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1 Kernel Density Estimation

Consider kernel density estimator

with performance measure

MISE/(f) = [ Ey(f(e) - f(@)Pds )
= / Var; f (z)dz + / Bias} f(z)dx. (3)
We will show that
Var, f(2)de = Q(%) (4)
/ Bias? f(z)dz = Q(h*). (5)

To get optimal MISE rate, we balance these two terms by choosing h = n~1/%. And we get the optimal rate
MISE* = n=4/5.

Theorem 1. (van der Vaart, 1998, Theorem 24.1)

Assume that

o X1,.... X, i.i.d. distributed according to density f,

o f twice continuously differentiable,

o [1/"@)lde < o,

o kernel K s.t. [yK(y)dy =0, [y*K(y)dy < oo, and [ K*(y)dy < co.

Then 3Cy s.t. MISE < Cy(-% + )

Proof. We start by bounding the variance term.

A 1 1 - X
Varyf(z) = fVarfEK(ir - L) because X1, ..., X,, are i.i.d. (6)
n
1 2 xr X1 . .
< %E T KE( ) drop square of mean to get inequality (7)
1
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2 Lower Bounds on Rate of Convergence

Integrate Var, f(x), we get

/% /K?(y)f(x — hy)dyde = %/KQ(y)dy (9)

For the bias term, by the following Taylor expansion:

f@+h) = () = hf (@) + 2 / £ — sh)(1 - s)ds, (10)
we have
Brf) - @) = [ KD A0 - 5@ (1)
= 1K(y)(f(af—hy)—f(fc))dy (12)
_ // K(y)[—hyf'(z) + (hy)2f"(x — shy)(1 - s)]dsdy (13)

where the first term in the square brackets can be canceled due to the fact that K has mean 0. Use
Cauchy-Schwartz on Y ~ K(y) and Y f”(z — ShY)(1 — S) with S ~ Unif(0,1), we get

Bins?(x) < L1 ( / K<y>y2dy)2 ( / f"(x)%zx) . (14)

O

More generally, assume that f has m-continous derivative, and K satisfies [ K(y)dy > 1, [yK(y)dy =
c= [y" K (y)dy = 0, fyzK Ydy < oo, [|y|™K(y) < oo and [ K?(y)dy < oo, then Blas2 = Q(th)
h*=Q(n T ), MISE* = Q(n~ 2m+1) — n~! as m — oo which is the parametric rate.

2 Rate Optimality

We use Assouad’s lemma (c.f. Fano’s lemma). We will concentrate our anallysis on a subset of functions F,
indexed by bit vectors 6 € {0,1}"™. where r,, = [n 2ml+1j. F, contains 2" functions. Set h,, = n_2m1+1, let
X1,y Xn,m be agrid of mesh with width 2h,,. Define

e r— X
Jno(x) = f(2) + hy ; 0K (= =), (15)
for a kernel K with support (0,1). Also define Hamming distance
Tn
= 16: = 6], (16)
i=1

and some sort of variation

IPAQ| = / (P AQ)du (17)



Lower Bounds on Rate of Convergence

Lemma 2. Assonad’s Lemma (van der Vaart, 1998, Theorem 24.3)

For an estimator T' based on an observation from a model in the set {Pp : 6 € {0,1}"} and any p,

o dP@(0), p(0) r
2PEpdP (T,(0)) > I = Py N\ Py ||.
IH(?X 6 ( ,1,[1( )) = H(IHI,It;’I;ZI H(9,9/> 2 H(IOI}QI’I;:l H o N\ Po H

We want to apply Assouad’s lemma to the product measures resulting from the densities f;, ¢.
First, define affinity

A(P.Q) = [ ridn,
we need the following lemma.

Lemma 3.

1
IP" A Q™| = 54%(P", Q") =

DN | =

1 2n
OQH%RQQ
Proof. First, note that

H(PQ) = [(/F-Viydu=2-24(P.Q)
pg = (pVa)(pAq).

By definition of affinity,

A2(P7Q) =

IN

IA
R — ——

By Fubini’s theorem, we have A(P™, Q™) = A(P,Q)"™. Therefore,

IPPAQU > SANPTQY = SAPQ

1 1 2n
= 5 (1 — 2H2(P,Q)> .

Theorem 4. (van der Vaart, 1998, Theorem 24.4)
There exists a constant D such that for any density estimator fn

) 9 1 2m/(2m+1)
sup Ef/ (fn(a:) — f(x)) dx > D (>

fE€EFm n

(18)

(19)



4 Lower Bounds on Rate of Convergence

Apply to {fn}, we get

2

1/2 1/2 fn,fon,O’
/(fnfe — falp)ide = /<M> " o

n,o +fn,9’
e / (Fuo — fu)2da (32)
_ Cthi|9-—9’~2/K2(x_X"’j)dx (33)

n ~ J J hn

— CR2LH (0, ) / K2(z)do (34)

2m+1

For H(6,6') = 1, (34) is just a constant times h2m+1 = n~2m+1 = n~L. Thus,

1 1 1 —1\\2n
1P QU= L LRy = Lo (35)
which is bounded. Plug (34), (35) into Assouad’s lemma, we get
max 22 F,p /(fn(:c) — fao(x))dz > himﬂ%l(l —O(n™1))?" up to constants (36)
> Dp 7T, (37)
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