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Signed Rank Test and Likelihood Ratio

Lecturer: Michael I. Jordan Scribe: Jian Ding

1 Sign Rank Statistics

Let T, = % ian’RJr‘sign(Xi), e.g., an; = E[@(Upne))],Ungy are ordered statistics of Unif(0,1). Let

n

Ft(z) =2F(z) — 1 be the c.d.f. of | X;|. Recall we assume the distribution is symmetric. Then,

T, = %ﬁ 526 (Xi)sign(X:) + on, (1)

Choose ¢ in a smart way, note that £ (|x|)szgn( )= fT/(a:), set

— J +\—1
o) =~ L) W)
then, / ,
T = e 30 7 sionX0) o () = = o 1 5T 40 + on (),

which satisfies Theorem 2 in lecture 21, Apr 5, (Thm 15.4, p. 221 in van der Vaart (1998)). Thus, the signed
rank test is asymptotically optimal.

Example 1. Laplace f(z) o e~ !*. This implies T}, = ﬁ >, stgn(X;), which is a sign test.

2 Likelihood Ratio Test

SUPgco, Hi Py(X;)

Kn = 2log )
supgeo, [ 1; Po(Xi)

SUDPgco Hi Pp(X)
SUPgeo, Hi Py(X3)

A, = 2log

where © = Oy |J©1. So A, clips to 0, which does not matter because we reject for large A,,.
LAN approach

e introduce local parameter spaces.

H,=+vn(©—-7) and H,o=+n(0y—n).



2 Signed Rank Test and Likelihood Ratio

Write A,, using H,, and H,, .

P X, p X
An - 2 sup log M — 2 sup log M
heH, [L; Po(X:) h€H, o [L Py (X5)

LAN result give asymptotic expansions for the logs. (e.g., under qmd).

e Under suitable notion of convergence of sets, we expect A,, to converge to

. _ T _ s o T _
A_hlenlgg(X h)* I,(X —h) ﬁg{(X h)* I)(X — h),

in which X ~ N(h,I'!).
e The distribution of A,, under 7 corresponds to the distribution of A under h = 0.
e Under h =0, I;/*X ~ N(0,1).
Lemma 2. Lemma 16.6 in van der Vaart (1998). If X ~ Ni(0,1), Hy is a I-dim linear subspace of R¥.
Then
IX — Holl* ~ xi—.
e If 7 is an interior point of ©, then H is all of R*, and second term in A vanishes.

e If \/n(©p—n) converges to a linear subspace Hy of dimension /, the asymptotic null distribution of A,
e y2
is x5 _;-

Theorem 3. Theorem 16.7 in van der Vaart (1998). suppose:

1. {Py} is gmd.

2. |log Py, (x) — log Pa, ()| < i(z)||61 — 0a|, (makes LAN work) for some I such that P,i*> < oo and
01,05 € mneiborhood of n. (makes EPT work.)

3. MLE’s én,O and én are consistent.

4. Hp o and H,, converge to sets Hy and H.

Then
AN for X~ N(h, T ).

What about power?
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