STAT 210B HWK #2 SOLUTIONS (DUE FEBRUARY 26)

JING LEI, DAVID ROSENBERG

(1) Consider the V-statistic V, = niz LEIEIh(Xi,Xj) for a symmetric ker-
nel h such that' Eh? < co. Show that V, is asymptotically normal.

By van der Vaart Thm 12.3\kp. 162), if a U-statistic U, has kernel h with Eh?(Xy, X3) <
oo and expectation 6, then n(U, — 0) is asymptotically normal. Our approach is to
show that V,, and U, (with the same kernel) are asymptotically equivalent. Then the
result will follow by Slutsky’s Theorem.

We first manipulate the expressions for U, and V:
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For the last term we used the LL\I>l to get % h(Xi, X;) = Op(1). By the asympt&tic
normality of U-statistics, we know” " n(U, —8) = Op(1), which implies U, = 8+ Op(1/ " n)
and n7*U, = Oy(1/n). This gives V, — Uy = Op(1/n) = 0p(1). The result now follows
from Slutsky's theorem.

ok ok

Can we just write the V-statistic V,, as a U-statistic? That is, can we find a symmetric
function g(X;, X;) such that
1 I T 1 1
— h(xi,X;) = J%IZI g(Xi, %)
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No. For any fixed n we can find a g that satisfies the equation, but we need it to be true
for all n. The form of g(Xy, X7) is already determined in the case n = 2:

%[h(xl,x1)+2h(x1,x2)+ h(x2,X2)] = 9(X1,X2)
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"More specifically, in the proof we use Eh2(Xz, X3) < oo and E|h(Xz, X1)| < oo.

2If a sequence converges in distribution, then it is uniformly tight (or “bounded in probability”) by
the easy part of Prohorov’s Theorem (van der Vaart Thm 2.4, p. 8).



Does this work for n =37 Plugging in, we get
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(2) Consider the kernel h(xi,X;) = 1(X; + X, > 0). Evaluate 8 = Eh(Xy, X3)
for the mixture F = (1 —€)N(0, 1) + eN(q, ).

First, note that a mixture of two Gaussians is bimodal (and definitely not itself Gauss-
ian).

Let 0, 61,62 be i.i.d. P(6 = 1) =1 — €, P(é = 0) = €& Then let Z11,Z51 be ii.d.
N (0, 1) and let Z15,Z5, be i.i.d. N(a, ). Finally, define

X1 = 0 Zun+(1 —01)Z12
Xy = 0Zn+ (1 —0)Zx»

Then X; and X, are i.i.d. F.
We want to find 8 = Eh(Xy,Xp) = P (X1 + X3 > 0). We can condition on the mixing
variables d; and 0,:

P(X1+ X;>0)

E[P (X1 + X; > 0]31,0,)]
= P [(31,82) =(0,0)]P(Z12 + Z2, > 0)
+P [(31,02) = (0,1)]P(Z12 + Z1 > 0)
+P [(01,02) = (1,0)]P(Z11 + Z22 > 0)
+P [(01,02) = (1,1)]P(Z11 + Z21 > 0)
Ths sum of two independent Gaussians, say N(az,b;) and N(az, by) is again Gaussian

with distribution N(al + a,, bl + bz) So
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(3) Show that for all 1 <p < oo, we have
Hp(ss Ql F) S Hp;B (81 Ql F)



for all €. Show that if Q is a probability measure, we have
Hos(€,Q,F) = Hoo(e/2,F)

(NOTE: The norm associated with Ho, is the sup-norm, which is indepen-
dent of the underlying measure, as opposed to the essential supremum norm
Lo (Q), which does depend on the underlying measure.)
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Hoos (€, F) = Heo(e/2,F)

Let Gg = {[g,",g,U]}ll\l:E‘1 be a minimal &-bracketing of F, where Ng := Np.g(€,Q, F).
For the ith bracket, define h; = %(g,U + g-). For any £ [CH, let [g-,g"] CGk be an
€-bracket containing f. Then the following inequalities hold pointwise:

g < f =g’
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2

U_ gL
:giL—hiS f—hi Sgiu—hi:—gl Zgl

1
If —h| < élgi“ — |

Now by the Riesz property, we conclude that ||f —hi|| < %||g” — gF|| < /2. Thus
H = {hy,...,hng} is an €/2 covering. So we conclude that

Np(e, Q. F) = No(5, Q. F) = Nys (£,Q. F)

and the first result follows by taking logs.

For the second part, we are interested in the comparison between &-bracketings w.r.t
the Lp(Q) norm and &-coverings w.r.t. the sup-norm. Let {rq,...,rn.} be a sup-norm
(e/2)-cover of F, where Noo = Noo(€/2, F), and by convention® we assume that for each
ri there exists a fixed constant M; such that |rj] < M; < oo (pointwise). For each i,
define g- = r; — (&/2) and g = r; + (&/2). Since both |g”| and |g-| are upper-bounded
(pointwise) by M; + €, they both have finite norms by the assumptions on || -||. We also
have

g’ — ol = llell = ell1]| = &,
so [g-,gV] is an e-bracket. Write the collection of these brackets as G = {[g-, g 1} 5.

Now for any f [H there exists an I; such that |r; —f| < &/2 (pointwise). Thus [g", g"]
contains . So G is an &-bracketing of F. We conclude that

Nps (€, Q, F) < Neo(e/2, F)

and the stated claim follows by taking logs.
Note that the sup-norm also has the Riesz property, so by the stronger version of our
first conclusion we have

Nm(;, F) < Neos (£, F)

3c.f. van der Vaart and Wellner’s definition of Cover Numbers (p. 83), where they require the centers
of the balls to have finite norms.



So we conclude that e
Noo(i’ F)= Nog(€, F)

(4) Suppose that a class F [L](P) satisfies the ULLN. Then also its convex

hull conv(F) satisfies the . L1
Consider any function g = ., oif; Ccdnv(F), where fi [CH, oy >0and ., a; =
1. Then
|Png - Pgl = E ai(Pn - P)fiE
=1
1
= 0i|(Pn — P)fi]
i=1
= max|(Pn — P)fi|
|

< sup|P,f —Pf|
f [E1
Since the RHS is independent of g, we conclude that

sup |Phg—Pg| <sup|P,f —Pf|

g [cchv(F) f [E1
This proves the claim. The reverse inequality is trivial, since F [cdnv(F). So we
actually have

sup |Png —Pg|=sup|P,f —Pf|
g [cohv (F) f [E]



