CS174 Discussion Section Notes #6 Hao Zhang nhz@eecs.bedtey.edu

Disclaimer: These notes have not been subjected to the usual scrutiny for formal publications.
They are to be used only for the class.
Outline:

1. ConditionalProbability ConditionalDistribution andConditionalExpectation

2. StableMarriageProblem(Part 1)

1 Conditional Probability, Conditional Distribution and Con-
ditional Expectation

Recallthe simpleexampleof ajoint distribution we hadin recitation2:

Probof X,Y X, X,
Y1 0.1 0.2
Yo 04 0.3

Therewe define conditional probability as the ratio of the joint probability over the marginal
probability. For instance,

PiX =x,,Y =vy,]
PlY =y, [X=x] = del_x] L
=%
PX =X, Y =y | +P{X =x;,Y =,]
0.1
= =0.2
01404 0
Similarly, we candeducethat
0.4
PiY =y,[X=x] = 017104= 0.8

Notice the two numbersabore addup to 1. Thisis not a coincidence.Generally whenwe have
a joint distribution and we fix one of the randomvariables,say X = x;, thenthe otherrandom
variablefollows a conditional distribution whichis denotedasY | X = x;. (Hencethe probability
massesaddup to 1). This lets us focuson the distribution of Y giventhe factthat X = x;. Of
coursewhenX changessayit changeso X = x,, theconditionaldistribution changestoo. Often
you will seethe short-handy | X, which s in facta randomvariablewhosedistribution depends
ontheparticularvalueof X.

Think of Y | X = x; assimply anotherrandomvariable. Basedon its distribution (the condi-
tional distribution), we cantalk aboutits expectation(andvarianceandsoon), if they exist.

Theexpectedvalueof Y | X = x is calledthe conditional expectation andis definedas

EY [ X=x=3y-PlY=yX=Xx
y
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(by corvention, capital letters denoterandomvariables,which are essentiallyfunctions. And
lower-caselettersdenoteusualvariables.) Becausehe conditionaldistribution dependson the
particularvalueof X, sodoesthe conditionalexpectation.You may eventhink of it asa function
of x as:

E[Y | X=X =u(x)

Let's gothrougha simpleexampleof conditionalexpectationbasedn the exampleabove:

E[Y [ X=x]=u(x)) = y;-PY=y; [X=X]+Yy, PlY =y, [X=x]
= y1‘0.2+y2‘0.8

Hereis alemmathat’s usefulin proving numeroudactsaboutconditionalprobability:

Er(XE(Y | X)] = E[r(X)Y]

As we saidbefore,you canthink of E(Y | X) asafunctionu(X), thenthe left handsideis really
justE[r(X)u(X)] (thatis to saythe outerexpectationdoesnt involve thedistribution of Y).

To prove this, invoke the definitionsof conditional probability, and use the fact known as
“changeof variablefor computingexpectation”: to computeE|[ f (X)], one doesnot have to fig-
ure outthedistribution of therandomvariablef (X), but only to plug the valuesof X into function
f:

E[f(X)] Z f(X) P{X =X

The proofthenfollows:
Er(X)E(Y | X)] = Zr E(Y | X = x) Pr{X = x] by changeof variablefor computingthe expectation

= Zr Z yPrY =y | X =X PiX = x] by definitionof conditionalexpectation

= Zr yPl{Y y| X =x]PriX =X

changlnghe orderof summationn arny way we want,which typically is OK
= Zr )YPIlY =y, X = x] by definitionof conditionalprobability

= E[r(X)Y]
An immediatecorollaryis the doubleexpectationtheorem:

E[E[Y | X]] = E]Y] i.e.
2
Anothercorollary: if X andY areindependen(the informationfrom X doesnt tell anything
aboutY),
E[Y | X] = E[Y]
Also, it turnsout (in the contet of statistics)thatu(X) = E[Y | X] is the bestpredictor of Y

given X (in the situationwhereyou canonly obsere X but you have to guesswhatY is). Then
thelemmatells usthattheprediction error e =Y —u(X) =Y — E[Y | X] is un-correlatedvith arny
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functionof X. (Recallthattwo randomvariablesX,Y areun-correlatedff E[X]-E[Y] = E[XY].)
It alsofollows easilyfrom thelemma.
Recallthatwith conditionalprobability, we had

PriB|Aj=PriBNA|A]

(thatis, you canassumehattheeventA alwayshappensvheneverythingis conditionedon A). For
instancewhencomputingPrA | X = x], you canassumeX = x everywherein the eventA. This
leadsto thefollowing substitution rule for conditionalexpectationwhich formalizesthesamekind
of intuition:

E[s(X,Y) | X =x] =E[s(x,Y) | X =X]

Finally, similar to the usualexpectation conditionalexpectationis alsolinear:

E[Y+Z|X]=E[Y | X]+E[Z]|X]andE[cY | X] = cE]Y | X]

2 StableMarriage Problem (Part 1)

Pleasaeferto theaccompaying lecturenotesfor the descriptionandanexampleof the problem.
We will only cover up to the examplepart. (the section“analysis” andeverythingafterwardswill
bedealtlater)



