CS174 Fall 98: Lecture Note 4

Alistair Sinclair, September 1998; based on earlier notes by Manuel Blum/Douglas Young.

Random graphs

e How many edges are needed to make a random graph on n nodes connected?

First, we need to define precisely what we mean by a “random graph.”

Experiment 1:

start with n vertices V ={1,2,...,n} and E = ()
do m times
select an edge e = {3, j} ¢ E uniformly at random
add e to E
output G = (V, E)
5

Sample space: all ((m)) labeled graphs G with n vertices and m edges, each equally likely

Ex: Enumerate the entire sample space for n =4, m = 3. O

Let G be a random graph (sample point) as above; we want to find the smallest value of m s.t.
Pr[G is connected] is close to 1.

Actually, it is much easier to answer a similar question for a slightly different sample space: then

we’ll translate the answer to the above sample space.

Experiment 2:

start with n vertices V ={1,2,...,n} and E =0

do until G = (V, E) is connected
select an edge e = {3, j} ¢ E uniformly at random
add e to £

output G = (V, E)

Sample space: all connected graphs G obtained from the above experiment, with probabilities 777
Ex: Enumerate the entire sample space (including the probabilities) for n = 4. O

We are interested in the random variable X = |E|, i.e., the number of edges in the graph G at the
end of the experiment. Let’s compute E (X).

Idea: let X} = number of edges added to reduce number of components from & to k — 1.
n n
Then X = Y Xy and E(X) = Y E(Xg).
k=2 k=2

What does X;, look like?

Well, X,, =1 always (with probability 1) — why?

And X,,_; = 1 with probability 1 — why?

The distribution of X,,_5 depends on the first two edges (why?); but presumably its expectation is
not much bigger than 1 (again, why?)

Similarly, for k < n — 2, the distributions of the X} become rather complicated, but maybe we can
compute an upper bound on E (X}).



Claim: For all k, we have E (Xj) < 7.

Proof: Suppose G has exactly k& > 1 components. Consider any vertex i. Our experiment is
equally likely to pick any of the edges {i,j} that is not in E. There are at most n — 1 such edges,
of course. How many of them reduce the number of components? Well, at least kK — 1 (why?).
Therefore, the probability that any such edge reduces the number of components is at least %
Since this holds for every vertex i, it holds in general. But now we see that Xj < Yj, where
Y; = # coin flips up to and including first head for a coin with Pr[heads] = p = % And by
qun. 2(a) of HW2, we know that E (Y) = % = "=1. Hence E (X;) < 2= O

Now we are done:
E(X)zki E (Xk) S(n—l){1+%+%+---+ﬁ}~(n—1)(1n(n—1)+'y).
=2

So the expected number of edges at the end of Experiment 2 is at most (n — 1)(In(n — 1) + ) as
n — 00.

Note: This is only an upper bound on E (X). The exact answer (which requires more effort) is
E (X) ~ §Inn. So we are off by only a factor of 2.

Ex: In the above proof, we said that X; < Y;,. What does this mean, in view of the fact that
X}, and Y} are not numbers but random variables (over different sample spaces)? What it means,
precisely, is that Pr[X} > z| < Pr[Y; > 2] for all z. Think about this statement, and convince
yourself that it holds for the X, and Y} in the above proof. Also, show that X < Y, implies that
E (Xi) < E(Y}), as we used in the proof. m

We’ve seen that the ezpected number of edges required to make the graph connected is at most
M(n) = (n — 1)(In(n — 1) + ). What’s the probability that we need much more than this? We
can get a bound on this probability using Markov’s inequality:

Theorem [Markov’s Inequality]: Let X be a r.v. taking non-negative values, and let u = E (X).
Then
Pr[X > cu] < % for any ¢ > 1.

Proof:
p=E(X)=YPr[X =k -k
k

> Y PrX =k k
k>cu

>cp Yy Pr[X =k
k>cu

= cu Pr[X > cpl.
Therefore, Pr[X > cu] < 1. O

Ex: The above proof isn’t formally valid when p = 0, since in the last step we cancel u. Is the
theorem still true when y = 07 O

Ex: Give a simple counterexample which shows that Markov’s inequality is definitely false if we
drop the assumption that X is non-negative. O

Applying Markov’s inequality to our r.v. X, we get

Pr[X > cM(n)] < % for any ¢ > 1. (%)



So, for example, if we add 10M (n) edges, the probability that G is connected is at least 19—0.

This will help us to analyze Experiment 1. First, suppose we modify Experiment 2 slightly so that,
if G becomes connected before m edges have been added, we still continue to add random edges
until G has exactly m edges. View each point of the sample space of this modified Experiment 2 as
G = G' + G", where G’ is the graph consisting of the first m edges and G” is the remainder. (Note
that G” will be empty if G’ is connected.) Then it should be clear that

Pr[X < m] = Pr[G’ is connected].

What is the relationship with Experiment 17 Well, if you think about it you should see that the
sample space of graphs G’ is ezactly the same as the sample space of Experiment 1 (why?). So we
get

Pry[G is connected] = Pry[G' is connected] = Pra[X < m],

where Pr; and Pry denote probabilities in Experiments 1 and 2 respectively.
Now, putting m = ¢M(n) in Experiment 1, we get from (x) that

Pry[G is connected] = Pry[X < cM(n)] >1—1,

which gives a good answer to our original question about Experiment 1; i.e., a random graph with
n vertices and m = ¢(n — 1)(In(n — 1) + ) edges is connected with probability at least 1 — <.

c

A randomized algorithm for a graph problem

Let G = (V, E) be an undirected graph. A cut in G is a set of edges whose removal separates G
into two (or more) components.
The problem MINCUT involves finding a cut in G with the minimum number of edges.

Here is a very simple randomized algorithm (due to Karger) for MINCUT:

while G has more than two vertices do
pick an edge e = (u,v) u.a.r.
contract e

output the remaining edges

The operation “contract e” means that the endpoints, u and v, of e are merged into a single vertex,
retaining all their connections to other vertices. More precisely, we retain all multiple edges that
are created, but eliminate all self-loops.

Since the number of vertices decreases by 1 each time, there will be exactly n — 2 iterations, where
n is the number of vertices in G. So the algorithm runs in O(n?) time. (Check this.) But does it
work?7?

First, note that the algorithm always outputs a valid cut in G. (Why?) We need to analyze the
probability that it outputs a minimum cut.

Let’s focus on a particular minimum cut, which we’ll call C. We’ll look at the probability that C
survives throughout the repeated contraction process of the algorithm.
Let E; be the event that C survives iteration . We want to compute Pr[E; A Ea A ... A E,_o].



Using the fact that Pr[E A F| = Pr[F|Pr[E|F], we can write this as
Pr[\}~{ Ei] = Pr[E1] x Pr[Ea|E1] x Pr[Es|Ey A By X -+ X Pr[E,_o| \]Z7 Ej]. (1)

What is Pr[E}], the probability that C survives the first iteration?
Well, let the number of edges in C be k. Then every vertex in G must have degree' at least k
(why?). So G must have at least %” edges.

Therefore, Pr[Eq] > 1 — (knkw =1-2="1=2 (Why?)

Now let’s look at Pr[Fs3|FE1], the probability that C survives the second iteration given that it
survived the first.
By the same argument as above, G must now have at least @ edges.
k 2 -3
SOPI‘[EQ'El] Zl—mzl—m:%
In similar fashion, we can show for each ¢ that

_ n—i—1

- )
PrlEi| NiZ1 Ej] 2 1 — 5=77 = 5=

Plugging this into () gives

PrIANT2 By > o2 5 128 o nd o 2

So, our algorithm discovers the minimum cut C with probability at least fg

Ex: If there were many — say, m — minimum cuts, show that this probability would improve to 2.
n
O

The observation in this exercise isn’t much use, however, since in general we can’t assume that G
will have more than a single minimum cut. So the best lower bound we have on the success
probability of the algorithm is about fg

Disappointing?
Not really: suppose we perform ¢ independent trials of the algorithm, and choose the smallest cut
we find. What is the probability that we fail to discover C on all ¢ attempts?

Clearly, this prob. is at most (1 — 2)*. (Why?)

So if we take t = cn?, with ¢ a constant, the prob. is at most (1 — %)6”2 <e %,
So, to make the probability that the algorithm fails as small as (say) e™'* ~ 1078, it is enough to
perform only Tn? repetitions.

Ex: The above proof shows that G can have at most @ different minimum cuts. Why? O

Ex: Suppose that Karger’s algorithm is applied to a tree G. Show that it finds a minimum cut
with probability 1. O

Ex: Suppose we modify the algorithm so that, instead of choosing an edge u.a.r. and merging its
endpoints, it chooses two vertices u.a.r. and merges them. Find a family of graphs G,, (where G,
has n vertices for each n) such that, when the modified algorithm is applied to G, the probability
that it finds a minimum cut is ezxponentially small in n. How many times would you have to repeat
this algorithm to have a reasonable chance of finding a minimum cut? O

!The degree of a vertex is the number of neighbors it has.
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