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1 Sum-Product Algorithm

1.1 Introduction

The sum-product algorithm only works on trees, but can compute the marginal probabilities of all nodes
with the same time complexity as computing the marginal probability of just one node. The reason is that
the structure of the tree allows for a node-to-node message passing protocol that reuses messages between
computing marginal probabilities. The algorithm works for both undirected and directed graphical models.
The directed graphical models can be used only if their moralized graph is a tree or a polytree. If directed
graphical models are restricted to trees or trees, their family of probability distributions can be represented
by undirected potential functions. Given the conditional probabilities p(zy0:) and p(z;|z;) of a directed
graph, the potentials of the corresponding undirected graph can be parameterized as:

¢(x7'oot) = p(xroot) (1)
W(x;) =1 for i # root (2)
(i, ;) = plzjla;) for i is a parent of j. (3)

We will only work with undirected models and denote the graph as G = (V,£) where V are the vertices and
& are the edges.
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Figure 1: Undirected tree, conditioning on set of nodes X creates conditional independencies through graph
separation.
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1.2 Conditioning

Conditioning on a set E in an undirected tree will subdivide the graph into smaller trees (based on graph
separation) whose marginal probabilities can solved independently of each other (Fig. 1). In order to work
with only one tree, define new conditional potentials ¥ such that:

E(p) = Vi(x;:)0(2i,%;), i€E
Py (2;) = {wi(xi)’ i¢n (4)

where &; are the current values of E we are conditioning on. The new distribution then becomes:

p(z|Zg) = ZE H’L/J Z; H (s, xj), (5)

S% (4,)€E

where Z¥ is the new normalizing factor.

1.3 Message Passing

Figure 2: Equivalence of message passing protocol after re-rooting tree.

The SUM-PRODUCT algorithm computes marginal probabilities in a similar way as in the elimination algo-
rithm: first choose an ordering I of the nodes such that children are computed before their parents; then
sum up each node in that order by introducing intermediate terms to store the partial results. Take for
example the graph in Fig. 2 and sum with an ordering (5,4,3,2,1), then the intermediate terms will be:

ms3(x3) 21/1 x5) (23, T5) (6)
Mmaz(z2) Z¢ 24)Y (T2, T4) (7)
m3a(x2) Zl/) x3)Y(x2, x3)ms3(x3) (8)
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Figure 3: Message passing protocol for a graph.

In general, any message m;; is computed as:

mji(mz'):z ¢E(~Tj)7/’(miamj) H my;(z;) | (10)

zj keN (5)\i

and the final marginal probability of the root note is:

p(xrootkEE) X /¢E((E'root) H mkroot(xroot)' (]-1)
kEN (root)

Since the graph is a tree, we could have also set the root to be x5 (Fig. 2) and computed all the messages
from there. Doing so would require a subset of the previous messages plus a new message mi2(2z2). The
heart of the SUM-PRODUCT algorithm is to reuse the messages and compute the marginal probability of every
node. The insight, based on the message passing protocol, is that a given node z; can send a message to
one of its neighbors only when the messages from all the other neighbors have been computed. This can be
divided into two steps: compute all the messages needed to get the marginal probability of one node; then
starting from that node and recursing down the tree, compute all the backward messages. This is shown in
Fig. 3.
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2 Maximum a posteriori Configuration

The problem is to find the maximal probability that can be achieved by some set of random variables given
a set of observations. Using Fig. 2 as an example, the equation becomes:

max p(x) = maxmaxmaxmaxmaxp(ml) (x2]x1)p(as|z2)p(xs|x2)p(25|23) (12)
T ] T xr3 T4

= max p(z1) max p(wz|z1) max p(as|es) max p(ea|z2) max p(as|es). (13)
1 x2 xs3 Ty s

Let the new messages mj;** be defined similarly as for the marginalization case, except that all sum operators
are replaced by max operators:

mgy™ (x3) = HﬁxqﬁE(%W(xs,%) (14)
mys™(22) = HglchwE(u)iﬁ(xz, 4) (15)
mis™ (x2) = max P (w3) (w2, 22)ms3(23) (16)
(17)
Then the maximum probability is achieved by:
mfxp(x) = max P (z1)may (21) (18)

Doing similar transforms for Equations (11) and (10) yields the MAX-PRODUCT algorithm. Note that there is
an underflow problem when working straight with the probabilities. It is often safer to work with the log of
the probabilities. Since log is a monotonic function, both p(x) and log p(x) share the same global maximums
in the same configuration 2*. Then equation (10) will become:

log m}™ (2;) = max | log " (z;) +log ¥ (zs, ;) + Y logmiii™(z)) | , (19)

kEN (j)\i

2.1 Maximum Configuration

In order to find a maximum configuration of the unobserved nodes, will have to introduce new terms that
remember the variables that ware taken at each step of the maz-product algorithm. For example, when
computing mi¥*(z) will also want to compute some function d32(x2) such that for a given x5 it returns the
configuration of z3 that was used to compute the maximum. Similarly, once x3 is chosen, it will call d53(x3)
to compute the maximum configuration of z5. Given two nodes ¢ and j such that i is the parent of 7, 6;;(z;)
is computed as:

dji(xi) € argmax VF () (i, 24) H mp(x (20)

" RENG)\i

which just becomes a table in the dimension of z; in the discrete case. The root node then becomes:

Toot €arg IznaX¢ xTOOt I | m;cn?");ot ) (21)
root
keN (5)\i

Once 0t is computed, for every neighbor k of the root node, x} = 0 root (x}) Starting this propagation
at the root node and continuing until all nodes have been hit will yield the maximum configuration.
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Figure 4: Example of Bayesian vision of parameters as random variables.

3 Bayesians vs Frequentists

Bayesian statistics is at some level an attempt to deny any fundamental distinction between probability
theory and statistics. Probability theory provides the capability for inverting relationship between uncertain
quantities, which is the essence of Bayes rule, and Bayesian statistics represents an attempt to treat all
statistical inference as probabilistic inference. For example, frequentists view p(x|f) as a conditional prob-
ability distribution, i.e. the assignment of the probability mass to the unknown random variable X, given
a fixed parameter 6. Bayesian statisticians, however, view X as known values, i.e. they have observed the
realization x, and view 6 as unknown. They would like to be able to invert the relationship between x and
0. The Bayesian method will implement the notion of inversion using Bayes rule:

p(x|0)p(0)

p(Olz) = (@)

where p(0) is the prior probability, p(€|z) is the posterior probability and p(x|f) is the likelihood function.
E.g. p(z]0) =1, p(x;|zx,,0;). The numerator p(z,0) is just the joint probability of X and 6.

However, the frequentist approach wishes to avoid the use of prior probability in statistics, and thus avoids
the use of Bayes rule for the purpose of assigning probabilities to parameters. 6 is considered fixed by
frequentists while in contrast 6 is considered a random variable by Bayesian statisticians. From the point
view of frequentist statistics, there is no single preferred methodology for inverting the relationship between
parameters and data. They want to consider various estimators of . One establishes various general criteria
for evaluating the quality of various estimators, and choose the estimator that is best according to these
criteria. One particular estimator that is widely used in frequentist statistics is the maximum likelihood
estimator. Bayesians believe in considering all possible estimators of parameters to estimate the best one
while frequentists believe in finding the best estimator of the parameter based on a loss function.

For example, given that the parameters in Fig 4 are independent, the joint probability distribution becomes:

p(x,0) = p(61)p(02)p(03)p(04)p(21|601)p(22|02)p(23]71, T2, 03)p(T4| 72, 04)

Hence, computing the posterior probability p(6|z) for Bayesians is just an inference problem in a com-
putational sense, i.e. all x;’s are observed and all §’s are unobserved in the graph corresponding to the
probabilistic inference problem (Fig 5).
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Figure 5: Parameter estimation as an inference problem: the Bayesian perspective.



