adobewalls thatare struckby wreckingballs. Both walls areattachedo the ground. The ball in the secondrow has50
the massof the rst. Imagesare spacedapart1333msin the rst row and66:6 msin the second. The rightmostimagesshawv the nal

con gurations.

Figure10: Meshfor adobewall. (a) Thefacingsurfaceof theinitial
meshusedto generatehewall shavn in Figure9. (b) Themeshaf-
terbeingstruckby thewreckingball, reassembledc) Sameas(b),
with the cracksemphasized(d) Internalfracturesshavn aswire-
frame.

staysconsistentln particular anelemenimustbesplitif thefaceor
edgebetweenit andanotherelementhatwasattachedo the orig-
inal nodehasbeensplit. (SeeFigure8.) To preventthe remeshing
from cascadingacrosshe entiremesh thesesplitsaredonesothat
the new tetrahedrauseonly the original nodesandthe nodescre-
atedby the intersectionsplits. Becauseno newv nodesare created,
the effect of the local remeshings limited to the elementghatare
attachedo the nodewherethe fractureoriginatedandtheirimme-
diate neighbors. Becausehe tetrahedrdormed by the secondary
splits do not attachto eithern* orn , the discontinuitydoesnot
passbetweerthem.

Finally, after the local remeshinghas been completed, ary
cachedvaluesthat have becomeinvalid mustbe recomputed.In
our implementationthesevaluesincludethe elementhasismatrix,

, andthenodemasses.

Two additional subtletiesmust also be considered. The rst
subtlety occurswhen an intersectionsplit involves an edgethat
is formedonly by tetrahedrattachedo the nodewherethe crack
originated.Whenthis happensthefracturehasreached boundary
in the material,andthe discontinuityshouldpassthroughthe edge.
Remeshingccursasabove, exceptthattwo nodesare createdon
theedgeandoneis assignedo eachsideof thediscontinuity

Secondthefractureplanemay passarbitrarily closeto anexist-
ing nodeproducingarbitrarily ill-conditionedtetrahedra.To avoid
this, we employ two thresholdspnethe distancebetweerthe frac-

tureplaneandanexisting node,andthe otheron theanglebetween
the fractureplaneanda line from the nodewherethe split origi-

natedto the existing node.If eitherof thesethresholdsarenot met,

thenthe intersectionsplit is snappedo the existing node. In our

resultswe have usedthresholdof 5 mmand0:1radians.

5 Results and Discussion

To demonstratsomeof the effectsthatcanbe generatedvith this
fracturetechnique we have animateda numberof sceneghatin-

volve objectsbreaking.Figurel shavs a plateof glassthathashad
a heary weightdroppedonit. The areain the immediatevicinity

of theimpacthasbeencrushednto mary smallfragments Further
away from theweight,a patternof radial crackshasdeveloped.

Figure 9 shawvs two walls being struck by wrecking balls. In
the rst sequencethe wall developsa network of cracksasit ab-
sorbsmostof theball's enegy duringtheinitial impact.In thesec-
ondsequencethe ball's massis 50 greaterandthewall shatters
whenit is struck. The meshusedto generatehe wall sequences
shawvn in Figure10. Theinitial meshcontainsonly 338 nodesand
1109 elements.By the end of the sequencethe meshhasgrovn
to 6892 nodesand8275 elements.Theseadditionalnodesandel-
ementsare createdwherefracturesoccur; a uniform meshwould
requiremary timesthis numberof nodesandelementgo achiere a
similarresult.

Figurell shawvsthe nal framesfrom four animationsof bowls
thatweredroppedonto a hard surface. Otherthanthe toughness,
, of thematerial,the four simulationsareidentical. The rst bowl
developsonly afew cracksthewealestbreaksinto mary pieces.

Becausehis systemworkswith solid tetrahedralolumesrather
thanwith the polygonalboundaryrepresentationsreatedoy most
modeling packages poundarymodels must be converted before
they canbe used. A numberof systemsare availablefor creating
tetrahedraimeshesfrom polygonalboundaries. The modelsthat
we usedin theseexampleswere generateckitherfrom a CSGde-
scriptionor a polygonalboundaryrepresentationsingNETGEN,
apublicly availablemeshgeneratiorpackagd16].

Although our approachavoids the “jaggy” artifactsin the frac-
ture patternscausedy the underlyingmesh thereremainwaysin
which theresultsof a simulationarein uenced by the meshstruc-
ture. The mostohvious is that the deformationof the materialis
limited by the degreesof freedomin the mesh whichin turn limits
how the materialcanfracture. This limitation will occurwith ary
discretesystem.Thetechniquealsolimits wherea fracturemayini-
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Figure11: Bowls with successkly lower toughneswvalues, . Eachof the bowls were droppedfrom the sameheight. Otherthan , the

bowls have samematerialproperties.
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Figurel2: Back-crackingluringfractureadvance.Thedashedine
is the axis of the existing crack. Cracksadwanceby splitting ele-
mentsalonga fractureplane,shavn asasolid line, computedrom
the separatiortensor (a) If the crackdoesnot turn sharply then
only elementsn front of thetip will besplit. (b) If thecrackturns
at too sharpan angle, then the backwards direction may not fall
insideof the existing failure anda spurioushifurcationwill occur

tiate by examiningonly the existing nodes.This assumptioimeans
that very coarsemeshsizesmight behae in an unintuitive fash-
ion. However, nodescorrespondo the locationswherea fracture
is mostlikely to begin; therefore with a reasonabl@rid size, this

limitation is nota serioushandicap.

A moreserioudimitation is relatedto thespeedatwhich a crack
propagatesCurrently thedistancethata fracturemaytravel during
atime stepis determinedy the sizeof the existing meshelements.
The crackmay eithersplit an elementor not; it cannottravel only
a fraction of the distanceacrossan element.If a crackwerebeing
openedslowly by anappliedloadon a modelwith a coarseresolu-
tion mesh,this limitation would leadto a “button popping” effect
wherethe crackwould travel acrossone element,pauseuntil the
stresshuilt up again,andthen move acrossthe next element. A
secondtype of artifact may occurif the crack's speedshouldbe
signi cantly greaterthanthe elementwidth divided by the simula-
tion time step. In this case,a high stressareawill raceaheadof
thecracktip, causingspontaneoufailuresto occurin the material.
Althoughwe have not obseredthesephenomenan our examples,
developinganalgorithmthatallows afractureto propagaterbitrary
distancess anareafor futurework.

Another limitation stemsfrom the fact that while the fracture
planes orientationis well de ned, thecracktip's forwarddirection
is not. As shawvn in Figure12,if thecracksturnsatananglegreater
thanhalf the angleat the cracktip, thena secondaryfracturewill
developin theoppositedirectionto the crack's advance.While this
effectis likely presenin someof our examplesjt doesnot appear
to have asigni cant impacton the quality of theresults.If thearti-
factswereto be a problem,they could be suppressedy explicitly
trackingthefracturepropagatiordirectionswithin themesh.

Thesimulationparametersisedto generatehe examplesin this
paperarelistedin Tablel alongwith thecomputatiortimerequired
to generateone secondof animation. While the material density
values, , areappropriatdor glass,stone,or ceramic,we usedval-
uesfor theLameé constants, and , thataresigni cantly lessthan
thoseof real materials. Larger valueswould male the simulated
materialsappearstiffer, but would alsorequiresmallertime steps.
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Thevaluesthatwe have selectedepresena compromisebetween
realisticbehaior andreasonableomputatiortime.

Ourcurrentimplementatiorcanswitchbetweereitheraforward
Eulerintegrationschemeor a secondorderTaylor integrator Both
of thesetechniquesreexplicit integrationschemesandsubjectto
stability limits that require very small time stepsfor stiff materi-
als. Although semi-implicitintegrationmethodshave errorbounds
similar to thoseof explicit methodsthe semi-implicit integrators
tendto drive errorstowardszeroratherthanin nity sothatthey are
stableat muchlargertime steps.Otherresearcherbave shovn that
by taking adwantageof this property a semi-implicitintegratorcan
be usedto realize speedups of two or threeordersof magnitude
whenmodelingobjectdeformation[2]. Unfortunately it may be
dif cult to realizethesesameimprovementswhen fracture prop-
agationis part of the simulation. As discussedbore, the crack
speeds limited in inverseproportionto the time stepsize,andthe
largetime stepshatmightbeaffordedby asemi-implicitintegrator
couldcausespontaneoumaterialfailureto proceedccrackadvance.
We are currentlyinvestigatinghow our methodsmay be modi ed
to be compatiblewith largetime stepintegrationschemes.

Many materialsand objectsin the real world are not homoge-
neousandit would beinterestingto develop graphicalmodelsfor
animatingthem asthey fail. For example,a brick wall is made
up of mortarandbricks arrangedn a regularfashion,andif simu-
latedin a situationlike our wall example,a distinct patternwould
be created.Similarly, the connectiorbetweera handmadeupand
its handleis oftenweakbecaus®f the way in which the handleis
attached.

Oneway to assesshe realismof an animationtechniqueis by
comparingt with therealworld. Figure13shaws high-speedideo
footageof a physicalbowl asit falls ontoits edgecomparedo our
imitation of thereal-world scene Althoughthetwo setsof fracture
patternsareclearly different,the simulatedbowl hassomequalita-
tive similaritiesto therealone. Bothinitially fail alongthe leading
edgewherethey strike theground,andsubsequentlgevelopverti-
cal cracksbeforebreakinginto severallarge pieces.
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Minutesof Computation
Material Parameters Time per SimulationSecond
Example Figure (N=m?) (N=m?) | (Ns=m?) (Ns=m?) | (kg=m?) (N=m?) Minimum | Maximum | Average
Glass 1 1:04 108 1:04 108 0 6760 2588 10140 75 667 273
Wall #1 9.a 6:03 108 1:21 108 3015 6030 2309 6030 75 562 399
Wall #2 9.b 0 1:81 108 0 18090 2309 6030 75 2317 1098
Bowl #1 1la 2:65 10° 3:97 10° 264 397 1013 52:9 90 120 109
Bowl #2 11.b 2:65 108 3:97 10° 264 397 1013 39:6 82 135 115
Bowl #3 1l.c 2:65 10° 3:97 10° 264 397 1013 33:1 90 150 127
Bowl #4 11.d 2:65 10° 3:97 10° 264 397 1013 13:2 82 187 156
Comp.Bowl 13 0 5:29 107 0 198 1013 106 247 390 347
TheEnd 14 0 9:21 108 0 9:2 705 73:6 622 6667 4665

Tablel: Materialparameterandsimulationtimesfor examples.Thetimeslistedre ect thetotal numberof minutesrequiredto computeone
secondf simulateddata,includinggraphicsand le 1/0. Timesweremeasurean anSGI 02 with a195MHz MIPS R10K processor

Figure13: Comparisorof areal-world eventandsimulation. Thetop row shaws high-speedideoimagesof a physicalceramicbowl dropped
from approximatelyonemeterontoa hardsurface. The bottomrow is the outputfrom a simulationwherewe attemptedo matchtheinitial
conditionsof the physicalbowl. Videoimagesare8 msapart.Simulationimagesare1l3msapart.
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