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Disclaimer: These notes have not been subjected to the usual scrutiny for formal publications.
They are to be used only for the class.
Outline:

1. DartThrowing (for homework 1)

2. Mutual vs. PairwiseIndependence

3. ConditionalIndependence

1 Dart Throwing

First,recallthefollowingusefulfact:givenn mutuallyexclusiveeventsA1
��������� An suchthatPr

�
A1 �������� � Pr

�
An �
	 1. Then,

Pr
�
B ��	 Pr

�
B �A1 � Pr

�
A1 �
� ����� � Pr

�
B �An � Pr

�
An �

This is socalledthe“total probability theorem”.Notice that theonly criterionon thesetsAi’s is
thatthey form a partitionof theeventspace.A simplespecialcaseof thetheoremis whenn 	 2,
sothatit reducesto

Pr
�
B ��	 Pr

�
B �A � Pr

�
A �
� Pr

�
B � Ā � Pr

�
Ā �

thatis, to computetheprobabilityof B, breakit up into two casesdependingonwhetherA happens
or not,andthenaddup theconditionalprobabilitiesmultiplied by themarginalprobability.

Now, considerthegameof throwing adartuniformatrandom(u.a.r.) atasequenceof numbers

1 � 2 � 3 ��������� i ��������� j ��������� n � 1 � n
Thegameterminateswhenthedartfalls into therange

�
i � j � , otherwise,simplythrow thedartagain.

Upontermination,if thedart landson elementi or j, thenthegameis declaredto bea “success”,
otherwisea “f ailure”.

First, you canseethatwith probability1, thegameterminates.Why? What’s theprobability
of terminationat the k’ th trial? Recallgeometricdistribution, which expressestheprobabilityof
seeingthefirst “head” in asequenceof coin tosses.Let p 	 j � i � 1

n , thenthegameterminatesat the
k’ th trial if f thedartmissestherange

�
i � j � in thefirst k � 1 trials andhit therangein thek’ th trial.

ThatgivesPr
�
terminationatk’ th trial ��	�� 1 � p � k � 1p. Sumup the probability for all k 	 1 � 2 ������� ,

andit yields1 by definitionof probabilitydistribution.
So,wecanassumethatthegamealwaysterminates.Thenwhat’stheprobabilityof a“success”

upontermination?It’s easierto answerthis questionprovidedthatthegameterminatesat thek’ th
trial. Becauseweknow thatthegameterminates,thedartmusthave landedin therange

�
i � j � in the

last trial. Then,theprobabilityof hitting i or j in the last trial is simply 2
j � i � 1. To formalizethis

notionof “breakingit up into cases”,we invoke thetotal probabilitytheorem

Pr
�
successof thegame�
	

∞

∑
k � 1

Pr
�
success� terminationat roundk � Pr

�
terminationat roundk �
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Thatis,
∞

∑
k � 1

2
j � i � 1 � 1 � p � k � 1p 	 2

j � i � 1

Noticetheredundancy in theprecedingsummation.You areencouragedto think of simplerways
to explain thesameresult.

Now, armedwith this knowledge,wecananalyzetheRANDOMIZED-FIND-RANK(RandMed)
in thesameway aswhatwe did with RANDOMIZED-QUICK-SORT(RandQS)in thefirst lecture.
For RandQS,theanalysisboils down to computingpi j, theprobabilityof S � i � andS � j � beingcom-
paredduringtheexecutionof thealgorithm(whereS � i � denotesthe i’ th smallestelement).Think
of thesequenceof numbers

S � 1� ����� S � i � ����� S � j � ����� S � n �
EverytimeRandQSselectsapivot randomly, it is equivalentto throw adartu.a.r. to thesenumbers
andsplit the setof numbersinto morepieces. Notice that S � i � andS � j � have the chanceto be
comparedaslong asthepivot (i.e., thedart)doesn’t fall in betweenthem.Otherwise,if thepivot
happensto beS � i � or S � j � , thenthetwo elementsarecomparedandit correspondsto a“success”of
thegame.If thepivot fallsoutsidetherangeof S � i � to S � j � , thenthegamecontinues.Of course,in
thiscasethegamewon’t continueindefinitely. But, nomatterwhatis theprobabilityof termination
at the k’ th trial, they all have to sumup to 1 andthe precedingresultof the dart throwing game
still holds. It follows that the answerof pi j is the probability of “success”of the game: 2

j � i � 1.
The samereasoningcanbe carriedover in analyzingRandMed.The detailswill show up in the
solutionsto homework 1.

2 Mutual vs. Pairwise Independence

Recallthatasetof n eventsA1 ��������� An aresaidto bemutually independent if f for any I ��� 1 � 2 ��������� n � ,
Pr
���
i � I

Ai �
	 ∏
i � I

Pr
�
Ai �

They aresaidto bepairwise independent if theI above is only thoseof size2, thatis, for any i � j,

Pr
�
Ai  A j �
	 Pr

�
Ai � Pr

�
A j �

Question:By definition, mutual independenceis a strongercriterion thanpairwiseindepen-
dence.To verify this intuition, canyou think of threerandomvariablesthatarepairwiseindepen-
dentbut notmutuallyindependent?

...
Answer: Onepossibleconstructionis X � Y and �X � Y � whereX andY areindependentand

Pr
�
X �!	 Pr

�
Y �"	 1

2. Clearly, there’s only two freevariablesso the threerandomvariablesarenot
mutuallyindependent.However, pick any two of them,say, X and �X � Y � , their joint distribution
is theproductof themarginalprobabilities(Exercise: Verify this).
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3 Conditional Independence

The following questionis adaptedfrom a problemI encounteredin research,to illustrate the
usefulnessof conditionalindependence.Let fX � x � denotethe probability massfunction (pmf),
that is fX � x � 	 Pr

�
X 	 x � ; andlet FX � x � denotethecumulative distribution function (cdf), that is

FX � x � 	 Pr
�
X # x � . AssumethreeindependentrandomvariablesX1

� X2 andX3 for which thepmf
andcdf areknown. The goal is to computethe probability that X1 is the maximumamongthe
three.

Oneway, by bruteforce,is to sumup theprobabilitymasson thesamplepointsthatsatisfythe
criterionthatX1 is maximum.This leadsto thesummation:

Pr
�
X1is max�$	 ∑

i % j & i % k

Pr
�
X1 	 i � X2 	 j � X3 	 k �

	 ∑
i % j & i % k

Pr
�
X1 	 i � Pr

�
X2 	 j � Pr

�
X3 	 k �

	
∞

∑
i �'� ∞

i

∑
j �'� ∞

i

∑
k �'� ∞

fX1 � i � fX2 � j � fX3 � k �

Noticethat this is a triple summation.Evenif thepmf f hasfinite supporton N points,this is an
O � N3 � operation.

On theotherhand,noticethatwhenX1 is fixed,say, X1 	 c, thentherandomvariablesX1 � X2
andX1 � X3 areindependentbecausethey aresimply c � X2 andc � X3, andX2 andX3 areknown
to be independent.To formalizethis notion,we definetheconceptof conditionalindependence:
EventsA andB aresaidto beconditionally independent onC if

Pr
�
A �C � Pr

�
B �C �(	 Pr

�
A  B �C �

That is to say, whenC happens,A and B are independent.Equivalently, Pr
�
A �C �)	 Pr

�
A �B � C �

(Exercise: Verify thatthis is anequivalentdefinition)
Now, recall total probabilitytheorem,which enablesusto breakup analysisinto cases.Com-

bineit with conditionalindependence,we reachthefollowing:

Pr
�
X1 is max�*	

∞

∑
c �'� ∞

Pr
�
X1 	 c � Pr

�
X1 is max�X1 	 c �

	
∞

∑
c �'� ∞

Pr
�
X1 	 c � Pr

�
X2 # c + X3 # c �

	
∞

∑
c �'� ∞

Pr
�
X1 	 c � Pr

�
X2 # c � Pr

�
X3 # c �

	
∞

∑
c �'� ∞

fX1 � c � FX2 � c � FX3 � c �

Noticethatthis is no longera nestedsummationandthereforeanO � N � operation.Exercise: Can
you tell in which stepsof the derivationabove did I usetotal probability theorem,andin which
stepsconditionalindependence?
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