CS174 Discussion Section Notes#3 Hao Zhang nhz@eecs.bedtey.edu

Disclaimer: These notes have not been subjected to the usual scrutiny for formal publications.
They are to be used only for the class.
Outline:

1. Dart Throwing (for homevork 1)
2. Mutualvs. Pairwiselndependence

3. Conditionalindependence

1 Dart Throwing

First, recallthefollowing usefulfact: givenn mutuallyexclusiveeventsA,, ..., A, suchthatPriA, | +
...+ P{Ay) = 1. Then,

P{B] = Pi{B|A;| P{A] + ...+ P{B|An] Pr{A]

This is so calledthe “total probability theorem”. Notice thatthe only criterionon the setsA;’s is
thatthey form a partition of the eventspace A simplespecialcaseof thetheoremis whenn = 2,
sothatit reduceso L

Pr{B] = Pr{B|A] PHA] 4+ PriB|A] Pr{A]

thatis, to computethe probabilityof B, breakit upinto two caseslependingonwhetherA happens
or not, andthenaddup the conditionalprobabilitiesmultiplied by the marginal probability.
Now, considetthegameof throwing adartuniformatrandom(u.a.r) atasequencef numbers

1,2,3,...,0,..0,],...,n=21,n

Thegameterminatesvhenthedartfallsinto therange]i, j], otherwise simply throw thedartagain.
Upontermination,if thedartlandson element or j, thenthe gameis declaredo bea “success”,
otherwisea “failure”.

First, you canseethatwith probability 1, the gameterminates.Why? What's the probability
of terminationat the k'th trial? Recallgeometricdistribution, which expresseshe probability of
seeinghefirst “head”in asequencef cointosseslLet p= % thenthegameterminatesatthe
K'th trial iff the dartmissegsherange]i, j] in thefirst k— 1 trials andhit therangein the k' th trial.
ThatgivesPrterminationatk'th trial] = (1 — p)¥~1p. Sumup the probability for all k = 1,2, ...,
andit yields 1 by definition of probability distribution.

So,we canassumehatthegamealwaysterminatesThenwhat's the probabilityof a“success”
upontermination?It’s easierto answerthis questionprovidedthatthe gameterminatesat thek’th
trial. Becausave know thatthegameterminatesthedartmusthave landedin therange]i, j] in the
lasttrial. Then,the probability of hitting i or j in thelasttrial is simply JT2+1 To formalizethis
notion of “breakingit up into cases”we invoke thetotal probabilitytheorem

Prisucces®sf thegame = z Pr{succesgerminationat roundk] Priterminationat roundk|
K=1
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Noticetheredundang in the precedingsummation.You areencouragedo think of simplerways
to explainthe sameresult.

Now, armedwith this knowledge we cananalyzethe RANDOMIZED-FIND-RANK (RandMed)
in the sameway aswhatwe did with RANDOMIZED-QUICK-SORT(RandQS)in thefirst lecture.
For RandQStheanalysisboils down to computingpij , the probability of S(i) andS(j) beingcom-
paredduringthe executionof the aIgorithm(whereS(i) denoteghei’th smallestelement).Think
of thesequencef numbers

(1-p)*p

S-Sy )+ S

Everytime RandQSselectsa pivotrandomly it is equivalentto throw adartu.a.tr to thesenumbers
and split the setof numbersinto more pieces. Notice that §(i) and §(j) have the chanceto be
comparecdhslong asthe pivot (i.e., the dart) doesnt fall in betweerthem. Otherwise|f the pivot
happengobeS(i) or §(j), thenthetwo elementarecomparedandit correspond#o a“success’of
thegame.If the pivot falls outsidetherangeof (i) to §(j), thenthegamecontinues Of coursejn
this casethegamewon’t continueindefinitely. But, no matterwhatis the probabilityof termination
atthek’th trial, they all have to sumup to 1 andthe precedingresultof the dartthrowing game
still holds. It follows that the answerof Pij is the probability of “success”of the game: 1T2+1
The samereasoningcanbe carriedover in analyzingRandMed. The detailswill shov up in the
solutionsto homevork 1.

2 Mutual vs. Pairwise Independence

Recallthatasetof neventsA,, ..., A, aresaidto bemutually independent iff for ary | C {1,2,...,n},
PrC1AI =[] PiAl
i€l IS

They aresaidto be pairwise independent if thel above is only thoseof size?2, thatis, for ary i, j,

PIA NA] = PIA]PIA]

Question: By definition, mutualindependenceés a strongercriterion than pairwiseindepen-
dence.To verify thisintuition, canyou think of threerandomvariablesthatarepairwiseindepen-
dentbut not mutuallyindependent?

Answer: One possibleconstructionis X,Y and |X — Y| whereX andY areindependenand
P{X] = PrlY] = 3. Clearly theres only two free variablesso the threerandomvariablesare not
mutuallyindependentHowever, pick any two of them,say X and|X — Y|, theirjoint distribution
is the productof the maiginal probabilities(Exercise: Verify this).



3 Conditional Independence

The following questionis adaptedfrom a problem| encounteredn researchjo illustrate the
usefulnesf conditionalindependencelet fy (x) denotethe probability massfunction (pmf),
thatis fy (x) = P{X = x|; andlet Fy (x) denotethe cumulative distribution function (cdf), thatis
Fy (X) = Pi{X < x]. AssumethreeindependentandomvariablesX,, X, andX; for which the pmf
andcdf areknown. The goal is to computethe probability that X; is the maximumamongthe
three.

Oneway, by bruteforce, is to sumup the probability masson the samplepointsthatsatisfythe
criterionthatX; is maximum.This leadsto the summation:

PiXjismay = % I(Pr{xlzi,xzzj,xgzk]
i>fAT>
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i=—00 j=—00 k=—00

Noticethatthisis atriple summation.Evenif the pmf f hasfinite supporton N points,thisis an
O(N?) operation.

Ontheotherhand,noticethatwhenX; is fixed,say X; = ¢, thentherandomvariablesX; — X,
andX; — X; areindependenbecausehey aresimply c— X, andc— X;, andX, andX; areknown
to beindependent.To formalizethis notion, we definethe conceptof conditionalindependence:
EventsA andB aresaidto be conditionally independent on C if

Pr{A|C] P1B|C] = PHANBIC]

Thatis to say whenC happensA and B are independent. Equivalently, PHA|C] = Pr{A|B,C]
(Exercise: Verify thatthis is anequvalentdefinition)

Now, recalltotal probability theoremwhich enablesisto breakup analysisinto cases.Com-
bineit with conditionalindependenceye reachthefollowing:

PriX,ismaX = % Pr{X; = ] Pr{X; is maxX; = ¢]

= Z PrX; = ¢]PIX, <cAX; <]

C=—o00

_ % PIiX, = ¢ PHiX, < ¢ PiX, < ]

= z fx, sz (c)

Noticethatthis is no longera nestedsummatiorandthereforean O(N) operation.Exercise: Can
you tell in which stepsof the derivation above did | usetotal probability theorem,andin which
stepsconditionalindependence?



