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Overview: We will review the problemof finding a minimum spanningreein a graph. We will
revisit thethree(deterministicgreedyalgorithms:Kruskal's, Prim’s,andBoruvka’s. All threehas
thecompleity of O(mlogn). However, by anintelligentmodificationof the Boruvka’s algorithm,
therandomizedalgorithmcanachieve alinearcostof O(m+n).

1 Minimum SpanningTree

Recallfrom CS170the definition of the minimum spanningtree: given an un-directedgraphG
with weightson its edgesa spanningree consistsof a subsebf edgesrom G thatconnectsall
thevertices. Amongthem,aminimumspanningree(MST) hasthe minimumtotal weightoverits
edges.

By corvention,let n bethe numberof verticesin G andm bethe numberof edgesNotethata
treethathasn verticesinvariablyhasn — 1 edges.Thereforethe MST musthave n — 1 edges.
Exercise: Shaw thatwithoutlossof generality all the edgeweightscanbe assumepositive.

The problemof finding a MST is called MSTP andit hasa wide rangeof applications for
instance,in trying to connectup a numberof geographicabkitesby communicationcablesand
minimizethetotal lengthof the cableused.

2 Deterministic Algorithms

In thefollowing discussionassumall the edgeweightsaredistinct.

Two well-known algorithmsfor computingthe MST arethe Prim’s algorithmand Kruskal's
algorithm. Both are basedon the greedypropertythat a minimum weight edge (undercertain
restriction)canbe addedsafely without leadingoff from the MST.

ThePrim’s algorithmexpandsatree. At eachstep,anedgeis addedo thetreesuchthat:

1. Theedgeis connectedo thetree(soit remainsatreeaftertheedgeis added).
2. Addingtheedgedoesnt introduceacycle.
3. Theedgehasthe smallestweight.

Onecanimplementthis algorithmby maintaininga heapof theedgesncidentto thetree,ordered
by their weights. Every time a new vertex is added the heapof candidateedgesareupdatedwith
the incident edgesthat the new vertex introduces. Clearly, all thoseoperationscanbe donein
O(logm) asa heap. And eachedgewill be encounteredlieadingto a total costof O(mlogm) =
O(mlogn).

Anotheralgorithmis the Kruskal's algorithm. Insteadof keepinga tree, Kruskal’s algorithm
keepsa forestat eachstep.Recallthata forestis a collectionof disjointtrees.Again, duringeach
stepanedgeis added:

1. Theedgedoesnt bring acycle into theforest.



2. Theedgehasthesmallestweight.

To maintaina datastructurefor the forestis a bit more cumbersomehanthat for a tree. But it
turnsout thatthe operationgequiredfrom this algorithmcanbe implementecefficiently, leading
to atotal costof O(mlogn), too.

A third algorithm,which datesbackto 1926, is the oneby the CzechishBoruvka. Like the
othertwo, it is a remarkablysimpleideathat exploits so-calledgreedyproperty: For an edgee,
if thereis a cut (C,V — C) suchthat the edgee is the minimum weight edgeconnectingC and
V —C 1, thenthe edgee mustappeain the MST.

To seethis, supposehe MST connectaup the two component andV — C differently, by
anotheredge€, thenwe reachanimmediatecontradiction:we mayaswell eraseg andaddin e,
whichwill produceanotherspanningreebut with a smallertotal weight. Q.E.D.

In the proof above, we've introduceda new edgee, which bringsa cycle, thenwe breakthe
cycle by erasinge¢’ andobtainanothertreewith smallertotal weight. This ideaof “add an edge,
breakacycle” is generallyusefulin proving propertiesof the MST.

Exercise: Provethatif theedgeweightsaredistinct,theres auniqueMST.
Exercise: Using greedyproperty prove thatfor any verte, the incidentedgewith the smallest
weightmustappeain the MST.

By the resultof the secondexercise,we know thatinitially, we canconnectmary edgesat a
time: every vertex connectdo its nearesteighbor The resultingedgemay alreadybeencon-
nected but you'd encountethe sameedgeat mosttwice (from eitherendpoints).Therefore after
goingthroughall thevertices you getatleast} edges.

Thoseedgesscattersacrosshe graph,forming a numberof connectecomponentsThe goal
of connectingup all theverticesnow reducego connectinguipthoseconnectedomponentsThink
of eachconnecteccomponentisa giantvertex, thenwe arebackto the original problemof a set
of unconnectedertices.Therewe canrecurse.

Whatbringsasetof connectederticesinto agiant,combinedvertex? Theideaof contraction.
However, insteadof edgecontractionaswe saw in the min-cutalgorithm. Here,the way of con-
tractionworksdifferently: we don't wantto presere the cut betweerthe giantvertex andvertices
outsidethe componentwhich leadsto addingup the edgeweights. Instead we wantto presere
the minimum weightedgebetweerthe giantvertex andoutsidevertices. Givenan outsidevertex
u, we iteratethroughthe verticesv in the connecteccomponentg, andfind the minimumamong
theedgesconnectingu andary v, thenassignthatweightto theedgebetweeru andthecombined
vertex C.

Exercise: To clarify the precedingntuition, prove thatif we combinethe MST of eachconnected
componentandthe MST of the contractedgraph,the resultingtreeis the MST of the original
graph.(Hint: by greedyproperty)

Theideaof recursve contractioneadsto the Boruvka’s algorithm:

At eachlevel of recursionconnectingheedgesostsO(n); andwe claimthattheedgecontrac-
tion stepcanbedonein O(m) (by the samedatastructureusedin the min-cutalgorithm). Hence,
thetotal costat onelevel is O(m). Notethatthe sizeof the contractecdyraphG’ halvesaftereach
recursion.Therefore the numberof levelsis logn. Hencethetotal costO(mlogn).

'meaninghatedgee connectsavertex in C with avertexinV —C



Algorithm 1 Boruvka’salgorithm

OUTPUT. theMST

T« 0

forallveV do
e <« theminimumweightedgeincidenton v
T+ T+{e}

endfor

G’ «+ G with all theedgesn T contracted

T’ +Boruvka(G’)

RETURNT +T°

3 MST verification using a forest

Let F beaforestin G. Definew (u, V) to bethe maximumweighton theedgesn the pathfromu
to v, if onesuchpathexists. Otherwise setw (u,v) = . (Notethatif a pathexistsbetweeru and
v, thenit mustbeuniquebecausé- is acollectionof trees.)

Defineanedge(u, v) to beF-heavy if w(u,v) > wg (u,Vv). An edgethatis not F-heay is saidto
beF-light.
Exercise (Exercisel0.14in M&R): Let F beary forestin graphG. Shaw thatif anedge(u,v) is
F-heavy, thenit doesnotlie in the MST of G. Verify thatthe corverseis nottrue.

Thereforewe canmake up ary F anddeleteall F-heary edgesin the graphwithout hurting
theMST. In fact, peoplehave worked out algorithmsto identify F-heary edge<fficiently:
Fact 1 (Theorem10.18in M&R): GivenagraphG andaforestF, all F-heary edgesn G canbe
identifiedin time O(n+ m).

4 Random sampling of subgraphs

Sofar, we've known that we canpruneedgesoncewe have a forest. However, we don’t know
whatforestto use.A goodchoiceof theforestshouldleave only a smallnumberof F-light edges.
In fact,peoplehave constructednesuchF, basedon randomsamplingof the edges.

Thekey resultis (the proofis omitted):
Fact 2 (Lemma10.19in M&R): Let F be the minimum spanningforest? in the randomgraph
G(p) obtainedby independentlyncludingeachedgeof G with probability p. Then,the expected
numberof F-light edgesn G is atmostn/p.

5 Thelinear-time MST algorithm

Recallthefactorof min therunningtime of the original Boruvkaalgorithm: O(mlogn). It comes
from the numberof edgesin eachrecursionstep. Imaginethatwe could bring down the number
of edgedike whatwe did to the numberof vertices(half eachtime), thenhopefully the running

2A minimumspanningorestconsistsof MSTsof eachconnectedomponent®f the original graph.It is agener
alizationof theideaof MST.



time shouldimprove. Here, the idea of using a forestto prunethe edgescomesin handy for
this purpose. Following this intuition, and by careful construction,one canreachthe following
algorithm(forcomputingthe minimumspanningorest,abbrer. asMSF):

Algorithm 2 Randomized-MSF
Input: Weighted,undirectedyraphG
Output: MSFfor G
1. Apply 3 stepsof the original Boruvka algorithmto obtaina contractedyraphG; of at most
n/8 vertices.Let thesetof contractededgeseC. If G, is emptythenwe aredoneandreturnC
astheMSE
2. LetG, = G,(p) (asdefinedin Fact2) andlet p = %
3. Recursvely applyRANDOMIZED-M ST on G, to obtainits MSFF,.
4. PrunetheF,-heary edgesn G, to obtainG;.
5. Recursvely apply RANDOMIZED-M ST on G, to obtainits MSF F.
6. RETURNforestF = C+F;.

Let T (n, m) denotethe expectedrunningtime of the above algorithm. Considerthe costof the
stepsin thealgorithmandit shouldleadusto arecurrenceelationfor T (n, m).

Step1 costsO(n-+ m) by the agumentof the original Boruvka's algorithm. Step2 basically
copiesover the verticesandflips a coin for eachedge,henceit runsin O(n+ m). Step3 finds
the MSF for G,, which has< n/8 verticesandan expectednumberof m/2 edges.Therefore the
costof step3is T(n/8,m/2). The pruningprocessn step4 costsO(n+ m) by fact1. And it
preseresatmost% =n/4 edgesn G, by fact2. Thereforethenumberof edgesn G; is < n/4.

Therefore step5 takestime T (n/8,n/4). And step6 takesO(n) time.
Puttingall thistogetheywe getthat

T(n,m) <T(n/8m/2)+T(n/8,n/4) +c(n+m)

for someconstant. A solutionto this recurrenceelationis givenby 2c(n+ m), implying thatthe
expectedrunningtime of the RANDOMIzED-M SF algorithmis O(n+ m). (Notethatthis is the
typeof LasVegasalgorithms).



