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Disclaimer: These notes have not been subjected to the usual scrutiny for formal publications.
They are to be used only for the class.
Outline: ImprovedKarger’s algorithmfor minimumcut

1 Impr ovedKar ger’salgorithm for minimum cut

Whatis therunningtimeof themin cutalgorithmwecoveredin class?Theprobabilityof survival
of a particularmin cut after a single run of contractionis 1

��� n
2��� O � 1

n2 � . This meansthat we
needto run contractionO � n2 � timesto geta reasonableerrorprobability. Eachrun of contraction
costsO � n2 � becauseweshrinkagraphof n verticesdowntoonethathasonly 2 vertices.By using
adjacency matrix to keeptrackof thegraph,eachedgecontractioncostsO � n � timeandwe’ll have
to contractn � 2 times,hencetheO � n2 � cost.Therefore,overallcomplexity is O � n4 � .

Notice that themin cut is mostlikely to be lost during the later stepsof contraction.In fact,
thefirst edgecontractionhasa probabilityof 1 � 2

n to preserve themin cut, theseconda bit less:
1 � 2

n 	 1, till thelastwhich is 1 � 2
3 � 1

3, muchworsethanwhatwehadat thestart.Naturally, we’d
like to somehow compensatefor this loss.

1.1 Speedingup – first try

Without committingto anything, let’ssupposewedoedgecontractionuntil anumberof t vertices
areleft. Theprobabilitythata min cutsurvivesis 


n 	 t

∏
i � 1

n � i � 1
n � i � 1 � t � t � 1�

n � n � 1� � O � t2

n2 �
Notewhent � 2, this givesusbacktheoriginal algorithm.Supposewe stopat t ��
 n. And then
run a deterministicalgorithmon theremainingverticesto obtaina min cut. (Onesuchalgorithm
is to repeatedlyrun s-t min cut. Seeappendixfor details.Therunningtime is O � N4 � ). Sincethe
probability of preservingthe min cut is now improved to O � t2 � n2 � � O � 1� n � , only a numberof
O � n � repetitionis neededto geta reasonableoverall errorprobability.

For eachrun, the contractionprocesstakesO ��� n � t � 2 � � O ��� n � 
 n � 2 � � O � n2 � asbefore.
And thedeterministicsteptakesO � t4 � � O � n2 � . Hence,thecostis O � n2 � (this justifiesthechoice
of t � 
 n, whichbalancesthecostof contractionandthecostof thedeterministicalgorithm).The
overall complexity is O � n3 � , a factorof n improvementsfrom thenaive implementation.

1.2 Speedingup – secondtry

In thefirst try, wecontractuntil therearet ��
 n verticesleft to obtainG � andthenrunadetermin-
istic algorithmon G � . NoticethatG � is simply anotherinstanceof themin cut problem,only that
it’ s smaller. This leadsto theideaof recursion.
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However, theeffect of straightforwardrecursionis thesameasrunninga sequentialalgorithm
of contraction.A new andmoresubtleideais to spawn moreinstancesfor smallergraphs,in hopes
thatthemin cut survivesin any of thespawnedinstances.

In doingso,wewill becarefulto balancethesmallerprobabilityof min-cutsurvival for small-
sizegraphsandthelargernumberof spawnedinstancesof thosegraphs.Thedecisionboils down
to thechoiceof thebreakpointof recursion,thenumbert.
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Figure1: Recursiontree

If wespawn two smallergraphsateachlevel of recursion,thenumberof graphsat level i is 2i.
To balancetheprobabilityof min-cutsurvival, which is t2 � n2, we would chooset � n

� 
 2 sothat
t2 � n2 � 1

�
2. This ideais illustratedin figure1.

A listing of thealgorithmcanbefound in section10.2of the textbook. There,onecanprove
thattheprobabilityof min cut survival P � n � (wheren denotesthenumberof vertices)satisfiesthe
recurrencerelation:

P � n � � 1 ��� 1 � 1
2

P � n � 
 2��� 2
Fromwhich,onecanprovethatP � n � � Θ � 1� lnn � (oncetheasymptoticgrowth is conjectured,the
proof is asimplematterof induction.)Also, therunningtimesatisfiestherecurrencerelation:

T � n � � 2T � n
 2
� � O � n2 �

By master’s methods(cs170material),it follows that T � n � � O � n2 lnn � . Therefore,the overall
complexity is T � n ��� 1

P � n � � O � n2 ln2n � . This is againanorderof magnitudeimprovement.

Theorem (Karger’96): With highprobability, onecanfind all min cutsin O � n2 ln3n � time.
proof: We knew alreadythat P � n ��� c

lnn for large n, wherec is a constanthiddenin the Θ
notation.By boosting,wehave

Pr�missaparticularmin-cut� � � 1 � P � n ��� 3ln2n � c 
�� 1 � c
lnn � 3ln2 n � c 
 e 	 3lnn � n 	 3

Sincethereareat most
� n
2� min-cuts,by unionbound,

Pr�missany min-cut��
�� n
2� � n 	 3 � O � 1

n �
2



Therefore,thefailureprobabilityis arbitrarily small.QED
Sofar, we’vebeentrying to improvethecomplexity of themin cutalgorithm.Is thereabound

on theimprovementswe canmake?Well, oneobservationis thatwe have to look at all theedges
to decidea minimum cut, which meanswe’ll have to spendat leastO � n2 � time. And the best
algorithmsofar runsin O � n2 lnO � 1� n � , which is close.

Appendix : Edmonds-Karpimplementationof the augmentationpathalgorithmto solve the
network flow problemtakesO �! E  " V  � � O � n3 � time. By min-cut max-flow theorem,we get an
algorithmfor s-t min-cutasa by-product.A first attemptto solve thegraphmin-cutproblemis to
enumerateall possible� s # t � pairs. However, this is redundantbecausewithout lossof generality,
thenodes belongsto oneof thepartitionsof thecut, thereforeweonly needto varynodet overall
possiblevertices.Hence,this givesa O � n4 � algorithmfor thegraphcut problem.
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