
STAT 210B HWK #1 SOLUTIONS (DUE FEB 7)JING LEI, DAVID ROSENBERG(1) Given densities pn and qn with respe
t to some measure µ, de�ne thelikelihood ratio Ln(x) as Ln(x) = qn(x)/pn(x) for pn(x) > 0, Ln(x) = 1 if pn(x) =
qn(x) = 0 and Ln(x) = ∞ otherwise. Show that the likelihood ratio is auniformly tight sequen
e.Note that E(Ln) =

∫

x:pn(x)>0
qn(x)
pn(x)

pn(x)dx ≤
∫

qn(x)dx = 1. Then for any ǫ >

0, 
hoose M su
h that M > 1/ǫ, by Markov's inequality, we have P (Ln > M) ≤
E(Ln)/M < ǫ, ∀n, i.e., {Ln} is UT. (1) Show that if EXn → µ and VarXn → 0,then Xn

P→ µ.By Chebyshev's inequality, for any ǫ > 0,
P (|Xn − E(Xn)| > ǫ) = P (|Xn − E(Xn)|2 > ǫ2) ≤ Var(Xn)

ǫ2
→ 0,so Xn−E(Xn)

P→ 0, 
ombine this with the assumption EXn−µ → 0, we have Xn−µ =

(Xn − EXn) + (EXn − µ)
P→ 0.(2) Let X,X1, . . . , Xn be i.i.d. from Beta(θ, 1), where θ > 0. Let X̄n denotethe sample mean. The method of moments estimator of θ is θ̂n = X̄n/(1− X̄n).Find its asymptoti
 distribution.First note that EX = θ/(1 + θ) and VarX = θ/(1 + θ)2(2 + θ).

√
n

(

θ̂n − θ
)

=
√

n

(

X̄n − θ(1 − X̄n)

1 − X̄n

)

=
√

n

(

(1 + θ)X̄n − θ

1 − X̄n

)

= (1 + θ)

√
n(X̄n − EX)

1 − X̄nBy the Central Limit Theorem
√

n(X̄n − EX)
d→ N (0,VarX)and by SLLN 1 − X̄n

P→ 1 − EX = 1/(1 + θ). So by Slutsky's Theorem,
√

n(X̄n − EX)

1 − X̄n

d→ (1 + θ)N (0,VarX)
d
= N (0, θ/(2 + θ))So √

n(θ̂n − θ)
d→ N (0, (1 + θ)2θ/(2 + θ).(3) Xn uniform on {1/n, 2/n, . . . , 1}. Show Xn

d→ X, where X ∼ Uniform(0, 1).Does Xn
P→ X?For x ∈ [0, 1] we have

P (Xn ≤ x) =
⌊xn⌋

n
→ x = P (X ≤ x)Date: Feb 9, 2008 . 1



2 englishJING LEI, DAVID ROSENBERGFor x < 0 and x > 1, P (Xn ≤ x) is independent of n and the 
onvergen
e to P (X ≤ x)is obvious. Therefore Xn
d→ X.We 
an't ask about 
onvergen
e in probability unless Xn and X are de�ned on thesame probability spa
e (or 
onvergen
e is to a degenerate random variable). Even ifthey are de�ned on the same probability spa
e, one 
an have a 
ounterexample: let

Yn =
∑n

1
k
n
1

(

k−1
n

< X ≤ k
n

), Xn = n+1
n

− Yn, then Xn
d
= Yn and Yn

P→ X but Xn doesnot 
onverge in probability to X.(4) Suppose that Fn(x) → F (x) for all x, F is 
ontinuous, and stri
tly in-
reasing so that F−1(α) is unique for all 0 < α < 1. Show that
sup{|F−1(α) − F−1(α)| : ǫ ≤ α ≤ 1 − ǫ} → 0for all ǫ > 0. Here F−1

n (α) = inf{x : Fn(x) ≥ α}First we show that F−1
n (α0) → F−1(α0). In fa
t for any β > 0, sin
e Fn(F−1(α0) +

β) → F (F−1(α0) + β) > α0, so F−1
n (α0) ≤ F−1(α0) + β for all large enough n. Similarlywe 
an show that F−1

n (α0) ≥ F−1(α0)−β for all large enough n. So we have F−1
n (α0) →

F−1(α0).For any ǫ > 0, argue by 
ontradi
tion: if lim supn sup{|F−1
n (α) − F−1(α)| : α ∈

[ǫ, 1 − ǫ]} = δ > 0 , then there exists αnk
∈ [ǫ, 1 − ǫ], s.t., |F−1

nk
(αnk

) − F−1(αnk
)| ≥ δ.By 
ompa
tness of [ǫ, 1 − ǫ] we 
an with out loss of generality assume that αnk
→ α0,and furthermore |F−1

nk
(αnk

) − F−1(α0)| ≥ δ/2.Sin
e for ea
h nk, we have either F−1
nk

(αnk
) > F−1(α0)+δ/2 or F−1

nk
(αnk

) < F−1(α0)−
δ/2.
ase 1: there exits subsequen
e nkj

su
h that F−1
nkj

(αnkj
) > F−1(α0) + δ/2. But

Fnkj
(F−1(α0) + δ/2) → F (F−1(α0) + δ/2)

≥ αnkj
for large enough j

⇒F−1
nkj

(αnkj
) ≤ F−1(α0) + δ/2

⇒Contradi
tion!
ase 2: there exits subsequen
e nkj
su
h that F−1

nkj
(αnkj

) < F−1(α0) − δ/2. But
Fnkj

(F−1(α0)2δ/2) → F (F−1(α0)2δ/2)

≤ αnkj
for large enough j

⇒F−1
nkj

(αnkj
) ≥ F−1(α0) + δ/2

⇒Contradi
tion!Based on the assumption, at least one of the above 2 
ases will happen, so the as-sumption is false.(5) Let (X1, Y1), ..., (Xn, Yn) be i.i.d sample of 2-D random ve
tor (X,Y ) where
0 < EX4 < ∞, 0 < EY 4 < ∞. Let ρ2 = 
ov2(X,Y )/σ2

1σ
2
2, where σ2

1 = var(X),
σ2

2 = var(Y ); and let r2 = Ĉ2/σ̂2
X σ̂2

Y where
Ĉ = n−1

∑

(Xi − X̄)(Yi − Ȳ ), σ̂2
X = n−1

∑

(Xi − X̄)2, σ̂2
Y = n−1

∑

(Yi − Ȳ )2show that(a) If (X,Y ) ∼ N (µ1, µ2, σ
2
1, σ

2
2, ρ), then √

n(r2 − ρ2)
d→ N(0, 4ρ2(1− ρ2)2) and, if

ρ 6= 0, then √
n(r − ρ)

d→ N(0, (1 − ρ2)2).(b) If ρ = 0, √n(r − ρ)
d→ N(0, 1).
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h of proof:(1) WOLG, 
an assume E(X) = E(Y ) = 0, Var(X) = Var(Y ) = 1(2) Let C̃ = n−1
∑

XiYi, σ̃2
X = n−1

∑

X2
i , σ̃2

Y = n−1
∑

Y 2
i , then r2 and r̃2 =

C̃2/σ̃2
X σ̃2

Y have the same asymptoti
 distribution.(3) show that
√

n





C̃ − ρ
σ̃2

X − 1
σ̃2

Y − 1





d→ N



0,





1 + ρ2 2ρ 2ρ
2ρ 2 2ρ2

2ρ 2ρ2 2







(4) 
onsider the fun
tion
f(a, b, c) = a2b−1c−1,use Delta-method, we have

√
n(r̃2 − ρ2)

d→ N(0, 4ρ2(1 − ρ2)2)(5) 
onsider the fun
tion
g(a, b, c) = ab−1/2c−1/2,use Delta-method, we have

√
n(r̃ − ρ)

d→ N(0, (1 − ρ2)2).Part (b) follows easily.Remark 1. It seems that part(b) needs the assumption of normality (and hen
e inde-penden
e). Other wise the asymptoti
 varian
e should be E(X2Y 2) other than 1.


