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1 Achieving Optimal Estimators
From the last class, we know that the best limiting distribution we can hope for a parameter ¥(0) is

N(0, z/}gfgz/}GT). The next question to ask is whether such bound can be achieved.

This is the theme of our next result:

Lemma 1. (Lemma 8.14 in van der Vaart, 1998)

Assume that the experiment (P : 0 € ©) is differentiable in quadratic mean at 6y with non-singular Fisher
information matriz Iy. Let v be differentiable at 6y. Let T,, be an estimator sequence in the experiments
(Pt : 0 € R¥) such that:

Vi (T, = 0(0) = <= S doTy Hil(X0) + or, (1),

then T, is the best reqular estimator for ¥(0) at 0. Conversely, every best reqular estimator sequence satisfies
this expansion.

Proof. Let

1 n .
An,g = —— EQ(X,L').
Vi

We know that A,, g converges in distribution to a Ay with a N(0, I) distribution.

From Theorem 7.2 in van der Vaart (1998) we know that:

dP‘QnJFJhR T L r
log | — % )| = WA = ShTIph+op, (1),
9

Using Slutsky’s theorem, we get:
dP? 0 ’lZJgIe_lAg
log (;f,f> ” ( hTAg — LhT I,k

R N([lg, }{%@%g mh]>
—IWTIgh | 7| e KTIgh

Using Le Cam’s third lemma we can conclude that the sequence \/n(T;, — ¢ (6)) under 6 + % converges in
distribution to N (1gh, eI, 4} ). Since 1 is differentiable, we have that \/n <1j)(9 + %) - w(9)> — 1hgh as
n — oo. We conclude that, under 6 + %, VT, — (0 + %)) does not involve h, that is, T), is regular.



2 Lecture 27: Optimal Estimators and Functional Delta Method

To prove the converse, let T;, and S,, be a two best regular estimator sequences. Along subsequences, it can
be shown that:

Vi (Sn =4 (0+ 25 o+ 2o ([S%hD
Vo (T, = 9+% T —oh

for a randomized estimator (S, 7)) in the limiting experiment. Because S, and T, are best regular, S and

T are best equivariant-in-law. Thus S = T = ¢» X almost surely and, as a result, /n(S,, — T,,) converges

in distribution to S — T = 0. As a result, every two best regular estimator sequences are asymptotically
equivalent. To get the result, apply this conclusion to 7,, and:

1 .
Sn = 1/)(9) =+ %15919 1An,9

Remarks on Theorem 8.14:

e From theorem 5.39, an Maximum Likelihod Estimator 0,, satisfies:
. 1 <& iy
Vi (6, —0) = T 21 a(X0) + om, (1)
i=1

under regularity conditions. It follows that MLEs are asymptotically efficient. This result can be
extended to a transforms of the MLE (6) for a differentiable ¢» by using the delta method and
observing that ¢(6,,) satisfies the expansion in lemma 8.14.

e Lemma 8.14 suggests that Rao score functions leading to tests constructed from the scores are asymp-
totically efficient.

2 Functional Delta Method

The functional delta method aims at extending the delta method to a nonparametric context. The high level
idea is to interpret a statistic as a functional ¢ mapping from the space of probability distributions D to the
real line R and use a notion of derivative of this functional to obtain the asymptotic distribution of ¢(F,,).

We have proven before that:

sup, ||[F,(z) — F(z)|| 2 0, (Glivenko-Cantelli Theorem)
LD (Fn - F) L Gp, (Donsker Theorem)

where ]I:’n is the empirical distribution function based in n samples and G is the Brownian Bridge.

Our goal now is to find conditions on the functionals ¢ so we can extend the above modes of convergence to
¢(]P‘n) As we will see in detail below, consistency of the sequence ng(I@‘n) follows easily from assuming ¢ to be
continuous with respect to the supremum norm: this a natural extension of the continuous mapping theorem.
The generalization of the delta method to functionals is more involved as different notions of differentiability
of functionals exist.

Before we jump into the continuous mapping theorem and the functional delta method, a few examples of
statistical functionals are in order.
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2.1 Examples of statistical functionals
e The mean: u(F) = [ XdF(X);
e The variance: Var(F) = [(X — u(F))*dF(X);
e Higher order moments: ux(F) = [(X — pu(F))FdF(X);

e The Kolmogorov-Smirnov statistics: K (F') = sup, ||F(z) — Fo(z)||, where Fy is a fixed hypothesized
distribution;

e The Cramer-von Mises statistics: C(F) = [ (F(z) — Fy(x))? dFy(z), where Fy is a fixed hypothesized
distribution;

o V-statistics: ¢(F) = Ep (T'(X1,X2,...,Xp)) where X1, X5,...,X, are independent copies of F-
distributed random variables;

Quantile functional: ¢(F) = F~1(p) = inf {z: F(z) > p};

2.2 Consistency of statistical functionals

One possible assumption to ensure that qﬁ(Fn) converges to ¢(F') is continuous with respect to the supremum
norm. Formally, this is defined as:

Definition 2. Continuity of a functional
Let D be the space of distributions and ¢ : D — R. We say ¢ is continuous (with respect to the supremum
norm) at F if:
sup | Fo () — F(z)]| — 0 = 9(Fy) — o(F).
x
The next result is an extension of the continuous mapping theorem to functionals and can be used to establish

the consistency of statistical functionals.

Theorem 3. Continuous Mapping Theorem for Statistical Functionals Let ¢ : D — R be a contin-
uwous functional at F. It follows that:

If | Fy = Fllse 0, then ¢(F,) = ¢(F) % 0.
Proof. From continuity of ¢ (with respect to the sup norm), we have that for every € > 0, there exists § > 0
such that:
[Fn = Flloo <0 = [lg(Fn) —o(F)|| <e.
Hence,

0 <P(¢(Fn) = ¢(F)|| > ) <P ([|[Fn = Flloo > () — 0,

where the last convergence is due to || F, — F||s - 0 by hypothesis. O
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2.2.1 Examples of continuous statistical functionals

The following two functionals are continuous with respect to the supremum norm:

e ¢(F) = F(a): The distribution function evaluated at a point.

To establish the continuity of this function, notice that for a sequence of distributions such that
|1E — Flloo — O:

0 <|[Fu(a) = Fla)ll < sup [1Fn(z) — F(z)| — 0

e ¢(F) = [(F(z) — Fo(z))*dFy(x): The Cradmer-von Mises functional.
Again, take a sequence of distributions such that | F,, — F'||cc — 0. We have:

0< o) ~ () = | [ [F2~ F*+ 2Ro(F ~ B)]dRoll < [ IF, ~ Fl 2o - P - o] dFy
—_——
<2

IN

25up | Fy(x) — F(2)] /dFo 0

2.3 Limiting distribution of statistical functionals

Recall our goal to determine the limiting distribution of ¢(F,,). Heuristically, we might hope to derive it if
we can find a linear ¢/, resulting in an approximation of the sort:

¢(Fn) —o(F) = ¢IF(IAFn — F) + some residual
= Vn¢(G,) + some residual

As before, we must keep track of the behavior of the residual term as n grows. The fact that ¢ operates
on the infinite dimensional space of distribution functions will require us to be more careful and resort to
some concepts of functional analysis. Namely, we will be looking at the notions of Gateaux and Hadamard
derivatives.

We start by considering Gateaux derivatives. To see how they can be used, notice that from linearity of ¢/,
we have that:

. 1 &
=1

where Jx, is the distribution function concentrating all mass at X;. For each of the terms in the sum, we
can consider a “directional” derivative of ¢ in the direction §x, — F. That is the Gateaux derivative which
in this case is defined as:

Solox, ~F) = S[6((1-OF +tox,)]

t=0

The expression for ¢%=(0x, — F') above is known in the robust statistics literature as the influence function:

IPyr(@) = Slo((1-0F +16,)

t=0
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To some extent, it measures how much the statistic ¢(F) is affected by adding a new observation at = to the
sample. A related concept is the gross-error sensitivity defined as:

*

v* = suplF, p(z).

For robustness, v* must be bounded.

Going back to the approximation of ¢(F,,) — ¢(F), we now write:
b —o(F) = Z TPy p(X:) + R
We now have:
Br(r 0x, - ) = o ( [ = Paap@) <o
If we assume:
Varp(@p (5x, — F)) = / (IF; p(2))? dF () < oo,

and the residual term R,, can be controlled somehow (more on this in later classes), a central limit theorem
will hold for the (random variable) ¢/=(0x, — F') and we can expect that:

Vi (6(E.) = 6(F) ) & N (0,2,

As is the case in multivariate calculus, the existence of Gateaux (directional) derivative does not ensure that
the residual of the approximation is well behaved (differentiability). In the next classes, we will study the
residual term more closely.

Coming up next
In the next classes, we will:

e make this heuristic of the functional delta method more precise;
e look more closely at the notion of Hadamard derivative;

e use Hadamard derivative to determine conditions that ensure the functional delta method works
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