STAT 210B HWK #5 SOLUTIONS (DUE APR 24)

JING LEI, DAVID ROSENBERG

(1) Calculate the likelihood ratio statistic for testing the null hypothesis
Ho : 41 = - -+ = Wi based on k independent samples of size n from a N (y;, 0?)
distribution. What is the limit distribution under the null hypothesis?

We first derive the likelihood ratio statistics, in cases of either 62 is known or not.

(a) If 0% is known, the likelihood ratio statistic is

1
p(ﬂﬁji_ﬂj)2

n k 1
Supu1,“' Wk Hizl Hj:l 1/27w2e
n k 1 o (@i~ )2
sup, [ [,y [Tj— JangzC

Clearly the MLE for (Wi, - -+, Hg) is (Xy, -+, X},), and the MLE for pis X = - > i Xji-
Plug the MLE’s in the above equation, we have

A = 2log

k
1 _ _
A - a(n E X]2 - nsz).
Jj=1

(b) 6% is unknown.

(zji—p;)*

n k 1 %
SUD iy, g0 Hi:l Hj:l Wezg
n k 1 o (xi—p)?
Sup, o2 [ i Hj:l JongzC

Now the MLE for (Wy, - - - , Hg, 02) is ()Zl, e X, 6?), and the MLE for (W, 0%) is (X, G2),
where

A =2log

N 1 ~
02 = m Z(XN — Xj)2,
2Y)

1
~2 o\2
0° = R E ‘ (X, —X)=.
27]

Plugging in, we have
> (X0 = X5)?
>, (X = X)2
For both cases the asymptotic distribution of A is X2 _,. The argument in van der
Vaart [1998, p. 231-232| applies to both cases, as it is easy to verify LAN in these cases.

A = nklog

(2) Let Xy,..., X, be i.i.d according to the Pareto distribution with density
fy(x) = B0+,

where 0 <0 and 0 < X. Determine the Wald, Rao and likelihood ratio tests
of HO 10 = 90 against 0 7é 90.
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The log-likelihood is

1(8; X1, ..., Xp) = logH acfx—(+1)

= nlog(8) + 6(nlog(c) Zlog - Zlog(X

The MLE for 0 is
n

> log(X;) — nlog(c)’

6 =
The likelihood ratio test:
A = 21(6; xl, o X)) — 2|(eo;x1, o Xa)
= 2nlog(f) — 26 (Z log(X;) — n log(c))
— 2nlog(8y) + 26, (Z log(X;) — N 1og(c))

é eo)
=2n|1 11— —

In order to calculate the Wald and Rao statistics, we first need to calculate the Fisher
information:

1(8, X) =log(B) — B log (é) — log(X)

al 1 X

331 6.5
=1(0) = é
Wald test statistic:
n(6 — 80)°1..(80)
Rao test statistic: let A, = f > a6, X
R =A% ,17(80)
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(3) van der Vaart [1998, Problem 1, p. 226] Consider the two-sided
testing problem H; : ¢’h = 0 versus H; : ¢c’h # 0 based on an N(h,X)-
distributed observation X. A test for testing Hy versus H, is called unbiased
if sup,cy, () < infuep, m(h). The test that rejects H, for large values of |c”X]
is uniformly most powerful among the unbiased tests. More precisely, for
every power function T of a test based on X the conditions

nhy<a if hic=0 and n(h)>a if h7c+#0,
imply that, for every c’h # 0,

Th Th
T[(h) < P<|CTX| > Za/QVCTEC) =1—-® (Za/Q — \/%) +1—-@ <Za/2 + \/((::T—Z‘IC> .

Formulate an asymptotic upper bound theorem for two-sided testing prob-
lems in the spirit of Theorem 15.4.

The argument in the proof of Theorem 15.4 applies here, except that we need to verify
that the test in the limiting experiments is still at level a. Here we need

(1) limsup T, (8 +r;'h) <a  Vh:@gh=0.

The intuition is the power is close to o when the alternative is very close to the null in
the sense that @(8y + r;'h) = o(r;!), which goes to 0 at a super fast rate.

If we assume (1) hold, then one can use similar argument as in the proof of Theorem
15.4 to show that the limiting test is unbiased at level o in testing Hy : (f)h = 0 versus
H; : oh # 0. Combine with the fact that the test described in the problem is UMPU
for such a testing problem, we can formulate the theorem as following:

Theorem 1. Let © C R¥ be open and let ¢ : © — R be differentiable at 0y, with nonzero
gradient @ and such that @(8,) = 0. Let the sequence of experiments (P,g : 8 € ©) be
locally asymptotically normal at 8y with nonsingular Fisher information, for constants
r, — oo. If the power functions 0 — 1,0 of any sequence of unbiased level A tests for
testing Ho : @(8) = 0 versus Hy : @(8) # 0 satisfies (1), then for every h such that

oh # 0,

Po,h P9, h

\/%0'9}1(["5; \/(["90%1(["30

(4) Calculate the asymptotic relative efficiency of the empirical p—quantile
and the estimator ®'(p)S, + X, for estimating the p—th quantile of the dis-
tribution of a sample from the univariate normal N (l, 0%) distribution (where

SZ=1/(n—1)>,(X; — Xp)?).

h
limsupnn(eo—l—r—)Sl—CD Zo/2 — +1-® [z, +

n—oo n

(a) Empirical quantile: The asymptotic variance of the empirical p—quantile can be
obtained using functional delta method as in van der Vaart [1998, Example 20.5]

s p(1—p)
TTEFE ()
p(1 —p)o?

(@ (p)’
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where F is the CDF of N (U, 0?) and f is the corresponding density function, while @
and @ are the CDF and PDF of standard normal, respectively. So we have

- - p(l —p)o®
Vvn(F ' (p) —F'(p)) ~ N (0, LA
(F. () (P)) 02(51(p))
(b) @~ 1(p)S,, + X,,. First use delta method on S? as in van der Vaart [1998, Example
3.2|, we have

VN(S? — 6?) ~» N(0,20%),

use delta method again we have
1
VNn(S, —a) ~ N(0, 502).

Then note that S2 and X,, are independent for Gaussian data, and that /n(X, —H) ~
N (0,0%), we obtain
V(@ (P)Ss + X = F7H(p) = v (27 (P)Sn + Xy — (271 (p)0 + 1))
= q)_1<p>\/ﬁ(sn - 0) + \/ﬁ(xn - H)

oo 00 o)

As a result, the ARE between the two estimators is:

(2'(p)*
(1
ARE = .

p(1-p)
#2(2~1(p))

As can be seen from the plot of ARE as a function of p, the second estimator is always
more efficient than the empirical quantile.
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(5) Find the influence function of the map F — [/(1 — F_)"'dF (the cumu-
lative hazard function).

Take ¢(F) = [, ,(1—F-)""dF. From van der Vaart [1998, p. 292], the influence
function of @ is the mapping from [0, 00) — R given by

X 0 ((1—a)F +ad,)

H —
da‘a:O

where 9,(y) = 1(y > X) is the CDF of the point mass at X. For convenience, define
Fo = (1—a)F +0ad,. We'll now compute the influrence function for any X. To compute
the hazard function, we’ll need the left limit of F:

(Fa)_(y) = (1-0)F +ally >x))_(y)
lim(1 — a)F (y,) + al(y, > X)

ynly
= (1—a)F_(y) +al(y >x)
= F_(y)—a(F_(y) — 1(y > x))

1
A,t] 1—[F_(y) —a(F_(y) = 1(y > x))] dFa(y)

_ (1—-a) o
S e R T T R aF ("=

:A(a) :B(a)

To get the influence function evaluated at X, we differentiate this expression w.r.t. o at
a=0.
For quick reference, note that

d (b+ac) c(d+oaf) — (b+ac)f cd — bf

do \d+ af (d + of )2 (d + of )2
Assuming we can differentiate under the integral sign, we get
d _ 10 -F(y) -1(F-(y) -1y > X)) ,
R I e EImETEr
_ _/ 1y <x) dF (y)
o4 (1 =F_(y) +alF_(y) = 1(y > x)])’

and the derivative of the second term is

d _ 1-F_(y)
@ TRy rar o Y

Evaluating at o = 0, we conclude that

d / 1(y <Xx) 1
da Fo) = — | —— = dF(y) + ——sH{t=>X
da|a:0(p( ) 0,4] [1 —F_ (y)]Q (y> 1-F_ <y> ( )
_ {‘ﬁaﬂmdF(yHﬁ for t > x
1
= Jou T P FY) for t < X
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