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An important operation involving multivariate Gaussian distribution is the block matrix inversion. First,
define the Schur complement of the matrix M with respect to H as

M/H=E—-FH'G (1)
where
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It can be verified that
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From the above expression, it can be verified that
|M| = [M/HI|H| (6)
and also,
(M/EY*=(H-GE'F)'=H '+ H'GE-FH'G)"'FH! (7)

Matrix inversion lemma:

Let
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The normalization can be split into two factors:
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Conditional distribution:

pip = p+ 1255 (22 — po)
Yip = Y11 — 1285 Yoy
Marginalization:
py = 2
99 Yoo
Canonical Parameters:
A »1
n o= '
Conditioning:
N = m—Apx
i‘z = Ap
Marginalization:
ny = e —AaAym

AT = A22*A21A1_11A12

Factor Analysis:

Zn ~ N(0,1)
Yn NN(#+A‘TH7\IJ)

Write

Yn = P+ Azy + €p;

Maximum Likelihood (ML) estimation:

Let

€n ~ N(0, V)

D={y,}0_;; 0= (uAVD)
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Figure 1: Graphical model for multinomial density estimation with Dirichlet prior with hyper-parameter a.

E(yn) = p+AE(zn)+ E(e,) =p
Var(yn) = E(Az, +e,)(Azy, +e,)7
= E(AxnzZAT + enngT + Az, el + Ene;l;)
= AAT

Important formulas:

EY) = E(EYI]X))

Var(Y) = E(Var(Y|X)) + Var(E(Y|X))
So,

E(ynlzn) = p+ Az,
COV(XrUyIl) = E[xn(,u + Axn + €n — ILL)T] = AT

Thus, the overall mean and covariance matrix is given by

s = ()
I
s 1 AT
o A AAT + O
EM algorithm:

Write complete log likelihood (using the trace trick):
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Use the following formulas to obtain the EM algorithm:
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