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1 Convergence to a Normal experiment

Definition 1. Given an observation X, a randomized statistic T(X,U) is a measurable map that depends
on X and also on a Uni(0,1) random variable U.

Theorem 2. (van der Vaart, 1998, Theorem 7.10) Assume that the experiment Py is q.m.d at a point 6
with non-singular Fisher information Ig. Let T, be statistics in the experiments (szri :h € R) such that

N

T, converges in distribution under every h. Then there exists a randomized statistic T' in the experiment
N(h,I;") such that T, LT for every h.

Proof of Theorem 2 reposes on the following lemma.

Lemma 3. (van der Vaart, 1998, Lemma 7.11, p. 99) Given a RV (S,A) and an independent uniform RV
U~Unif(0,1), 3 a RVT =T(A,U) such that (T(A,U),A) ~ (S, A).

Proof. Use quantile transform. O

Theorem 2. Define 1
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By assumption, the marginals of (T}, A,,) converge in distribution under h = 0. So

Prohorov = uniform tightness
Marginal tightness = joint tightness of (T},, A,,)

Applying Prohorov in the converse, there exists a subsequence {n} along which (7, A,,) " (S, A) jointly.

Since A,, converges marginally to A, we have A ~ N(0,J71).

The assumption that Py is QMD

dPn,h

dP, o
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1
= (T,,log ) 9, (S,hTA — QhTJh), (van der Vaart, 1998, Theorem 7.2)

Using Le Cam’s third lemma( van der Vaart (1998, Example 6.7)), the limit law of T;, under h is Ly where

Lin(B) = E1p(S)eh 2—zh"/h
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Consider an observation X in the limiting experiment
X ~ N(h,Jh)

JX ~ N(Jh,J)
N(0,J) under h =0

2

Thus, JX is equal in law to A.
From Lemma 3, we can find T(JX,U) such that

(T(JX,U),JX) ~ (S,A), under h=0 (1)
PATUX.U) € B) = [ daP(T(a.U) € Be oo (;J;k
T
= /de(T(J;p, U) c B)eféhT.]thhTJx ‘J|k67%zT‘]z
(27)

hTIxX—1nTJh
= Eolrux,vyene 2

The RHS is equal to L (B) from Equation 1. It then follows that the statistic T, NS T(JX,U) under h.

2 Application to Testing

The power function is a function of the distribution of a statistic so the theory described so far applies. In
an experiment (X, A, P, : h € H), a test ¢ is a map ¢ : X — [0, 1] i.e., it is the probability of rejecting the
null hypothesis based on an observation z € X. The power function w(h) = Ej¢(X) is the probability of
rejection under hypothesis h. The test is of level « is supy,c g, 7(h) < a.

Theorem 4. van der Vaart (1998, Theorem 15.1) Consider a sequence of experiments P, j converging to
a limit experiment P, (For us, this just means LAN). Suppose that the sequence of power functions m,(h)
converges to w(h),Yh. Then w(h) is a power function in the limiting experiment i.e., 3¢ 3 w(h) = Ep¢(X).
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