
STAT 210B HWK #2 SOLUTIONS (DUE FEBRUARY 26)JING LEI, DAVID ROSENBERG(1) Consider the V-statisti
 Vn = 1
n2

∑n
i =1
∑

j =1 h(xi , xj ) for a symmetri
 ker-nel h su
h that1 Eh2 < ∞. Show that Vn is asymptoti
ally normal.By van der Vaart Thm 12.3 (p. 162), if a U-statisti
 Un has kernel h with Eh2(X1, X2) <
∞ and expe
tation θ, then √

n(Un − θ) is asymptoti
ally normal. Our approa
h is toshow that Vn and Un (with the same kernel) are asymptoti
ally equivalent. Then theresult will follow by Slutsky's Theorem.We �rst manipulate the expressions for Un and Vn :
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)For the last term we used the LLN to get 1
n

∑
h(Xi , Xi ) = OP (1). By the asymptoti
normality of U-statisti
s, we know2 √

n(Un −θ) = Op(1), whi
h implies Un = θ + Op(1/
√

n)and n−1Un = Op(1/n). This gives Vn − Un = Op(1/n) = op(1). The result now followsfrom Slutsky's theorem.***Can we just write the V-statisti
 Vn as a U-statisti
? That is, 
an we �nd a symmetri
fun
tion g(xi , xj ) su
h that
1
n2

n∑

i =1

∑

j =1

h(xi , xj ) =
1(n
2

)
∑

1≤i<j ≤n

g(xi , xj )No. For any �xed n we 
an �nd a g that satis�es the equation, but we need it to be truefor all n. The form of g(x1, x2) is already determined in the 
ase n = 2 :
1
4

[h(x1, x1) + 2 h(x1, x2) + h(x2, x2)] = g(x1, x2)Date: February 26, 2008 .1More spe
i�
ally, in the proof we use Eh2(X1, X2) < ∞ and E|h(X1, X1)| < ∞.2If a sequen
e 
onverges in distribution, then it is uniformly tight (or �bounded in probability�) bythe easy part of Prohorov's Theorem (van der Vaart Thm 2.4, p. 8).
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2 englishJING LEI, D A VID R OSENBER GDoes this work for n = 3? Plugging in, we get
1(3
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)
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·
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h(xi , xj )(2) Consider the kernel h(x1, x2) = 1( x1 + x2 > 0). Evaluate θ = Eh(X1, X2)for the mixture F = (1 − ε)N (0, 1) + εN (α, β).First, note that a mixture of two Gaussians is bimodal (and de�nitely not itself Gauss-ian).Let δ, δ1, δ2 be i.i.d. P (δ = 1) = 1 − ε, P (δ = 0) = ε. Then let Z11, Z21 be i.i.d.
N (0, 1) and let Z12, Z22 be i.i.d. N (α, β). Finally, de�ne

X1 = δ1Z11 + (1 − δ1)Z12

X2 = δ2Z21 + (1 − δ2)Z22Then X1 and X2 are i.i.d. F .We want to �nd θ = Eh(x1, x2) = P (X1 + X2 > 0). We 
an 
ondition on the mixingvariables δ1 and δ2:
P (X1 + X2 > 0) = E [P (X1 + X2 > 0|δ1, δ2)]

= P [(δ1, δ2) = (0 , 0)] P (Z12 + Z22 > 0)

+ P [(δ1, δ2) = (0 , 1)] P (Z12 + Z21 > 0)

+ P [(δ1, δ2) = (1 , 0)] P (Z11 + Z22 > 0)

+ P [(δ1, δ2) = (1 , 1)] P (Z11 + Z21 > 0)Ths sum of two independent Gaussians, say N (a1, b1) and N (a2, b2) is again Gaussianwith distribution N (a1 + a2, b1 + b2). So
P (X1 + X2 > 0) = ε2
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)
+
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2
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(3) Show that for all 1 ≤ p < ∞, we have
Hp(ε, Q, F) ≤ Hp;B (ε, Q, F)



englishST A T 210B HWK #2 SOLUTIONS (DUE FEBR UAR Y 26) 3for all ε. Show that if Q is a probability measure, we have
Hp;B (ε, Q, F) ≤ H∞(ε/2, F)(NOTE: The norm asso
iated with H∞ is the sup-norm, whi
h is indepen-dent of the underlying measure, as opposed to the essential supremum norm

L∞(Q), whi
h does depend on the underlying measure.)
Mor e gener al ly, in the �rst claim we c an r eplac e the Lp(Q) norm with any norm || · ||

on F with the R iesz pr op erty, which is that |f | ≤ |g| (p ointwise) implies ||f || ≤ ||g||.

F or the se c ond claim, we c an use any norm that has the R iesz pr op erty and for which

the norm of the c onstant function f ≡ 1 is 1, which is cle arly satis�e d by Lp(Q) when

Q is a pr ob ability me asur e. With these mor e gener al c onditions, it fol lows imme diately

that

H∞;B (ε, F) = H∞(ε/2, F)Let GB := {[gL
i , gU

i ]}NB
i =1 be a minimal ε-bra
keting of F , where NB := Np;B (ε, Q, F).For the ith bra
ket, de�ne hi = 1

2 (gU
i + gL

i ). For any f ∈ F , let [gL
i , gU

i ] ∈ GB be an
ε-bra
ket 
ontaining f . Then the following inequalities hold pointwise:

gL
i ≤ f ≤ gU

i

gL
i − gU

i

2
= gL

i − hi ≤ f − hi ≤ gU
i − hi =

gU
i − gL

i

2

|f − hi | ≤
1
2

|gU
i − gL

i |Now by the Riesz property, we 
on
lude that ||f − hi || ≤ 1
2 ||gU

i − gL
i || ≤ ε/2. Thus

H = {h1, . . . , hNB } is an ε/2 
overing. So we 
on
lude that
Np(ε, Q, F) ≤ Np(

ε
2

, Q, F) ≤ Np;B (ε, Q, F)and the �rst result follows by taking logs.For the se
ond part, we are interested in the 
omparison between ε-bra
ketings w.r.tthe Lp(Q) norm and ε-
overings w.r.t. the sup-norm. Let {r1, . . . , rN∞} be a sup-norm
(ε/2)-
over of F , where N∞ = N∞(ε/2, F), and by 
onvention3 we assume that for ea
h
ri there exists a �xed 
onstant Mi su
h that |ri | < Mi < ∞ (pointwise). For ea
h i,de�ne gL

i = ri − (ε/2) and gU
i = ri + ( ε/2). Sin
e both |gU

i | and |gL
i | are upper-bounded(pointwise) by Mi + ε, they both have �nite norms by the assumptions on || · ||. We alsohave

||gU
i − gL

i || = ||ε|| = ε||1|| = ε,so [gL
i , gU

i ] is an ε-bra
ket. Write the 
olle
tion of these bra
kets as G = {[gL
i , gU

i ]}N∞
i =1 .Now for any f ∈ F there exists an ri su
h that |ri − f | ≤ ε/2 (pointwise). Thus [gL

i , gU
i ]
ontains f . So G is an ε-bra
keting of F . We 
on
lude that

Np;B (ε, Q, F) ≤ N∞(ε/2, F)and the stated 
laim follows by taking logs.Note that the sup-norm also has the Riesz property, so by the stronger version of our�rst 
on
lusion we have
N∞(

ε
2

, F) ≤ N∞;B (ε, F)3
.f. van der Vaart and Wellner's de�nition of Cover Numbers (p. 83), where they require the 
entersof the balls to have �nite norms.



4 englishJING LEI, D A VID R OSENBER GSo we 
on
lude that
N∞(

ε
2

, F) = N∞;B (ε, F)(4) Suppose that a 
lass F ⊂ L1(P ) satis�es the ULLN. Then also its 
onvexhull 
onv(F) satis�es the ULLN.Consider any fun
tion g =
∑n

i =1 αi fi ∈ 
onv(F), where fi ∈ F , αi > 0 and∑n
i =1 αi =

1. Then
|Png − Pg| =

∣∣∣∣∣

n∑

i =1

αi (Pn − P )fi

∣∣∣∣∣

≤
n∑

i =1

αi |(Pn − P )fi |

≤ max
i

|(Pn − P )fi |

≤ sup
f ∈F

|Pnf − Pf |Sin
e the RHS is independent of g, we 
on
lude that
sup

g∈
onv(F)
|Png − Pg| ≤ sup

f ∈F
|Pnf − Pf |This proves the 
laim. The reverse inequality is trivial, sin
e F ⊆ 
onv(F). So wea
tually have

sup
g∈
onv(F)

|Png − Pg| = sup
f ∈F

|Pnf − Pf |


