
STAT 210B HWK #6 SOLUTIONS (DUE MAY 8)DAVID ROSENBERG, JING LEI(1) Consider the arti�
ial data set 
onsisting of the 8 numbers
1.2, 3.5, 4.7, 7.3, 8.6, 12.4, 13.8, 18.1Let θ̂ be the 25% trimmed mean.(a) Cal
ulate bootstrap estimates of the standard error of θ̂, using boot-strap samples of size B = 25, 100, 200, 500, 1000, 2000. Use these to form a nu-meri
al estimate of the ideal bootstrap estimate (that would be obtained bytaking B → ∞).(b) Repeat part (a) using ten di�erent random number seeds and hen
eassess the variability in the estimates. How large should we take B to providesatisfa
tory a

ura
y?(
) Cal
ulate the ideal bootstrap estimate of standard error dire
tly bysumming over all possible bootstrap samples. Compare the answer to thatobtained in part (a).(2) While the bootstrap is based on resampling from the data with repla
e-ment, the ja
kknife is based on samples that leave out one observation at atime. There are n su
h samples. Let us denote the estimates based on thesesamples by θ̂(i).De�ne a linear statisti
 as one that 
an be written in the form:
θ̂(x1, . . . , xn) = µ +

1

n

n
∑

i=1

α(xi)where µ is a 
onstant and α is a fun
tion.Date: May 8, 2008 . 1



2 englishDAVID ROSENBERG, JING LEIShow that for linear statisti
s the ja
kknife and the bootstrap are equiva-lent in the following sense: Given the values θ̂(i) for i = 1, . . . , n, the value of
θ̂∗ 
an be dedu
ed for an arbitrary bootstrap sample x∗

1, . . . , x
∗

n.We want to �nd:
θ̂∗(x∗

1, . . . , x
∗

n) = µ +
1

n

n
∑

i=1

α(x∗

i )in terms of the leave-one-out estimates θ̂(i). It's su�
ient to write α(xi) in terms of theseestimators.We have
θ̂(j)(x1, . . . , xn) = µ +

1

n − 1

[

−α(xj) +
n
∑

i=1

α(xi)

]and
n
∑

j=1

θ̂(j) = nµ +
1

n − 1

n
∑

j=1

[

−α(xj) +
n
∑

i=1

α(xi)

]

= nµ −
1

n − 1

n
∑

j=1

α(xj) +
n

n − 1

n
∑

i=1

α(xi)

= nµ +
n
∑

i=1

α(xi)So
n
∑

j=1

θ̂(j) − (n − 1)θ̂(k) = µ + α(xj)Rearranging:
α(xj) = −µ +

n
∑

J=1

θ̂(j) − (n − 1)θ̂(k)(3) The ja
kknife estimate of standard error is
[

n − 1

n

n
∑

i=1

(

θ̂(i) − θ̂(·)

)2
]1/2



englishSTAT 210B HWK #6 SOLUTIONS (DUE MAY 8) 3where θ̂(·) =
∑n

i=1 θ̂(i)/n. Show that for linear statisti
s the bootstrap estimateof standard error is
[

n
∑

i=1

(α(xi) − ᾱ)2 /n2

]1/2where ᾱ =
∑

α(xi)/n, and the ja
kknife estimate of standard error is
[

n
∑

i=1

(α(xi) − ᾱ)2 / {(n − 1)n}

]1/2

SE of BootstrapLet x1, . . . , xn be our observed iid sample from P , and let Pn be the 
orresponding em-piri
al distribution. Write X∗, X∗

1 , . . . , X
∗

n for iid samples from Pn. Then the bootstrapestimate of varian
e isVarPn
θ̂(X∗

1 , . . . , X
∗

n) = VarPn

(

µ +
1

n

n
∑

i=1

α(X∗

i )

)

=
1

n
VarPn

α(X∗)

=
1

n

(

EPn
[α(X∗)]2 − [EPn

α(X∗)]2
)

=
1

n





1

n

n
∑

j=1

α(Xj)
2 −

[

1

n

n
∑

j=1

α(Xj)

]2




=
1

n

(

1

n

n
∑

j=1

(α(Xj) − ᾱ)2

)So the BOOTSTRAP SE is just
ŜEbootstrap =

√

√

√

√

n
∑

i=1

(α(Xi) − ᾱ)2 /n2JACKKNIFE STANDARD ERROR:From Problem 3, we had
θ̂(j)(x1, . . . , xn) = µ +

1

n − 1

[

−α(xj) +
n
∑

i=1

α(xi)

]



4 englishDAVID ROSENBERG, JING LEIand
θ̂(·)(x1, . . . , xn) :=

1

n

n
∑

j=1

θ̂(j) = µ +
1

n

n
∑

i=1

α(xi)So
θ̂(j) − θ̂(·) = −

1

n − 1
α(xj) +

1

n − 1

n
∑

i=1

α(xi) −
1

n

n
∑

i=1

α(xi)

= −
1

n − 1
α(xj) +

1

n(n − 1)

n
∑

i=1

α(xi)

= −
1

n − 1
α(xj) +

1

n − 1
ᾱ

=
1

n − 1
(ᾱ − α(xj))and the ja
kknife estimate of standard error is

√

√

√

√

n − 1

n

n
∑

k=1

(

θ̂(k) − θ̂(·)

)2

=

√

√

√

√

n − 1

n

n
∑

k=1

[

1

n − 1
(ᾱ − α(xj))

]2

=

√

√

√

√

1

n(n − 1)

n
∑

k=1

(α(xj) − ᾱ)2


