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Disclaimer: These notes have not been subjected to the usual scrutiny for formal publications.
They are to be used only for the class.
Outline:

1. Notationsof Convergence

2. LabeledandUnlabeledBalls andBins

3. Derangements

1 Notations of Convergence

Supposetwo series
�
xn � and

�
yn � , wheren � 1 � 2 � 3 ������� . Then I can definethe following four

symbolsin termsof limits (lim).

xn � x 	 lim
n 
 ∞

xn � x

xn � yn 	 lim
n 
 ∞

xn

yn
� 1

xn � O � yn 
 	 � xn

yn
��� C for sufficiently largen

xn � o � yn 
 	 lim
n 
 ∞

xn

yn
� 0

Probablymostof youarealreadyfamiliarwith thesenotations;this is just to bringeveryoneto the
samebaselineto avoid confusion.

Question:Doesxn � yn imply exp � xn 
�� exp � yn 
 ? In general,theansweris no. Onecounter-
exampleis to let xn � n2 � n andyn � n2. However, let measkaslightly differentquestion:under
whatconditioncanwe“exponentiatebothsides”?

Claim: xn � yn � 0 � exp � xn 
�� exp � yn 

Proof: Becausethefunctionexp ��� 
 is continuous,

lim
n 
 ∞

exp � xn � yn 
 � exp � lim
n 
 ∞

� xn � yn 
�
 � exp � 0
 � 1

Hence,exp � xn �
exp � yn � � 1.

Using this claim, Fact 1 in lecturenotes1 turnsout to be quite apparent:show that if t is a
functionof n, aslongast � o ��� n 
 , � 1 � t

n 
 n � et

Proof:By theclaim, all we needto do is to verify that the logarithmof both sidesdiffer by a
vanishingamount,thatis,

n ln � 1 � t
n 
�� t � n

t
n
� O � n � t2

n2 
�� t � O � t2

n 
�� 0

becauseof theconditionthat t � o � � n 
 . Generally, thehandyclaim above shouldmake it easier
to tackleyour homework problems.
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2 Labeled and Unlabeled Balls and Bins

In homework 1, you hadfollowing questionconcerningballs andbins: computethe probability

thatbin 1 containsexactly 1 ball. Let therebem binsandn balls;someof you sayit’ s n � m � 1� n � 1

mn ;

someof yousayit’ s � m � 1� n � 1

mn . Which is correct?
Defendersof the secondanswersaythat oneball falls into bin 1 with probability 1

m ; andall
theotherballs fall into otherbinswith probability � 1 � 1

m 
 n � 1. Multiply thesetwo termsgive the
secondanswer.

However, this is wrongby a subtlepoint. Becausetheballsaredistinct, therecanben distinct
ballsfalling into bin 1, hencethefactorof n.

Now, onemight still saythattheprobabilityhasnothingto do whethertheballsaredistinctor
not. Evenif theballsarenot distinct,weshouldstill getthesameprobability.

Uponcloserlook, this amountsto a differentsamplespace.Previously, thesamplespaceΩ is
all thewaysthattheballsfall insidethebins. (and �Ω � � mn.) Now, without labeling,theballsare
indistinguishablefrom eachother. Therefore,a samplepoint in thenew samplespaceΩ ! is of the
form � n1 ��������� nm 
 whereni denotesthenumberof ballsin bin i (sincethey areall thesame,only the
countmatters.)By a countingmethodwhich I won’t go into here,thesizeof thesamplespaceis
reducedto " m # n � 1

m $ .
So, you can seethat the samplespaceis smaller. Moreover, the probability distribution is

changed,too. For Ω, the probability is evenly distributed to all samplepoints. However, for
a samplepoint � n1 ��������� nm 
 in Ω ! , the probability is " n

n1n2 %&%'% nm $)( mn where " n
n1n2 %'%'% nm $ � n!

n1!n2! %'%'% nm! ,

denotesthenumberof waysto throw n ballsto giveriseto theconfigurationof � n1 ��������� nm 
 number
of ballsin thebins.Thesenumbersarecalled“multi-nomial coefficients”andareextensionsto the
binomialcoefficients.Similar to thebinomialsum,they sumup to mn, which is usedto normalize
theprobabilityfor themto sumup to 1.

In thissetting,wecomputethesameprobabilitythatbin 1 containsexactly1 ball, which is the
sumof probabilitiesof all thesamplepointsthatsatisfythis condition:

∑
n2 *'%'%'%'* nm

+
n

1n2 ����� nm , ( mn � n∑n2 *'%'%&%'* nm
" n � 1
n2 %'%'% nm $

mn

easyto verify by thedefinitionof multinomialcoefficients� n � m � 1
 n � 1

mn

by themultinomialsumof m-1 binsandn-1 balls

Theansweris still thesame,but thederivation is a lot moreinvolved. Why? Thedifferencelies
in the choiceof thesamplespace.A goodchoiceof the samplespacesavesa lot of toil for this
problem. For morecomplicatedproblem,a carefulconstructionof thesamplespacemay be the
key to solve theproblem.
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3 Derangements

Let Dn bethenumberof permutationswithouta1-cycle(i.e.,noelementstaysin it originalposition
afterbeingpermuted).Let Ei betheeventthatelementi staysin its position.Thenweareinterested
in computingDn �-� Ē1 . Ē2 ����� Ēn �/�0�E1 1 E2 ����� 1 En � , where ����� denotesthecardinalityof theset.

This looks liable to Principleof InclusionandExclusion(PIE). To usePIE, let’s play around
with � Ei �/�2� n � 1
 !, �Ei . E j �/�3� n � 2
 !, �Ei . E j . Ek �/�3� n � 3
 !, ... Therefore,

Sk � # of k Ei’s ��� intersectionof k Ei’s �/� +
n
k , � n � k 
 ! � n!

k!

Therefore,theansweris:

Dn � n! � n!
1!

� n!
2! � ����� � � � 1
 n n!

n!� n! 4 1 � 1
1!

� 1
2! � ����� � � � 1
 n 1

n! 5� n! 4 1
e � � � � 1
 n # 1� n � 1
 ! � � � 1
 n # 2� n � 2
 ! � ����� 
 5

by theTaylorseriesexpansionof exp � � 1
� n!
e � n! 46����� 5

thetermn![...] canbeeasilyboundby 1
2 for n 7 3, usingtelescoping� 4 n!

e 5
where 48� 5 denotesthenearestinteger.

Usingderangments,hereis anotherwayof solvingtheproblempresentedin lecturenotes3:

qk � Pr4 randompermutationcontainsexactly k 1-cycles5� # of permutationsthathask fixedpositions
total # of permutations� " nk $ Dn � k

n!� +
n
k , 4 � n � k 
 !

e 5 ( n! � 4 n � k � !
e 5

k! � n � k 
 !
whenn is largeandk is fixed9 � n � k 
 ! ( e
k! � n � k 
 ! � 1

e � k!

With the tool of derangmentsand a little derivation, this leadsto the sameconclusionthat the
distributionconvergesto aPoissonasn growslarge.Also, thereasonwhy thisapproximationfails
for k � n � 1 is attributedto the approximationof 4�� n � k 
 ! ( e 5 , which only holdswhenn � k is
large,i.e., 7 3.

(Aside:For aproofof theBonferroniinequalityin its generalform asappearedin lecturenotes
3, see,for example,J. Galambos,I. Simonelli, “Bonferroni-typeInequalitieswith Applications”,
pp. 14-15)
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