CS174 Discussion Section Notes #4 Hao Zhang nhz@eecs.bedtey.edu

Disclaimer: These notes have not been subjected to the usual scrutiny for formal publications.
They are to be used only for the class.
Outline:

1. Notationsof Cornvergence
2. LabeledandUnlabeledBalls andBins

3. Derangements

1 Notations of Convergence

Supposewo series{xn} and{y,}, wheren= 1,2 3,.... Thenl candefinethe following four
symbolsin termsof limits (lim).

Xhn—= X & limxp =X
n—oo

X
Xn~Yn < Iim=2=1
n—>0°yn

X =0(yn) & \§| < C for sufficiently largen
n

Xn=0(Yn) & A@m% =0
Probablymostof you arealreadyfamiliar with thesenotationsthisis justto bring everyoneto the
samebaselingo avoid confusion.

Question:Doesx, ~ yn imply exp(x,) ~ exp(yn)? In generalthe answelis no. Onecounter
exampleis to let x, = n? 4+ n andy, = n°. However, let measka slightly differentquestion:under
whatconditioncanwe “exponentiatébothsides”?

Claim: xp —Yn — 0= exp(Xn) ~ exp(Yn)

Proof: Becausehe functionexp(-) is continuous,

n"aneXp(Xn —Yn) = exp(lim (X, —yn)) = exp(0) = 1

lim
n—-o0
Hence,g(xﬁ&; — 1.
Usingthis claim, Fact 1 in lecturenotesl turnsout to be quite apparent:show thatif t is a

functionof n, aslongast = o(y/n),

t
Proof:By the claim, all we needto do is to verify thatthe logarithmof both sidesdiffer by a
vanishingamountthatis,
nin(1+ E) —t= nE-i—O(n i) —t= O(ﬁ) —0
n ' n n2 ~ 'n

becausef the conditionthatt = o(y/n). Generally the handyclaim above shouldmale it easier
to tackleyour homevork problems.



2 Labded and Unlabeled Ballsand Bins

In homevork 1, you hadfollowing questionconcerningballs and bins: computethe probability
n-1
thatbin 1 containsexactly 1 ball. Let therebe m binsandn balls; someof you sayit’s %;

-1
someof you sayit’'s % Whichis correct?

Defendersof the secondanswersaythat oneball falls into bin 1 with probability %; andall
the otherballsfall into otherbinswith probability (1 — %)”_1. Multiply thesetwo termsgive the
secondanswer

However, thisis wrong by a subtlepoint. Becausehe ballsaredistinct, therecanben distinct
ballsfalling into bin 1, hencethefactorof n.

Now, onemightstill saythatthe probability hasnothingto do whetherthe ballsaredistinctor
not. Evenif theballsarenotdistinct,we shouldstill getthe sameprobability.

Uponcloserlook, this amountdo a differentsamplespace Previously, the samplespaceQ is
all thewaysthattheballsfall insidethebins. (and|Q| = m".) Now, withoutlabeling,theballsare
indistinguishabldrom eachother Thereforea samplepointin the newv samplespaceQ’ is of the
form (n,, ...,nm) wheren; denotegshe numberof ballsin bini (sincethey areall thesamepnly the
countmatters.)By a countingmethodwhich | won'’t go into here,the sizeof the samplespaces
reducedo (™ "1).

So, you can seethat the samplespaceis smaller Moreover, the probability distribution is
changedtoo. For Q, the probability is evenly distributedto all samplepoints. Howevelr, for
a samplepoint (n,,...,Ny) in Q', the probability is (nlnzr_"_%)/mn where (nlnzr.]..nm) = m
denoteshenumberof waysto throw n ballsto give riseto the configuratiorof (n,, ...,nm) number
of ballsin thebins. Thesenumbersarecalled“multi-nomial coeficients” andareextensiongo the
binomial coeficients. Similar to the binomialsum,they sumupto m", whichis usedto normalize
the probabilityfor themto sumupto 1.

In this setting,we computethe sameprobabilitythatbin 1 containsexactly 1 ball, whichis the
sumof probabilitiesof all the samplepointsthatsatisfythis condition:

z ( n >/mn _ nznz,...,nm(n::%m)
Ny, 1n,...ny mn

easyto verify by the definitionof multinomial coeficients
n(m—1)"1

mn
by the multinomialsumof m-1 binsandn-1balls

The answeris still the same but the derivationis a lot moreinvolved. Why? The differencelies
in the choiceof the samplespace.A goodchoiceof the samplespacesaresa lot of toil for this
problem. For more complicatedproblem,a carefulconstructionof the samplespacemay be the
key to solve the problem.



3 Derangements

Let D, bethenumberof permutationsvithouta 1-cycle(i.e.,noelemenstaysin it original position
afterbeingpermuted)L et E; betheeventthatelement staysin its position. Thenwe areinterested
in computingD, = |E; NE,...Eq| = |E; UE,... UEp|, where| - | denoteghe cardinalityof the set.

This looksliable to Principle of InclusionandExclusion(PIE). To usePIE, let’s play around
with [E| = (n—1)!, [ENE;| = (n—-2)}, [FNE;NE| = (n—3)!, ... Therefore,

:(D@p«ﬁ:%

Thereforetheanswelis:
nt nl nn!
1 1 1
1n+1 1n+2
_ ,[__(( Tl

(n+1)! (n+ 2)!
by the Taylor seriesexpansionof exp(—1)
n! |
= g n [..]
thetermn![...] canbeeasilyboundby % for n> 3, usingtelescoping
n!
= ]
where[-] denoteghe nearestnteger

Usingderangmentdjereis anothemway of solvingthe problempresentedhn lecturenotes3:

g, = Prrandompermutatiorcontainsexactly k 1-cycleg
# of permutationghathask fixed positions
total# of permutations
()Dn &
n!

n\ (n=Kk! . _ [y
- (O[ e /M= amow

whenn s largeandk is fixed
(n-k!/e 1
Ki(n—k)! ekl
With the tool of derangmentsnd a little derivation, this leadsto the sameconclusionthat the
distribution corvergesto a Poissorasn grows large. Also, thereasorwhy this approximatiorfails
for k= n— 1 is attributedto the approximationof [(n— k)! /€], which only holdswhenn —k is
large,i.e.,> 3.

(Aside: For aproofof theBonferroniinequalityin its generaform asappearedh lecturenotes
3, seefor example,J. Galambos). Simonelli, “Bonferroni-typelnequalitieswith Applications”,
pp. 14-15)
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