
STAT 210B HWK #5 SOLUTIONS (DUE APR 24)JING LEI, DAVID ROSENBERG(1) Cal
ulate the likelihood ratio statisti
 for testing the null hypothesis
H0 : µ1 = · · · = µk based on k independent samples of size n from a N(µj, σ2)distribution. What is the limit distribution under the null hypothesis?We �rst derive the likelihood ratio statisti
s, in 
ases of either σ2 is known or not.(a) If σ2 is known, the likelihood ratio statisti
 is

Λ = 2 log
supµ1,··· ,µk

∏n
i=1

∏k
j=1

1√
2πσ2

e
1

2σ2
(xji−µj)

2

supµ

∏n
i=1

∏k
j=1

1√
2πσ2

e
1

2σ2
(xji−µ)2

.Clearly the MLE for (µ1, · · · , µk) is (X̄1, · · · , X̄k), and the MLE for µ is X̄ = 1
nk

∑

i,j Xji.Plug the MLE's in the above equation, we have
Λ =

1

σ2
(n

k∑

j=1

X̄2
j − nkX̄2).(b) σ2 is unknown.

Λ = 2 log
supµ1,··· ,µk,σ2

∏n
i=1

∏k
j=1

1√
2πσ2

e
1

2σ2
(xji−µj)

2

supµ,σ2

∏n
i=1

∏k
j=1

1√
2πσ2

e
1

2σ2
(xji−µ)2

.Now the MLE for (µ1, · · · , µk, σ2) is (X̄1, · · · , X̄k, σ̂2), and the MLE for (µ, σ2) is (X̄, σ̃2),where
σ̂2 =

1

nk

∑

i,j

(Xj,i − X̄j)
2,

σ̃2 =
1

nk

∑

i,j

(Xj,i − x̄)2.Plugging in, we have
Λ = nk log

∑

i,j(Xj,i − X̄j)
2

∑

i,j(Xj,i − X̄)2
.For both 
ases the asymptoti
 distribution of Λ is χ2

k−1. The argument in van derVaart [1998, p. 231-232℄ applies to both 
ases, as it is easy to verify LAN in these 
ases.(2) Let X1, ..., Xn be i.i.d a

ording to the Pareto distribution with density
fθ(x) = θcθx−(θ+1),where 0 < θ and 0 < <� x. Determine the Wald, Rao and likelihood ratio testsof H0 : θ = θ0 against θ 6= θ0.Date: Apr 24, 2008. 1



2 englishJING LEI, DAVID ROSENBERGThe log-likelihood is
l(θ; X1, ..., Xn) = log

∏

i

θcθx−(θ+1)

= n log(θ) + θ(n log(c) −
∑

i

log(Xi)) −
∑

i

log(Xi)The MLE for θ is
θ̂ =

n
∑

i log(Xi) − n log(c)
.The likelihood ratio test:

Λ = 2l(θ̂; X1, ..., Xn) − 2l(θ0; X1, ..., Xn)

= 2n log(θ̂) − 2θ̂
(∑

log(Xi) − n log(c)
)

− 2n log(θ0) + 2θ0

(∑

log(Xi) − n log(c)
)

= 2n

(

log
θ̂

θ0

−
(

1 − θ0

θ̂

))In order to 
al
ulate the Wald and Rao statisti
s, we �rst need to 
al
ulate the Fisherinformation:
l(θ, X) = log(θ) − θ log

(
X

c

)

− log(X)

⇒ ∂l

∂θ
(θ, X) =

1

θ
− log

(
X

c

)

⇒ ∂2l

∂θ2
(θ, X) = − 1

θ2

⇒ I(θ) =
1

θ2Wald test statisti
:
W = n(θ̂ − θ0)

2In(θ0)

= n

(

1 − θ̂

θ0

)2Rao test statisti
: let ∆n,θ = 1√
n

∑

i
∂l
∂θ

(θ, Xi)

R = ∆2
n,θ0

I−1(θ0)

=
1

n

(

n

θ0

−
∑

i

log

(
Xi

c

))2

θ2
0

= n

(
1

θ0

− 1

θ̂

)2

θ2
0

= n

(

1 − θ0

θ̂

)2



englishSTAT 210B HWK #5 SOLUTIONS (DUE APR 24) 3(3) van der Vaart [1998, Problem 1, p. 226℄ Consider the two-sidedtesting problem H0 : cT h = 0 versus H1 : cT h 6= 0 based on an Nk(h, Σ)-distributed observation X. A test for testing H0 versus H1 is 
alled unbiasedif suph∈H0
π(h) ≤ infh∈H1

π(h). The test that reje
ts H0 for large values of |cT X|is uniformly most powerful among the unbiased tests. More pre
isely, forevery power fun
tion π of a test based on X the 
onditions
π(h) ≤ α if hT c = 0 and π(h) ≥ α if hT c 6= 0,imply that, for every cT h 6= 0,

π(h) ≤ P (|cT X| > zα/2

√
cT Σc) = 1 − Φ

(

zα/2 −
cT h√
cT Σc

)

+ 1 − Φ

(

zα/2 +
cT h√
cT Σc

)

.Formulate an asymptoti
 upper bound theorem for two-sided testing prob-lems in the spirit of Theorem 15.4.The argument in the proof of Theorem 15.4 applies here, ex
ept that we need to verifythat the test in the limiting experiments is still at level α. Here we need(1) lim sup πn(θ0 + r−1
n h) ≤ α ∀h : φ̇θ0

h = 0.The intuition is the power is 
lose to α when the alternative is very 
lose to the null inthe sense that φ(θ0 + r−1
n h) = o(r−1

n ), whi
h goes to 0 at a super fast rate.If we assume (1) hold, then one 
an use similar argument as in the proof of Theorem15.4 to show that the limiting test is unbiased at level α in testing H0 : φ̇h = 0 versus
H1 : φ̇h 6= 0. Combine with the fa
t that the test des
ribed in the problem is UMPUfor su
h a testing problem, we 
an formulate the theorem as following:Theorem 1. Let Θ ⊂ R

k be open and let φ : Θ 7→ R be di�erentiable at θ0, with nonzerogradient φ̇ and su
h that φ(θ0) = 0. Let the sequen
e of experiments (Pn,θ : θ ∈ Θ) belo
ally asymptoti
ally normal at θ0 with nonsingular Fisher information, for 
onstants
rn → ∞. If the power fun
tions θ 7→ πnθ of any sequen
e of unbiased level α tests fortesting H0 : φ(θ) = 0 versus H1 : φ(θ) 6= 0 satis�es (1), then for every h su
h that
φ̇h 6= 0,
lim sup

n→∞
πn

(

θ0 +
h

rn

)

≤ 1 − Φ



zα/2 −
φ̇θ0

h
√

φ̇θ0
I−1
θ0

φ̇T
θ0



+ 1 − Φ



zα/2 +
φ̇θ0

h
√

φ̇θ0
I−1
θ0

φ̇T
θ0



 .(4) Cal
ulate the asymptoti
 relative e�
ien
y of the empiri
al p−quantileand the estimator Φ−1(p)Sn + X̄n for estimating the p−th quantile of the dis-tribution of a sample from the univariate normal N(µ, σ2) distribution (where
S2

n = 1/(n − 1)
∑

i(Xi − X̄n)2).(a) Empiri
al quantile: The asymptoti
 varian
e of the empiri
al p−quantile 
an beobtained using fun
tional delta method as in van der Vaart [1998, Example 20.5℄
σ2

1 =
p(1 − p)

f(F−1(p))2

=
p(1 − p)σ2

φ2(Φ−1(p))
,



4 englishJING LEI, DAVID ROSENBERGwhere F is the CDF of N(µ, σ2) and f is the 
orresponding density fun
tion, while Φand φ are the CDF and PDF of standard normal, respe
tively. So we have
√

n(F−1
n (p) − F−1(p)) N

(

0,
p(1 − p)σ2

φ2(Φ−1(p))

)(b) Φ−1(p)Sn + X̄n. First use delta method on S2
n as in van der Vaart [1998, Example3.2℄, we have √

n(S2
n − σ2) N(0, 2σ4),use delta method again we have

√
n(Sn − σ) N(0,

1

2
σ2).Then note that S2

n and X̄n are independent for Gaussian data, and that√n(X̄n−µ) 
N(0, σ2), we obtain

√
n(Φ−1(p)Sn + X̄n − F−1(p)) =

√
n
(
Φ−1(p)Sn + X̄n − (Φ−1(p)σ + µ)

)

= Φ−1(p)
√

n(Sn − σ) +
√

n(X̄n − µ)

 N

(

0,

(

1 +
(Φ−1(p))

2

2

)

σ2

)As a result, the ARE between the two estimators is:
ARE =

(

1 +
(Φ−1(p))

2

2

)

p(1−p)
φ2(Φ−1(p))

.As 
an be seen from the plot of ARE as a fun
tion of p, the se
ond estimator is alwaysmore e�
ient than the empiri
al quantile.
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englishSTAT 210B HWK #5 SOLUTIONS (DUE APR 24) 5(5) Find the in�uen
e fun
tion of the map F 7→
∫ t

0
(1 − F−)−1dF (the 
umu-lative hazard fun
tion).Take φ(F ) =

∫

[0,t]
(1−F−)−1 dF . From van der Vaart [1998, p. 292℄, the in�uen
efun
tion of φ is the mapping from [0,∞) → R given by

x 7→ d

dα |α=0
φ ((1 − α)F + αδx)where δx(y) = 1(y ≥ x) is the CDF of the point mass at x. For 
onvenien
e, de�ne

Fα = (1−α)F + αδx. We'll now 
ompute the in�uren
e fun
tion for any x. To 
omputethe hazard fun
tion, we'll need the left limit of Fα:
(Fα)− (y) = ((1 − α)F + α1(y ≥ x))− (y)

lim
yn↑y

(1 − α)F (yn) + α1(yn ≥ x)

= (1 − α)F−(y) + α1(y > x)

= F−(y) − α (F−(y) − 1(y > x))So
φ (Fα) =

∫

[0,t]

1

1 − [F−(y) − α (F−(y) − 1(y > x))]
dFα(y)

=

∫

[0,t]

(1 − α)

1 − F−(y) + α (F−(y) − 1(y > x))
dF (y)

︸ ︷︷ ︸

=A(α)

+
α

1 − F−(x) + αF−(x)
1(t ≥ x)

︸ ︷︷ ︸

=B(α)To get the in�uen
e fun
tion evaluated at x, we di�erentiate this expression w.r.t. α at
α = 0.For qui
k referen
e, note that

d

dα

(
b + αc

d + αf

)

=
c(d + αf) − (b + αc)f

(d + αf)2
=

cd − bf

(d + αf)2Assuming we 
an di�erentiate under the integral sign, we get
d

dα
A(α) =

∫

[0,t]

−1 (1 − F−(y)) − 1 (F−(y) − 1(y > x))

(1 − F−(y) + α [F−(y) − 1(y > x)])2 dF (y)

= −
∫

[0,t]

1(y ≤ x)

(1 − F−(y) + α [F−(y) − 1(y > x)])2 dF (y)and the derivative of the se
ond term is
d

dα
B(α) =

1 − F−(y)

[1 − F−(y) + αF−(x)]2
1(t ≥ x)Evaluating at α = 0, we 
on
lude that

d

dα |α=0
φ (Fα) = −

∫

[0,t]

1(y ≤ x)

[1 − F−(y)]2
dF (y) +

1

1 − F−(y)
1(t ≥ x)

=

{

−
∫

[0,x]
1

(1−F
−

(y))2
dF (y) + 1

1−F
−

(y)
for t ≥ x

−
∫

[0,t]
1

(1−F
−

(y))2
dF (y) for t < x
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 Statisti
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