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Disclaimer: These notes have not been subjected to the usual scrutiny for formal publications.
They are to be used only for the class.
Outline: ImprovedKarger’s algorithmfor minimum cut

1 ImprovedKarger'salgorithm for minimum cut

Whatis therunningtime of themin cutalgorithmwe coveredin class?The probability of survival
of a particularmin cut after a single run of contractionis 1/(3) = O(n—lz). This meansthat we
needto run contractionO(n?) timesto geta reasonablerror probability. Eachrun of contraction
costsO(n?) becauseve shrinka graphof n verticesdownto onethathasonly 2 vertices.By using
adjaceng matrixto keeptrackof the graph,eachedgecontractioncostsO(n) time andwe’ll have
to contractn — 2 times,hencethe O(n?) cost. Therefore pverall compleity is O(n%).

Notice thatthe min cut is mostlikely to be lost during the later stepsof contraction.In fact,
thefirst edgecontractionhasa probability of 1 — % to presere the min cut, the seconda bit less:
1— -2, till thelastwhichis 1— = 1, muchworsethanwhatwe hadatthestart.Naturally, we'd
liketo someh@v compensatéor thisloss.

1.1 Speedingup —first try

Without committingto anything, let's supposeve do edgecontractionuntil anumberof t vertices
areleft. Theprobabilitythata min cutsurvivesis <
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Notewhent = 2, this givesus backthe original algorithm. Supposeve stopatt = \/n. And then
run a deterministicalgorithmon the remainingverticesto obtaina min cut. (Onesuchalgorithm
is to repeatedlyrun s-t min cut. Seeappendixfor details. The runningtime is O(N%)). Sincethe
probability of preservingthe min cutis now improvedto O(t?/n?) = O(1/n), only a numberof
O(n) repetitionis neededo getareasonableverall errorprobability.

For eachrun, the contractionprocesstakes O((n —t)?) = O((n — 1/n)?) = O(n?) asbefore.
And the deterministicsteptakesO(t*) = O(n?). Hence the costis O(n?) (thisjustifiesthe choice
of t = y/n, which balanceshe costof contractiorandthe costof thedeterministicalgorithm). The
overall compleity is O(n?), afactorof nimprovementdrom the naive implementation.

1.2 Speedingup —secondtry

In thefirst try, we contractuntil therearet = /n verticesleft to obtainG’ andthenrun a determin-
istic algorithmon G'. NoticethatG' is simply anotherinstanceof the min cut problem,only that
it’ssmaller This leadsto theideaof recursion.



However, the effect of straightforvardrecursionis the sameasrunninga sequentiablgorithm
of contraction A new andmoresubtleideais to spavn moreinstancegor smallergraphsjn hopes
thatthemin cut survivesin ary of the spavnedinstances.

In doingso,wewill becarefulto balancehe smallerprobability of min-cutsurvival for small-
sizegraphsandthelargernumberof spavnedinstance®f thosegraphs.The decisionboils down
to the choiceof the breakpointof recursionthenumbertt.

Pr[min—cut survival] # vertices in graph
1 n
12 n/sqrt{2}
1/4 n/2

18 J n/(2*sqrt{2})

Figurel: Recursiortree

If we spawvn two smallergraphsat eachlevel of recursionthe numberof graphsatleveli is 2'.
To balancethe probability of min-cutsurvival, which is t2/n?, we would choosé = n/+/2 sothat
t2/n? = 1/2. Thisideais illustratedin figure1.

A listing of the algorithmcanbefoundin section10.2 of the textbook. There,onecanprove
thatthe probability of min cut survival P(n) (wheren denoteshe numberof vertices)satisfieghe
recurrenceelation:

P(N) = 1— (1 5P(n/v2)?

Fromwhich, onecanprovethatP(n) = ©(1/Inn) (oncetheasymptotiogrowth is conjecturedthe
proofis asimplematterof induction.)Also, the runningtime satisfiegherecurrenceelation:

T(n) = 2T(%) +o(m)

By masters methods(cs170material),it follows that T(n) = O(n?Inn). Therefore the overall

compleity isT(n) - ﬁ = O(n?In?n). Thisis againanorderof magnitudémprovement.

Theorem (Karger’96): With high probability, onecanfind all min cutsin O(n2In3 n) time.
proof: We knew alreadythat P(n) > = for large n, wherec is a constanthiddenin the ©
notation.By boostingwe have
c
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Sincethereareat most (%) min-cuts,by unionbound,
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Thereforethefailure probabilityis arbitrarily small. QED

Sofar, we've beentrying to improve thecompleity of themin cutalgorithm.ls thereabound
ontheimprovementsve canmake? Well, oneobsenationis thatwe have to look atall theedges
to decidea minimum cut, which meanswe’ll have to spendat leastO(n?) time. And the best
algorithmsofar runsin O(n2In®Y n), whichis close.

Appendix : Edmonds-Karpmplementatiorof the augmentatiorpathalgorithmto solve the
network flow problemtakes O(|E||V|) = O(n3) time. By min-cut max-flav theoremwe getan
algorithmfor s-tmin-cutasa by-product.A first attemptto solve the graphmin-cutproblemis to
enumeratell possible(s,t) pairs. However, this is redundanbecausevithout lossof generality
thenodes belonggo oneof the partitionsof the cut, thereforewe only needto vary nodet overall
possiblevertices.Hence this givesa O(n?) algorithmfor the graphcut problem.



