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Disclaimer: These notes have not been subjected to the usual scrutiny for formal publications.
They are to be used only for the class.
Outline:

1. ConditionalProbability, ConditionalDistributionandConditionalExpectation

2. StableMarriageProblem(Part1)

1 Conditional Probability, Conditional Distribution and Con-
ditional Expectation

Recallthesimpleexampleof a joint distributionwehadin recitation2:

Probof X,Y x1 x2
y1 0.1 0.2
y2 0.4 0.3

Therewe defineconditional probability as the ratio of the joint probability over the marginal
probability. For instance,

Pr
�
Y � y1 �X � x1 � � Pr

�
X � x1 � Y � y1 �
Pr
�
X � x1 �

� Pr
�
X � x1 � Y � y1 �

Pr
�
X � x1 � Y � y1 ��� Pr

�
X � x1 � Y � y2 �

� 0 � 1
0 � 1 � 0 � 4 � 0 � 2

Similarly, wecandeducethat

Pr
�
Y � y2 �X � x1 � � 0 � 4

0 � 1 � 0 � 4 � 0 � 8
Notice the two numbersabove addup to 1. This is not a coincidence.Generally, whenwe have
a joint distribution andwe fix oneof the randomvariables,sayX � x1, then the other random
variablefollows a conditional distribution which is denotedasY � X � x1. (Hencetheprobability
massesaddup to 1). This lets us focuson the distribution of Y given the fact that X � x1. Of
course,whenX changes,sayit changesto X � x2, theconditionaldistributionchanges,too. Often
you will seetheshort-handY � X , which is in facta randomvariablewhosedistribution depends
on theparticularvalueof X .

Think of Y � X � x1 assimply anotherrandomvariable. Basedon its distribution (thecondi-
tionaldistribution),wecantalk aboutits expectation(andvarianceandsoon), if they exist.

Theexpectedvalueof Y � X � x is calledtheconditional expectation andis definedas

E
�
Y � X � x � � ∑

y
y � Pr

�
Y � y �X � x �
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(by convention, capital lettersdenoterandomvariables,which are essentiallyfunctions. And
lower-caselettersdenoteusualvariables.) Becausethe conditionaldistribution dependson the
particularvalueof X , sodoestheconditionalexpectation.You mayeventhink of it asa function
of x as:

E
�
Y � X � x �
	 u � x �

Let’sgo throughasimpleexampleof conditionalexpectationbasedon theexampleabove:

E
�
Y � X � x1 �
	 u � x1 �
� y1 � Pr

�
Y � y1 � X � x1 ��� y2 � Pr

�
Y � y2 � X � x1 �

� y1 � 0 � 2 � y2 � 0 � 8
Hereis a lemmathat’susefulin proving numerousfactsaboutconditionalprobability:

E
�
r � X � E � Y � X � � � E

�
r � X � Y �

As we saidbefore,you canthink of E � Y � X � asa functionu � X � , thenthe left handsideis really
just E

�
r � X � u � X � � (thatis to saytheouterexpectationdoesn’t involve thedistributionof Y ).

To prove this, invoke the definitionsof conditionalprobability, and use the fact known as
“changeof variablefor computingexpectation”: to computeE

�
f � X � � , onedoesnot have to fig-

ureout thedistributionof therandomvariable f � X � , but only to plug thevaluesof X into function
f :

E
�
f � X � � � ∑

x
f � x � Pr

�
X � x �

Theproof thenfollows:

E
�
r � X � E � Y � X � � � ∑

x
r � x � E � Y � X � x � Pr

�
X � x � by changeof variablefor computingtheexpectation

� ∑
x

r � x � ∑
y

yPr
�
Y � y � X � x � Pr

�
X � x � by definitionof conditionalexpectation

� ∑
x � y r � x � yPr

�
Y � y � X � x � Pr

�
X � x �

changingtheorderof summationin any waywewant,which typically is OK

� ∑
x � y r � x � yPr

�
Y � y � X � x � by definitionof conditionalprobability

� E
�
r � X � Y �

An immediatecorollaryis thedoubleexpectationtheorem:

E
�
E
�
Y � X ��� � E

�
Y � i.e. ∑

x

Anothercorollary: if X andY areindependent(the informationfrom X doesn’t tell anything
aboutY ),

E
�
Y � X � � E

�
Y �

Also, it turnsout (in the context of statistics)that u � X ��� E
�
Y � X � is the bestpredictor of Y

givenX (in the situationwhereyou canonly observe X but you have to guesswhatY is). Then
thelemmatellsusthattheprediction error ε � Y � u � X ��� Y � E

�
Y � X � is un-correlatedwith any
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functionof X . (Recallthat two randomvariablesX � Y areun-correlatedif f E
�
X � � E

�
Y � � E

�
XY � .)

It alsofollowseasilyfrom thelemma.
Recallthatwith conditionalprobability, wehad

Pr
�
B � A � � Pr

�
B � A � A �

(thatis, youcanassumethattheeventA alwayshappenswheneverythingis conditionedonA). For
instance,whencomputingPr

�
A � X � x � , you canassumeX � x everywherein theeventA. This

leadsto thefollowing substitution rule for conditionalexpectation,whichformalizesthesamekind
of intuition:

E
�
s � X � Y � � X � x � � E

�
s � x � Y � � X � x �

Finally, similar to theusualexpectation,conditionalexpectationis alsolinear:

E
�
Y � Z � X � � E

�
Y � X ��� E

�
Z � X � andE

�
cY � X � � cE

�
Y � X �

2 Stable Marriage Problem (Part 1)

Pleasereferto theaccompanying lecturenotesfor thedescriptionandanexampleof theproblem.
We will only cover up to theexamplepart. (thesection“analysis”andeverythingafterwardswill
bedealtlater.)
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