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1 DP Mixture Models

1.1 Infinite Mixture Model

Given data zy, ..., z, which are regarded as exchangeable, we model the distribution from which the x; are
drawn as a mixture of distributions of the form F(6). We represent the mixing distribution over 6 as G and
set the prior for this mixing distribution to be a Dirichlet process with concentration parameter o and base
distribution Ggy. This is compactly represented in the graphical model below:
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Figure 1: Graphical Model for DP Mixture Model.

From the model we obtain the following relations:

x; | 0; ~ F(6;)

b, | G ~ G

G ~ DP(a,Gy)
(1)

As realizations of the DP are discrete with probability one, one observes clustering of the data as in figure 2.
In general for N data points there will be logN ¢;’s, where {¢} is the set of distinct 6’s. Another consequence
of the discrete nature of the DP is that the mixture model can be viewed as countably infinite mixtures. We
can also see this by integrating over G in the model given in figure 3: From this we get:



2 Dirichlet Process Mixture Models (cont’d)

Integrate over G
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Figure 3: Integration over latent variable G.
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where §(0) is the distribution concentrated at a single point 6.

1.2 Finite Mixture Model

An alternative method of arriving at the DP mixture is by taking the limit of finite mixtures of the following
form:

zi | e, ~ F(oc,)
¢i|p ~ Mult(p,...,pr)
p ~ Dir(a/K,...,a/K)
¢e ~ Go

(3)

The graphical model is shown in figure 4. ¢; indicates which class is associated with a given observation x;.
The parameters ¢. determine the observation distribution for the class and p. are the mixing proportions,
which are given a symmetric Dirichlet prior with concentration parameter a/K so as to have it approach
zero as K goes to infinity.

If we integrate over the mixing proportions, we get the following for the prior for ¢;:

nic+a/K

P(CZ‘:C|01,...,CZ',1): i—1—|—a
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Figure 4: Finite mixture model of DP mixture.

where n; . is the number of ¢; for j < i that are equal to c. To get from this finite mixture model to the DP
we now let K — oo:

Nic
P ;= I — —
(Cl C‘Cl, ) Ci 1) - i—14+a
. . a
Ple; # ¢jVj<ilen....cim) = s0g0

Note the correspondence between the conditional probabilities for §; in (2) and those implied by (5).

2 Gibbs sampling for the case of conjugate priors

Algorithm 1
State (0 ...,6,)

e Fori=1,...,n
Draw 91 | 9_1',.131' ~ Zj;éi qijé(ﬂj) +TiHi
where

qij = bF(x;,0;)

r; = ba [ F(x;,0) dGo(9)

with b such that > i Qi T i = 1 and H; being the posterior distribution for 6 based on the prior
Gy and observation x;
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For this algorithm convergence to the posterior distribution may be slow. The reason is that the algorithm
cannot change the 6 for more than one observation at a time, though there are often groups of observations
associated with the same 6; it would be preferable to move data points en masse. This issue is avoided in
the following algorithm, which does Gibbs sampling on the model shown below:
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Figure 5: Model for Gibbs sampling for Algorithm 2.

Algorithm 2
State(cy, ..., Cny P1,---)

e Fori=1,...,n
If ¢ = ¢; for some j # i
plci = c|ciyzi,0) = b,;l_]ijfa J F(xi, ¢)dH_; o(9)
plei# e Vi#i|coiai) = by=fra [ Flxi, ¢)dGo(9)
where H_; . is the posterior distribution of ¢ based on the prior G and all observations for which
j#iand ¢; =c




