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1 Examples using LeCam’s 3rd Lemma

1.1 Wilcoxon signed rank statistic

The Wilcoxon signed rank statistic is used to test if the location of a sample is equal to zero under the
following assumptions.

• f is a density symmetric about θ

• X1,X2, ...Xn
iid∼ f

• The null hypothesis is θ = 0 and the alternative is θ > 0

The Wilcoxon signed rank statistic is

Wn = n−3/2
n

∑

i=1

R+
i,nsign(Xi),

where R+
i,n = rank of |Xi|.

Under the null hypothesis, sign(Xi) = 1 with probability 1/2 and −1 with probability 1/2. It is easily
verified that the sign and rank are independent, and we have

E(Wn) = 0 .

To get the variance, rewrite Wn as a sum over the ranks versus a sum over the data points.

Wn = n−3/2
∑

k

kJk ,

where

Jk =

{

1 if Xi is positive, and |Xi| is the kth largest value
−1 otherwise

.

Again using the independence of sign and rank, we obtain

V ar(Wn) = n−3V ar(
∑

k

kJk) = n−3
∑

k

k2

= n−3 n(n + 1)(2n + 1)

6
→ 1/3 .
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We now have the asymptotic mean and variance of the statistic and must show it is asymptotically normal.
One can show that Wn is an asymptotically linear estimator with

Wn = n−1/2
∑

i

Uisign(Xi) + op(1),

where Ui = G(|Xi|) and G is the cdf of |Xi|. Indeed, if we replace G with the empirical cdf, we recover the
Wilcoxon signed rank statistic. Since Wn is asyptotically linear and the Uisign(Xi)’s are bounded, it follows
that Wn is asymptotically normal bt the CLT.

1.1.1 Power under shrinking alternatives

We consider a test where we reject the null, θ0 = 0, if Wn > c and examine the power of the test under the
alternatives θn = h/

√
n

LeCam’s 3rd Lemma suggests that we look at (Wn, log
dPh/

√

n

dP0
).

We first consider the case where the density f is normal. In this case,

(Wn, log
dPh/

√
n

dP0
) = (n−1/2

∑

i

Uisign(Xi), hn−1/2
∑

i

Xi − h2/2) + op(1),

which is asymptotically bivariate normal with the covariance of the cross term

τ12 = hCov0 (G(|X1|)sign(X1),X1) = hE0 (G(|X|)|X|) = h/
√

π,

where the covariance and expectation are taken under the null. The last equality is an exercise in integration.
The α level test rejects when Wn > z1−α/

√
3. The asymptotic power of this test under the alternatives is

then

lim
n→∞

Pθn
(Wn > z1−α/

√
3) = lim

n→∞
Pθn

(Wn − h/
√

π > z1−α/
√

3 − h/
√

π)

= 1 − Φ(z1−α − h
√

3/π).

Dropping the simplifying normal assumption, we can obtain the asymptotic power under quadratic mean
differentiability if the density is also square integrable. Recall that the q.m.d. of a location family with
density f(x − θ) is −f ′(x − θ)/f(x − θ). The covariance term of interest is thus

τ12 = Cov0(U1sign(X1),−hf ′(X1)/f(X1)) = 2h

∫

f2(x)dx,

where the last equality follows from integration by parts. Thus under the alternatives θn = h/
√

n, Wn
θn−→

N(2h
∫

f2, 1/3).

1.2 Neyman-Pearson statistic

The log-likelihood ratio under the q.m.d. regularity conditon has

log
dPθ+h/

√
n

dPθ

θ→ N(−1

2
hT Iθh, hT Iθh).
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In this case, the test statistic is the log-likelihood ratio, and the covariance of interest is just the asyptotic
variance of the log-likelihood ratio. ie.

τ12 = hT Iθh.

Thus the asymptotic power of the α level test that rejects when log
dPθ+h/

√

n

dPθ
> z1−α

√

hT Iθh − 1
2hT Iθh is

1 − Φ(z1−α −
√

hT Iθh) under the alternatives.

2 Rank Statistics (van der Vaart, 1998, Chapter 13)

We first introduce some notation.

• Denote the order statistics of X1,X2, ...,XN by

XN(1) ≤ XN(2) ≤ ... ≤ XN(N),

and denote the order statistic vector by XN().

• Let the rank RNi be the position of Xi in the order statistic, so in the absence of ties, Xi = XN(RNi).

Definition 1 (Linear rank statistics). A statistic is a linear rank statistic is it is of the form

TN =

N
∑

i=1

cNiaN,RNi
.

The cNi’s are called the coefficients and aNk’s are called the scores.

Here are some examples of linear rank statistics.

Example 2 (Two-Sample problems). Given two independent samples X1, ...,Xm and Y1, ..., Yn, the two-
sample problem is to determine if both samples came from the same distribution, i.e., the null hypothesis
is that both the Xi’s and Yj ’s have the same distribution. Let N = m + n and RN be the rank vector of
the pooled sample X1, ...,Xm, Y1, ..., Yn. Note that under the null, rank statistics are distribution free. They
also throw away “irrelevant” properties of the distribution such as scale.

General two-sample problems often use

cNi =

{

0 if i = 1, ...,m
1 if i = m + 1, ..., N

Example 3 (Wilcoxon statistic).

W =
N

∑

i=m+1

RNi

Note that this is not the same as the Wilcoxon signed rank test statistic. Also, note that the Mann-Whitney
statistic defined by

U =
∑

i,j

1Xi≤Yi

is a U-statistic and equivalent to the Wilcoxon up to an additive constant.
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Example 4 (van der Waerden statistic).

V =

N
∑

i=m+1

Φ−1(RNi)

Lemma 5. (van der Vaart, 1998, Lemma 13.1 p. 174) Let F be a cdf with density f , and X1,X2, ...,XN
iid∼ F .

Then the following hold.

1. XN() and RN are independent

2. XN() has density N !
∏

i f(xi)

3. XN(i) has density N
(

N−1
i−1

)

F (x)i−1(1 − F (x))N−if(x)

4. RN is uniform on permutations of {1, 2, ..., N}

5. E (T (X1, ...,XN )|RN = r) = E (T (XN (r1), ...,XN (RN )))

6. For a linear rank statistic

ET = NcNaN

V ar(T ) =
1

N − 1

∑

i

(cNi − cN )2
∑

i

(aNi − aN )2

Theorem 6. (van der Vaart, 1998, Theorem 13.5 p. 176) Let φ : (0, 1) → R and
∫

φ2 < ∞ and scores aNi

be either

aNi = φ(
i

N + 1
) ∀i or

aNi = Eφ(UN(i)) ∀i

where UN() denotes the order statistics of N iid uniform(0, 1) r.v.’s.

Define

T̂N = NcNaN +
∑

i

(cNi − cN )φ(F (Xi))

Then
ETN = ET̂N and

V ar(TN − T̂N )

V ar(TN )
→ 0.

Remark 7. T̂N is asymptotically normal by Lindeberg’s CLT if
max

i
{(cNi − cN )2}

∑

i

(cNi − cN )2
→ 0.
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